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PREFACj:^ 


Th£  volume  now  laid  before  tfae  public^  is  the  first 
of  a'  prelected  Xl^rse  of  Mathematical  Science. 
Many  compendiums  or  elementary  treatises  have 
appeared — at  different  times,  and  of  various  merit ; 
but  there  was  still  wanting  in  our  language,  a  work 
that  should  embrace  the  subject  in  its  full  extent, — 
that  should  unite  theory  with  ^practice,  and  con- 
nect the  ancient  with  the  modem  discoveries.  The ' 
magnitude  and  difficulty  of  such  a  task  might  deter 
an  individual  from  the  attempt,  if  he  were  not  deep- 
ly impressed  with  the  importance  of  the  undlcrta* 
king,  and  felt  his  exertions  to  accomplish  it  anima- 
ted  by  zeal  and  supported  by  active  perseverance. 

The  study  of  Mathematics  holds  forth  two  ca- 
pital objects : — While  it  traces  the  beautiful  rda- 
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tions  of  figure  and  quantityi  it  likewise  accustoms 
the  mind  to  the  invaluable  exercise  of  patient  at- 
tention and  accurate  reasoning.  Of  these  distinct 
objects,  the  last-is  perhaps  the  most  important  in  a 
course  of  liberal  education.  For  this  purpose»  the 
geometry  of  the  Greeks  is  the  most  powerfully  re- 
commended^ as  bearing  the  stamp  of  that  acute 
people^  and  displaying  the  finest  specimens  of  Iot 
gical  deduction.  Some  of  the  propositions,  indeed, 
might  be  reached  by  a  sort  of  calculation ;  but 
4uch  an  artificial  noode  of  procedure  gives  only  an 
apparent  facility,  and  kaves  no  clear  or  permanent 
impression  on  the  nm4- 

We  should  forpi  a  wrong  estimate^  however, 
did  we  consider  the  Elements  of  Eiidid,  with  all 
its  merits,  as  a  finished  production.  That  admt<- 
raUe  work  was  composed  at  the  period  when  geo^ 
metry  was  making  its  most  rapid  advances,  and  new 
prospects  ii^ere  opening  on  every  side.  No  won^^ 
der  that  its  structure  should  qow  seem  loose  and 
defective.  In  adapting  it  to  the  actual  state  of 
the  science,  I  have  therefore  endeavoured  carefully 
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t0  retain  the  spiHt  of  the  ortginali  but  have  sought 
to  eolarge  the  baaisj  and  to  dUpoae  the  accumula- 
ted materials  into  a  regular  and  more  compact  sys« 
tern.  By  simplifying  the  order  of  arrangement,  I 
hope  to  have  considerably  smoothed  the  toil  of  the 
student.  The  numerous  additions  which  are  incor- 
porated  in  the  text,  so  far  from  retarding,  will  ra^  ' 
ther  facilitate  his  progress,  by  rendering  more  con* 
tinudus  the  chain  of  demonsttation.  To  multiply 
the  steps  of  ascend  is  in  general  iJhe  most  ejcpedi^ 
taotts  mode  of  gsdning  a  summit 

The  view  which  I  have  given  of  the  nature  of 
Proportion,  in  the  fifth  Book,  will,  I  flatter  myself, 
be  found  to  remove  the  chief  difficulties  attending 
that  important  subject.  The  sixth  Book,  which 
exhibits  the  appUcatiou  of  the  doctrine  of  ratios, 
contains  a  copious  selection  of  propositions,  not 
only  beautiful  in  themselves,  but  that  pave  the  way 
to  the  higher  branches  of  Oeometry,  or  lead  im« 
miediately  to  valuable  practical  results.  Yet  the 
Appoadix,  without  claiming  the  same  degree  of 
utility,  will  not  be  deemed  the  least  interesting 
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portion  of  the  volume,  since  the  ingenious  resour- 
ces  which  it  discovers  are  calculated  to  afford  a  very 
pleasing  and  instructive  exercise. 

The  part  which  has  cost  me  the  greatest  pains, 

•  

is  that  devoted  to  Geometrical  Analysis.  The  first 
Book  consists  of  a  series  of  the  choicest  problems, 
rising  above  each  other  in  gradual  succession.  The 
second  and  third  Books  are  almost  wholly  occu- 
pied with  the  researches  of  the  Ancient  Analysis. 
In  framing  them,  I  have  consulted  a  great  variety 
of  authors,  some  of  whom  are  of  difficult  access. 
The  labour  of  condensing  the  scattered  materials, 
will  be  duly  estimated  by  those,  who,  taking  de**^ 
light  in  such  fine  speculations,  are  thus  admitted  at 
once  to  a  rich  and  varied  repast.  The  analytical 
investigations  of  the  Greek  geometers  are  indeed 
models  of  simplicity,  clearness,  and  unrivalled  ele- 
gance ;  and  though  miserably  defaced  by  the  riot 
of  time  and  barbarism,  they  will  yet  be  regarded 
by  every  person  capable  of  appreciating  their  beau- 
ties, as  l3ome  of  the  noblest  monuments  of  human 
Igenius,    It  is  matter  of  deep  regret,  that  Algebraj 
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or  the  Modem  Analysis,  from  the.  mechanical  faci* 
lity  of  its  operations,  has  contributed,  especially  on 
the  Continent,  to  vitiate  the  taste  and  destroy  the 
proper  relish  for  the  strictness  and  purity  so  con- 
spicuous in  the  ancient  method  of  demonstration. 
The  study  of  geometrical  analysis  appears  admira- 
bly fitted  to  improve  the  intellect,  by  training  it  to 
habits  of  precision,  arrangement,  and  close  applica- 
tion. If  the  taste  thus  acquired  be  not  allowed  to 
obtain  undue  ascendancy,  it  may  be  transferred  with 
eminent  utility  to  Algebra,  which,  having  shot  up 
prematurelyi  wants  reform  in  almost  every  depart- 
ment 

The  Elements  of  Trigonometry  are  as  ample  as 
my  plan  would  allow.  I  have  explained  fully  the 
properties  of  the  lines  about  the  circle,  and  the  cal- 
culation of  the  trigonometrical  tables ;  nor  have  I 
omitted  any  proposition  which  has  a  distinct  refe^r 
rence  to  practice.  The  last  problem  is  of  essential 
consequence  in  marine  surveying. 

Having  already  exceeded  the  ordinary  limits,  it 
perhaps  unfortunately  became  requisite  to  curtail 
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the  Notes  and  Illustrations^  with  which  the  volttme 
concludes :  Yet  the  more  advanced  student  may 
peruse  the  few  historical  and  critical  remarks  with 
considerable  advantage.  Some  of  the  disquisitions, 
and  the  solutions  of  certain  more  difficult  problems, 
relative  to  trigonometry  and  geodesiacal  operations, 
in  which  the  modem  analysis  is  sparingly  introdu^^ 
ced^  are  of  a  nature  sufficiently  interesting,  I  would 
presume,  to  claim  the  notice  of  proficients  in  sci« 
ence. 

The  printing  of  this  Treatise  has,  owing  to  a 
combination  of  retarding  circumstances,  been  at- 
tended  with  infinite  trouble,  vexation,  and  delay. 
The  time  consumed  in  urging  the  press  would  have 
beien  more  agreeably  employed  in  prosecuting  phy- 
sical inquiries,  and  fulfilling  the  engagements  already 
contracted  with  the  public.  But,  in  making  such 
a  sacrifice,  I  should  consider  myself  abundantly  re- 
warded, if  I  could  indulge  the  hope  that  my  exer- 
tioQs  may,  in  some  degree,  contribute  to  revive 
among  us  the  passion  for  genuine  science,  which, 
at  least  in  this  northern  part  of  the  island^  has 
been  chilled  by  neglect,  gr  sufiered  to  languish 
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through  want  of  direct  incitement;  Abstract  pur* 
suite  will  be  found  nowise  unfriendly  to  the  culti- 
vation of  elegant  liieraturei  or  incompatible  with 
the  most  vigporous  play  of  imagination.  When  the 
connexion  and  mutual  dependence  of  the  several 
brapches  of  knowledge  are  clearly  understood,  it 
may  be  expected  that  our  acadejaical  institutions^ 
happily  released  from  the  trammels  of  antiquated 
fcmnsy  will  hasten  to  show  their  liberality,  in  ex* 
tending  to  the  mathematical  studies  the  same  pro- 
tection which  has  hitherto  been  almost  exclusively 
confined  to  the  scholastic  arrangements. 

It  is  the  nature  of  mathematicaLscience  to  ad- 
vance Jn  continual  progression.  Each  step  carries 
it  to  others  still  higher.  As  its  domain  swells 
on  the  sight,  new  relations  are  descried,  and  the 
more  distant  objects  seem  gradually  to  approxi- 
mate. But,  while  science  thus  enlarges  its  bounds, 
it  likewise  tends  uniformly  to  simplicity  and  con- 
centration. The  discoveries  of  one  age  are,  perhaps 
in  the  next,  melted  down  into  the  mass  of  elemen- 
tary truths.  What  are  deemed  at  first  merely  ob- 
jects of  enlightened  curiosity,  become,  in  due  time, 
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snbservient  to  the  most  important  interests.  The-> 
ory  soon  descends  to  guide  and  assist  the  opera* 
tions  of  practice.  To  the  geometrical  speculations 
of  the  Greeks,  we  may  distinctly  trace  whatever 
progress  the  moderns  have  been  enabled  to  achieve 
in  mechanics,  navigation,  and  the  various  compli* 
cated  arts  of  life.  A  refined  analysis  has  disclosed 
the  harmony  of  the  celestial  motions,  and  con* 
ducted  the  philosopher,  through  a  maze  of  intricate 
phasnomena,  to  the  great  laws  appointed  for  the 
government  of  the  Universe. 
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GEOMETRY, 


Oeombtrt  is  that  branch  of  natural  science  which 
treats  of  figured  space* 

Our  knowledge  respecting  external  objects  is 
grounded  entirely  on  the  information  received 
through  the  medium  of  the  senses.  The  science 
of  physics  considers  bodies  as  they  actually  exist, 
invested  at  once  with  all  their  various  qualities, 
and  endued  with  their  peculiar  affections.  Its  re- 
searches are  hence  directed  by  that  refined  species 
of  observation  which  is  termed  Experiment  Geo- 
metry  takes  a  more  limited  view,  and,  selecting  on« 
ly  the  generic  property  of  magnitude,  it  can,  from 
the  extreme  simplicity  of  its  basis,  safely  pursue 
the  most  lengthened  train  ^f  investigation,  and  ar- 
rive with  perfect  certainty  at  the  remotest  conclu- 
sion.    It  contemplates  merely  the  forms  which 
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bodies  present,  and  the  spaces  which  they  occupy. 
Geometry  is  thus  likewise  founded  on  external  ob- 
servation ;  but  such  observation  is  so  familiar  and 
obvious,  that  the  primary  notions  which  it  furnishes 
might  seem  intuitive,  and  have  often  been  regarded 
as  innate.  That  science  is,  therefore,  supereminent* 
ly  distinguished  by  the  luminous  evidence  which 
constantly  attends  every  step  of  its  march. 


PRINCIPLES. 

In  contemplating  an  external  object,  we  can,  by 
successive  acts  of  abstraction,  reduce  Uie  complex 
idea  which  arises  in  the  mind  into  others  that  are 
progressively  simpler.  Body^  divested  of  its  essential 
characters,  presents  the  mere  idea  oi surface;  a  sur- 
face, considered  apart  from  its  peculiar  qualities, 
only  exhibits  linear  boundaries  ;  and  a  line,  abstract- 
ing its  continuity,  leaves  nothing  in  the  imagina- 
tion but  the  points  which  form  its  extremities.  A 
solid  is  bounded  by  surfaces  ;  a  surface  is  circum** 
scribed  by  lines ;  and  a  line  is  terminated  by 
points.  A  point  marks  position  ;  a  line  measures 
distance ;  and  a  surface  represents  extension.  A  line 
has  only  length;  a  surface  has  both  length  and 
breadth  ;  and  a  solid  combines  all  the  three  dimen^ 
sions  of  length,  breadthy  and  thickness. 

The  uniform  description  of  a  line  which  through 
it9  whole  extent  stretches  in  the  sanie  direction 
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gives  the  idea  of  a  straight  line.     Hence,  no  more 
than  one  straight  line  can  join  two  given  points. 

From  our  idea  of  the  straight  line  is  derived  that 
of  a  plane  surface,  which,  though  more  complex, 
has  a  like  uniformity  of  character.  A  straight  line 
joining  any  two  points  situated  in  a  plane,  lies 
wholly  on  the  surface ;  and  therefore  planes  admit, 
in  every  way,  a  mutual  and  perfect  application. 

Two  points  ascertain  the  position  of  a  straight 
line ;  for  the  line  may  continue  to  turn  about  one  of 
the  points  till  it  falls  upon  the  other.  But  to  de- 
termine the  position  of  a  plane,  it  requires  three 
points  ;  because  a  plane  touching  the  straight  line 
which  joins  two  of  the  points,  may  be  made  to  re- 
volve, till  it  meets  the  third  point. 

The  separation  or  opening  of  two  straight  lines 
at  their  point  of  intersection,  constitutes  an  angle. 
If  we  obtain  the  idea  of  distance^  or  linear  extend 
from  progressive  motion,  we  derive  that  of  diver^^ 
gence^  or  angular  magnitude,  from  revolving  mo<- 
tion. 


Geometry  is  divided  into  Plane  and  Solid ;  the 
former  confining  its  views  to  the  properties  of  space 
delineated  on  the  same  plane ;  the  latter  embracing 
the  relations  of  different  planes  or  surfaces,  and  of 
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the  sotids  which  these  describe  or  terminate.  In 
the  following  definitions,  therefore,  the  points  and 
lines  are  all  considered  as  existing  in  the  same 
plane. 
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DEFINITIONS. 


1.  A  crooked  \ine  is  that  which  consists 
of  straight  lines  not  continued  in  the 
same  direction. 

2.  A  curved  line  is  that  of  which  no 
portion  is  a  straight  line. 

3.  The  straight  lines  which  contain  an  angle  are  teriped 

its  sideSy  and  their  point  of  origin  or  intersection^  its  vtr- 

tex.  f 

To  abridge  the  reference,  it  is  usual  to  denote  an  angle  by 
tracing  over  its  sides  ;  the  letter  at  the  vertex,  ^hicK  is  Comihon 
to  them  both,  being  placed  in  the  middle. 
.  Thus  the  angle  contained  by  the  straight 
lines  ABand  BC,  or  the  opening  formed  by. 
the  revolution  of  BA  about  the  point  BJnto 
the  position  BC,  is  named  ABC  or  CBA. 

4.  A  "right  angle  is  the  fourth  part  of  an 
entire  circuit  or  revolutipn. 


^p^*" 


If  a  straight  line  CB  stand  at  equal  angles  CBA  and  CBD  on 
another  straight  line  AD,  and  if  the  surface  ACD  be  laid  over 
toward^  the  opposite  part,  the  point  B  and 
the  line  AD  remaining  the  same ;  CB 
will,  ii|.  this  new  position  £B,  make  an- 
gles EBA  and  EBD  equal  to  the  former,  '^ 
and  therefore  all  of  them. equal  to  each 
•ther.    But  the  four  angles  ABC,  CBD, 
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DBE  and  EBA  constitute  about  the  point  D  a  complete  revola- 
tlon;  or  the  line  BA  in  forming  them,  by  its  successive  openings, 
would  return  into  its  original  place, — and  consequently  each  of 
those  angles  is  a  right  angU. 

The  angle  contained  by  the  opposite  portions  DA  and  DB  of  a 
straight  line  is  hence  equal  to  two  right 
angles ;  and  for  the  same  reason,  all  the 
angles  ADC,  CDC,  EDF  and  FDB,  for- 
med at  the  point  D  and  on  the  same  side 
of  the  straight  line  AB,  are  together  equal     ,  \ly^  3 

to  two  right  ani^les. 

It  is  manifest  that  uU  right  angles,  being  derived  from  the  same 
measure,  must  be  equal  to  each  other. 

5.  The  sides  of  a  right  angle  are  said  to  be  perpendicular 
to  ^acb  other.    . 

6.  An  acute  angle  is  less  than  a  right  an- 
gle. 

7.  An  oi^ine  angle  is  greater  than  a  right 
angle. 


8.  One  side  of  an  angle  forms  with 
the  other  produced  a  supplemental  or  er-         ^\^ 
teriar  angle. 


9*  A  Dertical  angle  is  formed  by  the 
production  of  both  its  sides. 


10.  The  retro-fleeted  divergence  of  the  two  sides^  or  the 
defect  of  the  angle  from  four  right  angles^  is  named  a  r^ 
tern  angle. 


-•"■»" 
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The  angle  DBE  is  vertical  to  ABC,  ABD  is  the  wppkmentdl 
or  exterior  angle,  and  the  angle  made  up 
of  ABD,  DBE,  and  £BC,  or  the  opening 
formed  by  the  regression  of  AB  through   c     .    "^^*s.  ^ 

the  points  D  and  E  into  the  position  BC,  ^s^ 

is  the  reverse  angle.  * 

It  is  apparent  that  vertical  angles^  or  those  formed  by  the  same 
lines  in  opposite  directions,  must  be  equal ;  for  the  angles  CBA 
and  ABD  which  stand  on  the  straight  line  CD,  being  equal,  to 
two  right  angles,  are  equal  to  ABD  and  DBE,  and  omitting  the 
common  angle  ABD,  there  remains  CBA  equal  to  DBE. 

1 1.  Two  straight  lines  are  said  to  be 
inclined  to  each  other^  if  they  meet 
when  produced ;  and  the  angle  so  for- 
med is  called  their  inclination, 

1£.  Straight  lines  which  h^ve  no  incli- 
nation are  termed  parallel. 

13.  A  Jigure  is  a  plane  surface  included  by  a  linear 
boundary  called  its  perimeter. 

14.  Of  rectilineal  figures^  the  triangle  is  contained  by 

three  straight  lines.  ' 

» 

15.  An  equilateral  triangle  is  that  which  has 
all  its  sides  equal. 


l6.  An  isosceles  triangle  b  that  which  has  only 
two  of  its  sides  equal. 


17*  A  triangle  whose  sides  are  une« 
qual  is  named  scalene. 

It  will  be  shown  (I.  12.)  that  every  triangle  has  at  least  two 
acute  angles.  The  third  angle  may,  therefore,  by  its  character 
serve  to  discriminate  a  triangle. 
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18.  A  righi'angled  triangle  is  that  which 
has  a  right  aogle. 


'19«  An  obttue  angled  triangle  is  that 
which  has  an  obtuse  angle. 


!20.  An  acute  angled  triangle  is  that  which 
has  off  its  angles  acute. 

£1.  Two  triangles  which  ate  both  of  them  right  angled^ 
or  obtuse,  or  acute,  are  said  to  hhw  die  same  affectum. 

"22;  Any  side  of' a  triangle  may  be  called  its  bas^,  and 
the  opposite  angular  point  its  tertex. 

"28.  A  juadrikteral  figure  is  contained  hjfour  straight 
lines.  '  ■ 

24.  Of  quadrilateral  figures,  a  square  has  one 
right  angle,  and  all  its  sides  equals 


25.  An  oblong  has  one  right  angle,  and 
its  opposite  sides  equal. 


26.  A  rlunMiia  has  all  its  sides  equal. 

*  m 

27.  A  rhomboid  has  its  opposite  sides 
equal.  , 


28.  A  trapezium  has  two  of  its  sides  pa- 
rallet V  and  the  other  two  equal  to  each 
other 


L 


1 


BOOK  U  9 

m  ' 

S9.  A  trapezoid  has  two  parallel  sides.       / 

SO*  The  stxaight  line  which  joins  oh- 
liquely  ihe  opposite  angular  points  of  a 
quadrilateral  figure^  is  named  a  diagq* 

31.  A  rectilineal  figure  having  more  than  four  sides 
he^  tlie  geai^jal  name  of  s^  pob^an* 

« 

.  88.  ;If '  an  aiigle  pf  a  polygon  be  less  than  two  right  an-i 
gles>  it  protrudes  and  is  called  mMmi;  if  if  be  greater 
iiiiBm  two  light  .ai^les^  it  makes  a  sinuosity  and  isienhed 
re-entrant. 

Thus  the  ai^gle  ABC  is  re*entraiit,  and  the 
rest  of  the  angles  of  the  polygon  ABCDEF 
are  salient  at  A,*  C,  D,  E  and  F. ' 

'  83*  A  krtre/(S  is  a  plane  figure^scribed  by' the  revolution 
of  a  straight  line  about  one  of  its  extremi- 

• 

34.  The  fixed  point  is  called  the  centre  of 

Ih6  drdl0^%fa^  describing  line  its  radius,  nnd 
the  boundary  traced  by  the  remote  end  Of 
that  line  its  circun^erence, 

95.  The  didmetiT  of  a.  circle  is  a  straight  line  drawn 
through  ihe  centre,  and  terminated  both  ways  by  the  cir- 
cumference. 

It  is  obvious  that  all  radii  of  the  same  circle  are  equal  to  each 
other  and  to  a  semidiameter. 

36.  Figures  are  said  to  be  equjal,  when  applied  to  each 

ether  they  wholly  coincide ;  they  are  equivalent,  if  without 

superposition  they  yet  contain  the  same  measure  equally. 
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A  Proposition  is  a  distinct  ondivided  portion  of  aln 
stract  science.    It  is  either  a  problem  or  a  theorem, 

A  Problem  proposes  to  effect  some  combination. 

A  Theorem  advances  some  tmth^  which  is  to  be  esta- 
blished. 

A  problem  requires  tolution,  a  theorem  wants  demomtra* 
tion ;  the  former  implies  an  operation^  and  the  latter  ge- 
nerally needs  a  previous  construction. 

A  direct  demonstration  proceeds  from  the  premises  by 
a  regular  deduction* 

An  tn£&!e€^  demonstration  attains  its  object,  by  showing 
that  any  other  hypothesis  than  the  one  advanced  involves 
a  contradiction,  or  leads  to  an  absurd  conclusion. 

A  subordinate  property,  involved  in  a  demonstration,  is 
sometimes,  for  the  sake  of  unity,  detached,  and  then  it 
forms  a  Lemma. 

A  CoBfoLLAEY  is  an  obvious  consequence  that  results 
from  a  proposition. 

A  Scholium  is  an  excursive  remaric  on  the  nature  bikI 
application  of  a  train  of  reasoning. 

The  (Alterations  in  Geometty  suppose  the  drawing  of  straight 
lines  and  the  description  of  circles,  or  they  require  iu  practice 
the  use  of  the  rule  and  compasses. 
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PROPOSITION  I.    PROBLEM. 

To  conslruct  a  triangle,  of  which  the  three  sides 
are  given. 

Let  AB  represent  the  base,  and  G,  H  two' sides  of  the 
triangle,  which  it  is  required  to  construct 

From  the  centre  A  with  the  distance  G  describe  a  circle^ 
and  from  the  centre  B  with  the  distance  H  describe  an- 
other circle  meeting  the  former 
in  the  point  C :  ACB  is  the  tri- 
angle required. 

Because  all  the  radii  of  the 
same  circle  are  equal,  AC  is 
equal  to  G  ;  and  for  thie  same 
reason,  BC  is  equal  to  U«  Con- 
sequently the  triangle  ACB  answers  the  conditions  of  the 
problem. 

Corollary.  If  the  radii  G  and  H  be  equal  to  each  other, 
the  triangle  will  evidently  be  isosceles ;  and  if  those  lines 
be  likewise  equal  to  the  base  AB,  the  triangle  must  be 
equilateral. 


PROP.  IL     THEOREM. 

r 

Two  triangles  are  equal,  which  have  alt  the  sides 
of  the  one  equal  to  the  corresponding  sides  of  the 
other. 

Let  the  two  triangles  ABC  and  DFE  have  the  side  AB 
equal  to  DF,  AC  to  DE,  and  BC  to  FE :  These  trianglei 
are  equal. 
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For  let  the  triangle  ACB  be  applied  to  DEF,  ia  the 
same  position.  The  point  A  being  laid  on  D,  and  the  side 
AC  on  DE,  their  other  extremities  C  and  E  must  coin- 
cide, since  AC  is  equal  to  DE,  And  because  AB  is  equal 
to  DF,  the  point  B  must  be  found 
in  the  circumference  of  a  circle  de- 
scribed from  D,  with  the  distance 
DF;  and  for  the  same  reason,  B  must 
also  be  found  in  the  circumference 
of  a  circle  described  from  E,  witli 
Ihe  distance  EF :  The  vertex  of  the  triangle  ACB  must, 
therefore,  occur  in  a  point  which  is  common  to  both  those 
circles,  or  in  F  the  vertex  of  the  triangle  DFE.  Conse- 
quently  those  two  triangles,  being  rectilineal,  must  entire- 
ly coincide.  The  angle  CAB  is  equal  to  EDF,  ACB  to 
VEF;  and  CBA  to  EFD ;  the  ^qual  angles  being  thus  al- 
ways opposite  to  the  eq^ial  sides. 

•      •  • 

PROP.  III.    THEOiR. 

Two  triangles  are  equal,  if  two  sides  and  the  an?* 

gfe  contained  by  theVe  in  the  one  be  respectively 

equal  to  two ,  sides  4ind  the  contained  angle  in  the 
other. 

Let  ABC  and  DEF  be  two  triangles,  of  which  the  side 
AB  is  equal  to  DE,  the  side  BC  to  EF,  and  the  angle 
ABC  contained  by  the  former  equal  to;  DEF  which  is 
contained  by  thfe  latter :  These  triangles  are  equal. 

For  let  the  triangk  ABC  be  applied  to  DEF.:  The  ver- 
tex B  being  placed  pn  E,  and  the  side  B  A  on  ED,  the  extre- 
mity A  must  fall  upon  D, 
since  "AB  is  equal  to  DE. 
And  because  the  angle  or 
divergence  ABC  is  equal  to 
DEF,  and  the  side  AB  coin- 
cides with  DE,  the  other  side  BC  must  lie  in  the  same  di- 
rection with  EF,  and  being  of  the  same  length,  must  en« 
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tiiely  coincide  with  it ;  and  consequently  the  points  A 
and  C  resting  on  3)  and  F^  the  straight  lines  AC  and  DF 
will  also  coincide.  Wherefore,  the  one  triao^e  being  thos 
pei^fectlj  adapted  to  the  other^  a  general  equality  must  ob- 
tain between  tbem :  The  third  sides  AC  and  DF  are  equal, 
and  the  angles  BAC,  BCA  opposite  to  BC  and  BA  are 
equal  respectively  to  £DF  and  £FD,  which  the  corre* 
spoading  sides  £F  and  £D  subtend. 

PROP.  IV.    PROB. 

At  a  point  in  a  straight  line,  to  make  an  angle 
€qual  to  a  given  angle. 

At  the  point  D  in  the  given  straight  line  D£  to  form  an 
angle  equal  to  the  given  angle  BAC. 

In  the  sides  AB  and  AC  of  the  given  angle,  assume  the 
points  6  and  H,  join  GH, 
from  D£  cutoff  DI  equal  to 
AG,  and  on  DI  constitute  (I. 
1.)  a  triangle  DKI,  having 
the  sides  DK  and  IK  equal     cj 
toAHandGHzEDFisthe   Bi 
Angle  required* 

For  all  the  sides  of  the  triangles  GAH  and  IDK  being 
respectively  equal,  the  angles  opposite  to  the  equal  sides 
must  be  likewise  equal  (I.  2.),  and  consequently  IDK  is 
equal  to  GAH. 

Cor.  If  the  segments  AG,  AH  be  taken  equal,  the  con- 
Btruction  will  be  rendered  simpler  and 
more  commodious. 

Scholium.  By  the  successive  applica- 
tion of  this  problem,  an  angle  may  be 
continually  multiplied.  Two  circles 
CEG  and  ADF  being  described  from 
the  vertex  B  of  the  given  angle  with 
radii  BC  and  AB  equal  to  Its  sides,  and  the  base  AC 


A   -» -  _  •».' 
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being  repealed  between  those  circnmferences ;  a  mnlti- 
tode  of  triangles  are  thus  formed^  all  of  them  equal  to  the 
original  triangle  ABC.  Consequently  the  angle  ABD  is 
double  of  ABC,  AB£  triple,  ABF  quadruple,  ABG  quin* 
tuple,  &c. 

If  the  sides  AB  and  BC  of  the  given  an- 
gle be  supposed  equal,  only  one  circle  will 
be  required,  a  series  of  equal  isosceles  tri- 
angles being  constituted  about  its  centre. 
It  is  evident  that  this  addition  is  without 
limit,  and  that  the  angle  so  produced  may 
continue  to  swell,  and  its  expanding  side 
make  repeated  revolutions. 


PROP.  V.    PROB. 
To  bisect  a  given  angle. 

Let  ABC  be  an  angle  which  it  is  required  to  bisect 

In  the  side  AB  take  any  point  D,  and  from  BC  cut  off 
BE  equal  to  BD ;  join  DE,  on  which 
construct  the  isosceles  triangle  DEP 
(1. 1),  and  draw  the  straight  line  BF : 
The  angle  ABC  is  bisected  by  BF. 

For  the  two  triangles  DBF  and 
EBF,  having  the  side  DB  equal  to 
EB,  the  side  DF  to  EF,  and  BF  com- 
mon to  both,  are  (I.  2.)  equal,  and 
consequently  the  angle  DBF  is  equal 
to  EBF. 

Cor.  I.  It  is  evident  that  BG,  the  production  of  BF,  di- 
vides  the  reversed  angle  ABC  into  two  equal  angles  DBG 
and  EBG.— The  position  of  BG  might  also  be  determined, 
by  the  vertex  of  an  isosceles  triangle  erected  above  DE  and 
with  sides  greater  than  DB  or  EB. 

Cor.  2.  Hence  the  mode  of  drawing  a  perpendicular 
from  a  given  point  B  in  the  straight  line  AC  i  for  the  an- 
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gle  ABC  which  the  opposite  seg- 
ments BA  aad  BC  make  with  each 
other  heing  equal  to  two  right  an- 
gles^ the  straight  line  tliat  bi- 
sects it  must  be  the  perpendicu- 
lar required.  Taking  BD^  there- 
fore^ equal  to  B£^  and  construct- 
ing the  isosceles  triangle  PF£ ;  the  straight  line  BF  which 
joins  the  vertex  of  the  triangle  is  perpendicular  to  AC. 


PROP-  VL    PROS. 


To  let  fall  a  perpendicular  upon  a  straight  linei 
from  a  given  point  without  it. 

From  the  point  C  to  let  fall  a  perpendicular  upon  a 
given  straight  line  AB« 

In  AB  take  the  point  D,  and  with  the  distance  DC  de- 
scribe a  circle ;  and  in  the  same  line  take  another  point 
E,  and  with  distance  EC  describe  a  second  circle  inter- 
secting the  former  in  F ;  join  CF,  cross- 
ing the  given  line  in  G :  CG  is  perpen- 
dicular to  AB. 

For  the  triangles  DCE  and  DFE  a- 
have  the  side  DC  equal  to  DF,  CE  to 
FE>  and  DE  common  to  them  both  ; 
whence  (I.  2.)  the  angle  CDE  or  CDG 
is  equal  to  FDE  or  FDG.  And  because  in  the  triangles 
DCG  and  DFG,  the  side  DC  is  equal  to  DF,  DG  is  com- 
mon, and  the  contained  angles  CDG  and  FDG  are  proved 
to  be  equal ;  these  triangles  are  (I.  30  equal,  and  conse- 
quently the  angle  DGC  is  equal  to  DGF,  and  each  of 
jtheip  a  right  angle,  or  CQ  is  perpendicular  to^B* 
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PROP.  VII.    PROS. 
To  bisect  a  given  finite  straight  line. 

On  the  given  straight  line  AB  construct  two  isosceles 
triangles  (I.  1.)  ACB  and  ADB^  and  join  their  vertices  C 
and  D  by  a  straight  line  cutting  AB  in  the  point  £ :  AB 
is  bisected  in  E. 

For  the  sides  AC  and  AD  of  the  triangle 
CAD  being  respectively  equal  to  CB  and 
BD'  of  the  triangle  CBD,  and  the  side  CD 
common  to  them  both ;  these  triangles  (1. 2.) 
are  equals  and  the  angle  ACD  or  ACE  is 
equal  to  BCD  or  BCE.    Again,  the  triangles 
ACE, and  BCE,  having  the  side  AC  equal  to  BC,  CE 
common,  and  the  contained  angle  ACE  equal  to  BCE 
are  (I.  3.)  equal,  and  consequently  the  base  AE  is  equal 
to  BE. 


4' 


PROPVIIL    THEOR. 

The  angles  at  the  base  of  an  isosceles  triangle  are 
equal. 

The  angles  BAC  and  BCA  at  the  base  of  the  isosceles 
triangle  ABC  are  equal. 

For  draw  (I.  5.)  BD  bisecting  the  vertical 
angle  ABC. 

Because  AB  is  equal  to  BC,  the  side  BD 
common  to  the  two  triangles  BDA  and  BDC, 
and  the  angles  ABD  and  CBD  contained  by 
them  are  equal ;  these  triangles  are  equal  (f . 
3.)  and  coisequently  the  angle  BAD  is  equal  to  BCD. 

Cor.  Every  equilateral  triangle  is  also  equiangular. 
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PROP.  IX.   THEOR. 

If  two  angles  of  a  triangle  be  equal,  the  sides  op- 
posite to  them  are  likewise  equal. 

Let  the  triangle  ABC  have  two  equal  angles  BCA  and 

BAG ;  the  opposite  sides  AB  and  BC  are  also  equal. 

For  if  AB  be  not  equal  to  CB,  let  it  be  equal  to  the  part 

CD,  tod  join  AD* 

Comparing  now  the  triangles  BAC  and         AV^ 

DCA,  the  side  AB  is  by  flupposition  equal  to 
CD,  AC  is  common  to  both,  and  the  contain- 
ed angle  BAC  is  equal  to  DCA ;  the  two  tri- 
angles (I.  3.)  are,  therefore,  equal.    But  this  <^ 
conclusion  is  manifestly  absurd.    To  suppose  then  the  in<» 
equality  of  AB  and  BC,  involves  a  contradiction ;  and  con- 
sequently thpse  sides  must  be  equal. 
^  Cor.  Eveiy  equiangular  triangle  is  also  equilateral. 

PROP.  X.    THEOR. 

The  exterior  angle  of  a  triangle  is  greater  than 
either  of  the  interior  opposite  angles. 

The  exterior  angle  BCF>  formed  by  producing  a  side 
AC  of  the  triangle  ABC,  is  greater  than  either  of  the  op- 
posite and  interior  angles  CAB  and  CBA. 

For  bisect  the  side  BC  in  D 
(I.  7.)>  draw  AD,  and  produce  it 
until  D£  be  equal  to  AD,  and 
join  EC. 

The  triangles  ADB  and  CDE 
have  by  construction  the  side  DA 
equal  to  DE,  the  side  DB  to 
DC,  anjd  the  vertical  angle  BDA  \g 

is  equal  to  CDE  (Def.  10.);  these  triangles  arc,  therefore, 
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equal  (I.  d.)i  and  the  angle  DCE  is  equal  to  DBA.  But 
the  angle  BCF  is  evidently  greater  than  DCE^  it  is  con- 
sequently greater  than  DBA  or  ABC. 

In  like  manner,  it  may  be  shown»  that  if  BC  be  produced, 
the  eicterior  angle  ACG  is  greater  than  CAB.  But  ACQ 
is  equal  to  its  vertical  angle  BCF  (Def.  10.)>  and  hence 
BCF  must  be  greater  than  either  the  angle  CBA  or  CAB^ 


PROP.  XL    THEOR. 

Any  two  angles  of  a  triangle  are  together  less 
than  two  right  angles. 

The  two  angles  BAC  and  BCA  of  the  triangle  ABC  are 
together  less  than  two  right  angles. 

For  produce  the  common  side  AC. 
And  by  the  last  proposition  the  ex- 
terior angle  BCD  is  greater  than 
CAB ;  add  BCA  to  each,  and  the  two 
angles  BC  D  and  BCA  are  greater  than 
CAB  and  BCA,  or  CAB  and  BCA  are  together  less  tha^ 
BCD  and  BCA,  that  is,  less  than  two  right  angles  (Def.  4). 


PROP.  XII.    THEOR. 
Every  triangle  lias  two  acute  angles. 

Let  the  triangle  ABC  have  first  a  right  angle  at  C. 
Then,  by  the  last  proposition,  the  angles 
ACB  and  CAB  are  less  than  two  right  an- 
gles, and  so  are  the  angles  ACB  and  ABC. 
Consequently  the  angles  CAB  and  CBA  A- 
are  each  of  them  less  than  one  right  angl^,  or  they  ar^ 
both  acute. 
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Kexi  kt  die  triangle  have  an  obtnse  angle  ACB.  The 
angles  ACB  and  CAB^  being  less  than  two  right  an* 
gles^  and  ACB  being  greater  than  one 
right  angle^  CAB  mast  be  mach  less 
than  a  right  angle.  And  the  angles 
ACB  and  ABC  being  also  less  than  two 
right  angles,  ABC  mast  be  mnch  less 
than  one  right  angle.  Consequently  the  angles  CAB  and 
CBA  are  both  of  them  acute. 

Lastly,  let  the  triangle  have  the  angle  at  C  acute.  If 
one  of  the  remaining  angles,  such  as  BAC^ 
be  likewise  acute,  the  two  angles  ACB  and 
BAC  are  both  of  them  acute.  Bat  if  the 
angle  BAC  be  either  obtuse  or  a  right  an- 
gle^ it  comes  under  the  two  former  cases> 
and  the  other  angles  ABC  and  ACB  are^  therefore^  acttte. 


PROP.  XIII.    THEOR. 

If  from  a  point  without  a  straight  line,  two  other 
straight  lines  be  drawn  to  meet  it ;  the  nearer  one 
will  form  on  the  same  side  a  greater  angle  than  that 
which  is  more  remote. 

If  straight  lines  CD^  C£  be  drawn  from  the  point  C  to 
the  straight  line  AB ;  the  angle  ADC  is  greater  than 
AEC. 

For  ADC  is  the  exterior  angle 
of  the  triangle  DCE,  and  is  con- 
sequently (1. 10.)  greater  than  the     __,_^^...,..,.,.....__ 
opposite  interior  angle  CED.  A/BaS       ,  b 

If  the  line  CD  be^  therefore,  supposed  to  tura  about  the 
point  C  in  the  direction  of  AB,  the  angle  which  it  makes 
with  the  intercepted  part  of  the  line  from  A  will  continu- 
ally diminish. 
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Cor.  Hence  from  any  point  only  one  ttimigbt  line  can 
be  drawn^  making  a  given  angle  on  the  same  side  with  a 
given  straight  line ;  and  henpe  also  no  more  than  one  per* 
pendicdlar  can  be  let  fall  from  a  given  point  upon  a  givea 
straight  line. 

PROP.  XIV.    THEOR. 

In  a  triangle,  that  angle  is  the  greater  which  lies 
opposite  to  a  greater  side. 

If  a  side  BC  of  the  triangle  ABC  be  greater  than  B A ; 
the  opposite  angle  CAB  is  greater  than  BCA. 

For  make  BD  equal  to  BA^  and  join 
AD.  The  angle  CAB  is  greater  than 
DAB ;  bat  since  BA  is  equal  to  BD,  the 
angle  DAB  (I.  8.)  is  equal  to  ADB,  and 
consequently  CAB  is  greater  than  ADB. 
Again,  the  angle  ADB,  being  an  exterior  angle  of  the 
triangle  CAD,  is  (1.  10.)  greater  than  ACD  or  ACB; 
xyherefoire  the  angle  CAB  is  much  greater  than  ACB. 


PROP.  XV.    THEOR. 

That  side  of  a  triangle  is  the  greater  which  sub- 
tends a  greater  angle. 

If  in  the  triangle  ABC>  the  angle  CAB  be  greater  than 
ACB ;  its  opposite  side  EiC  is  greater  than  AB. 

For  if  BC  be  not  greater  jhan  AB,  it  must  be  either 
lequal  or  less.  But  it  cannot  be  equal,  be^ 
cause  the  angle  CAB  would  then  be  equal 
to  ACB  (1.  8  ) ;  nor  can  BC  be  less  than 
AB,  for  then  A9  would  be  greater  than 
BC,  ftpd  consequently  (L  140  the  angle 
ACB  virould  be  greater  than  CAB^  or  CAB  less  than  ACB^ 
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which  is  still  more  absjird.  The  side  BC, being  thus  nei- 
ther equal  to  AB,  nor  less  than  it^  must  therefore  be  greatc  r 
than  AB. 


PROP.  XVI.    THEOR. 

Two  sides  of  a  triangle  are  together  greater  than 
th^  third  side« 

The  two  sides  AB  and  BC  of  the  triangle  ABC  are  to- 
gether greater  than  the  third  side  AC. 

For  produce  AB  until  DB  be  equal  to  the  side  BC,  and 
join  CD.  , 

Because  BC  is  equal  to  BD,  the 
«ngle  BCD  is  equal  to  BDC  (I.  8.) ;  ^ 

but  the  angle  ACD  is  greater  than 
BCD,  and  therefore  greater  than  BDC 

or  ADC ;  consequently  the  opposite  j^ ^ 

side  AD  is  greater  than  AC  (L  15.);  and  since  AD  is  equal 
to  AB  and  BD  or  to  AB  and  BC,  the  two  sides  AB  and 
BC  are  together  greater  than  the  third  AC. 


PROP.  XVII.    THEOR. 

The  difference  between  two  sides  of  a  triangle  is 
less  than  the  third  side. 

Let  the  side  AC  be  greater  than  AB,  and  from  it  cut 
off  a  part  A  E  equal  to  AB ;  the  remain- 
der  EC  is  less  than  the  third  side  BC. 

For  the  two  sides  AB  and  BC  are  to- 

gether  greater  than  AC  (I.  16.);  take    ^ ^^ 

away  the  equal  lines  AB  and  AE,  and  "^  ^ 

there  remains  BC-^reater  thai  EC,  or  EC  is  lew  than 
AB. 
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PROP.  XVIII.    THEOR. 

The  shortest  line  that  can  be  drawn  beti^een  two 
given  points,  is  a  straight  line. 

Let  the  points  A  and  B  be  connected  by  straight  lines 
joining  an  intermediate  point  C ;  and  the  two  Mides  AC 
and  BC  of  the  triangle  ACB  are  greater  than  AB  (I.  16.) 
Now  let  a  third  point  D  be  interposed  between  A  and  C ; 
and  because  AD  and  DC  are  together  greater  than  AC, 
add  BC  to  bothy  and  the  three  lines  AD^  DC^  and  CB  are 
greater  than  AC  and  BC,  and  consequently  much  greater 
than  AB.  Again  suppose  a  fourth  point  E  to  connect  B 
with  C ;  and  the  sides  BE  and  C£ 
of  the  triangle  BCE  being  greater  J^ 

than  BC^  the  four  straight  lines 
AD,  DC,  CE,  and  EB  are  toge- 
ther trebly  greater  than  AB.  By  _ 
thusrepeatedly  multiplying  the  in-  ^ 
terjacent  points^  two  sides  of  a  triangle  will  at  each  succes-* 
sive  step  come  in  place  of  a  third  side,  and  consequently 
the  aggregate  polygonal  or  crooked  line  AFDOCHEIB 
will  acquire  continually  soine  farther  extension.  Nay, 
since  there  is  no  limit  to  the  possible  number  of  those 
connecting  points,  they  may  approach  each  other  nearer 
than  any  assignable  interval ;  and  consequently  the  pro- 
position is  also  true  in  that  extreme  case  where  the  boun- 
dary is  a  curve  line,  or  of  which,  no  portion  can  be  deemed 
rectilineal. 

PROP.  XIX.    THEOR. 

Two  straight  lines  drawn  to  a  point  within  a 
triangle  from  the  extremities  of  its  base,  are  toge- 
ther less  than  the  sides  of  the  triangle,  but  contain 
a  greater  angle. 
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The  straight  lines  AD  and  CD^  projected  to  a  point  D 
within  the  triangle  ADC  from  the  extremities  of  the  base 
AC^  are  together  less  than  the  sides  AB  and  CB  of  the 
triangle^,  but  contain  a  greater  angle. 

For  produce  AD  to  meet  CB  in  E,  The  two  sides  AB 
and  BE  of  the  triangle  ABE  are  greater  J^ 

than  the  third  side  AE  (I.  l6.);  add  EC  to 
each,  and  AB,  BE,  EC,  or  AB  and  BC,  are 
greater  than  AE  and  EC.  But  the  sides 
CE  and  ED  of  the  triangle  DEC  arc  (L 
16.)  greater  than  DC,  and  consequently  CE,  ED,  together 
with  DA,  or  CE  and  EA,  are  greater  than  CD  and  DA. 
Wherefore  the  sides  AB  and  BC,  being  greater  than  AE 
$nd  EC,  which  are  themselves  greater  than  AD  and  DC^ 
must  be  much  greater  than  AD  and  DC,  or  the  lines 
AD  and  DC  are  much  less  than  AB  and  BC  the  sides  of 
the  triangle* 

Again,  the  angle  ADC,  being  the  exterior  angle  of  the 
triangle  DCE,  is  greater  than  DEC  (I.  10.);  and  for  the 
tame  reason,  DEC  is  greater  than  ABE,  the  opposite  in- 
tenor  angle  of  the  triangle  EAB.  Consequently  ADC  is 
much  greater  than  ABE  or  ABC. 

PROP.  XX.    THEOR. 

If  two  sides  of  one  trianjgle  be  respectively  equal 
to  those  of  another,  but  contain  a  greater  angle ; 
the  base  also  of  the  former  will  be  greater  than  that 
of  the  latter. 

In  the  triangles  ABC  and  DEF,  let  the  sides  AB  and 
BC  be  equal  to  DE  and  EF,  but  the  angle  ABC  greater 
than  DEF ;  then  is  the  base  AC  greater  than  DF. 

For  draw  B6  equal  to  EF  and  making  an  angle  ABG 
equal  to  DEF  (I.  4.),  join  AG  and  GC. 

Because  AB  and  B6  are  equal  to  DE  and  EF,  and  the 

contained  angle  ABG  is  equal  to  DEF;  the  triangles  ABG 
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wd  DEF  (L  3.)  are  equals  and  have  equal  bases  AG  and 
DF.  But  B6,  being  made 
eqnal  to  EP  or  BC,  the  tri- 
angle GBC  is  isosceles^  and 
its  angles  BGC  and  BCG  (L 
8.)  are  equal.  Consequent- 
ly the   angle  AGC^    being 

greater  than  BGG  or  BCG,  G~^      C  v 

which  is  greater  than  ACG,  mvst  be  much  greater  than  ACG ; 
and  therefore  the  opposite  side  AC  is  (L  15w)  greater  than 
AG  or  DF. 

PROP.  XXI.    THEOR. 

If  two  sides  of  one  triangle  be  respectively  equal 
to  those  of  another,  but  stand  on  a  greater  base ; 
the  angle  contained  by  the  former  will  be  likewise 
greater  than  what  is  contained  by  the  latter. 

Let  the  triangles  ABC  and  BEF  have  the  sides  AB  and 
BC  equal  to  I>£  and  £F,  bat  the  base  AC  greater  than 
DF ;  the  vertical  angle  ABC  is  greater  than  DEF. 

From  AC  cut  off  AG  equal  to 
DF,  construct  (1. 1.)  the  triangle 
AHG  having  the'  sides  AH  and 

6H  equal  to  AB  and  BC  or  DE  -^^"^ '^^"^  ^  ^ 

and  £F,  join  HB,  and  produce 
HG  to  meet  BC  in  I. 

Because  HI  is  greater  than  HG,  it  is  greater  than  ihe 
equal  side  BC,  and  therefore  much  greater  than  BL  Con- 
sequently the  opposite  angle  IBH  of  the  triangle  BIH  i& 
(I.  14.)  greater  than  BHI.  But  AB  being  equal  to  AH 
the  angle  HBA  is  (I.  8.)  equal  to  BHA,  and  therefore  the 
two  angles  IBH  and  HBA  are  greater  than  IHB  and 
BHA,  that  is,  the  whole  angle  CBA  i»  greater  than  IHA 


^-*' 
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§r  dHA.  And  since  the  sides  of  the  triangle  AGH  are 
by  construction  equal  to  those  of  EDF,  the  corresponding 
angle  AH6  is  equal  to  DBF  (I.  %) ;  and  hence  tbe  angle 
ABC^  which  is  greater  than  AHG^  is  likewise  greater  than 
DEF. 

PROP,  XXII.    THEOR. 

If  straight  lines  be  drawn  from  the  same  point 
to  another  straight  line,  the  perpendicular  is  the 
shortest  of  them  all ;  the  lines  equidistant  from  it 
on  both  sides  are  equal ;  and  those  more  remote  are 
greater  than  such  as  are  nearer. 

If  the  straight  lines  CG^  CE,  CD,  ^nd  CF  drawn  from 
a  given  point  C  to  the  straight  line  AB,  tbe  perpendicu- 
lar CD  is  the  leasts  the  equidistant  lines  CE  and  CF  are 
equal,  but  the  remoter  line  CG  is  greater  than  either  of 
these  two. 

For  the  angle  CDE^  which 
is  equal  to  CDF,  is  (I.  IS.) 
greater  than  CFD,  and  conse- 
quently the  opposite  side  CF 
is  (1. 15.)  greater  than  CD,  or 
CD  is  less  than  CE. 

But  a  straight  line  drawn  of  a  determinate  length  from 
C  to  AB,  may  hare  two  positions ;  for  if  the  line  CE  be 
supposed  to  turn  about  the  point  C^  tbe  angle  CEA  will 
continually  decrease  (I.  19.)>  till,  passing  from  obtuse  to 
acute^  rt  becomes  equal  to  CEF,  and  then  forms  (1. 9.)  the 
isosceles  triangle  ECF. — Because  ED  is  by  hypothesis 
equal  to  FD,  CD-common  to  the  two  triangles  ECD  and 
FCD,  and  the  contained  angles  CDE  and  CDF  equal ; 
these  triangles  (I.  S.)  are  equals  and  consequently  their 
bases  CE  and  CF  are  equal. 

Again,  because  GCD  is  a  right  angled  triangle,  the  an* 
jle  CGD  or  CGE  is  acute  (I.  12.),  and  for  the  same  rea- 
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son^  the  angle  CED  of  the  triangle  CBE  i«  aotte^  audi 
conseqaently  its  adjacent  angle  CEG  is  obtuse.  Where* 
fore  CEG  is  much  greater  than  CGE^  and  the  opposite 
side  C6  greater  (I.  15.)  than  CE. 

Cor.  Hence  only  a  single  perpendicular  CD  can  be  let  fall 
from  the  same  point  C  upon  a  given  straight  line  AB ; 
and  hence  also  a  pair  only  of  equal  straight  lines  greater 
than  CD  can  at  once  be  extended  from  C  to  AB^  making 
on  the  same  side^  the  one  an  obtuse  angle  CEA^  and  the 
other  an  acute  angle  CFA.  As  the  term  distance  signifies 
the  shortest  road^  the  distance  between  two  points  is  the 
straight  line  which  joins  them^  and  the  distance  from  a 
point  to  a  straight  line  is  the  perpendicular  let  fall  upon  it. 

PROP.  XXIIL    THEOR. 

Two  triangles  are  equal,  which  have  two  angles 
and  a  corresponding  side  in  the  one  respectively 

equal  to  those  in  the  other. 

I 

Let  the  triangles  ABC  and  DEF  have  the  angle  BAG 

equal  to  EDF^  the  angle  6CA  to  EFD,  and  a  side  of  the 

one  equal  to  a  side  of  the  other^  whether  it  be  interjacent 

or  opposite  to  those  equal  angles ;  the  triangles  will  be 

equal. 

First,  let  the  equal  sides  be  AC  and  DF^  which  are  in-' 

terjaoent  to  the  equal  angles  in  both  triangles. — Apply  the 

triangle  ABC  to  DEF ;  the  point  A  being  laid  on  Dj  and 

the  straight  line  AC  on  DF,,  the  other  extremities  C  apd 

F  must  coincide^  since  those  lines  are 

equal.  And  because  the  angle  CAB 

is  equal  to  FDE^and  the  side  AC  is 

applied  to  DF,  the  other  side  AB 

must  lie  along  DE ;  and  for  the  same  J^  c  3&  Jf 

reason^  the  angles  BCA  and  EFD  being  equals  the  side 

CB  must  lie  along  FE.    Wherefore  the  point  B,  which  is 
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^mmon  to  both  the  Imes  AB  and  CB^  will  be  found  like* 
wise  in  both  DE  and  FE ;  that  is,  it  must  fall  upon  ih^ 
corresponding  vertex  £.  The  two  triangles  ABC  and  D£F^ 
thus  adapting,  are  hence  entirely  eqnal* 

Next,  let  the  equal  sides  be  AB  and  DE,  which  are  op^ 
posite  to  the  equal  angles  ACB  and  DFE.  The  triangle 
ABC  being  laid  on  to  DEF,  the  sides  AB  and  AC  of  the 
angle  BAC,  will  apply  to  DE  and  DF,  the  sides  of  the 
equal  angle  EDF  ;  and  since  AB  is  ^ 

equal  to  DE,  the  points  B  and  E 
must  coincide,  bat  BC  must  adapt 

itself  to  EF,  for  the  angles  BCA  and    J^ ^^ 

EFD  are  equal,  and  (Cor.  I.  13.)  only  one  straight  line 
can  be  drawn  from  the  same  point  E  to  make  a  given  an- 
gle on  the  same  side  with  a  given  straight  line.  Whence 
the  triangles  ABC,  DEF  are  entirely  coincident,  and  hav^ 
those  udes  equal  which  subtend  equal  anglea. 


PROP.  XXIV.    THEOR. 

Two  triangles  are  equal,  which,  being  of  the  same 
afFectioQ,  have  two  sides  and  a  corresponding  aqgle 
in  the  one  equal  to  those  in  the  other. 

Let  the  triangles  ABC  and  DEF  have  the  side  AB  equal 
to  DE,  BC  to  EF,  and  the  angles  BAC,  EDF,  opposite 
to  BCj  EF,  also  equal ;  the  triangles  themselves  are  equal, 
if  both  of  them  be  right  angled,  or  acute,  or  obtuse. 

For  the  triangle  ABC  being  applied  to  DEF,  the  angle 
BAC  will  adapt  itself  to  EDF,  since  they  are  equal ;  and 
the  point  B  must  coincide  with  £,  because  the  side  AB  i» 
equal  to  DE.  But  the  other  equal  sides  BC  and  EF  now 
stretching  from  the  same  point  E  to-  j^  jK 

wards  DF,  must  likewise  coincide; 
for  if  the  angle  at  C  or  F  be  right, 
there  can  exist  no  more  than  one  per-  j\i  cjS  s 

pendicular  EF  (Cor,  I.  22.)  and,  in  like  manner,.,  if  this. 
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angle  at  F  be  either  obtuse  or  acute^  the  line  EP^  which 
forms  it^  can  have  only  one  corresponding  position.— 
Whence,  in  each  of  these  three  cases,  the  triangle  ABC 
admits  of  a  perfect  adaptation  with  DBF. 

PROP.  XXV.    THEOR. 

If  a  straight  line  fall  upon  two  parallel  straight 
lines,  it  will  make  the  alternate  angles  equal,  the  * 
exterior  angle  equal  to  the  interior  opposite  one, 
and  the  two  interior  angles  on  the  same  side  to* 
gether  equal  to  two  right  angles. 

Let  the  straight  line  EF6  fall  upon  the  parallels  AB 
and  CD ;  the  alternate  angles  AGF  and  DFG  are  equal, 
the  exterior  angle  EFC  is  equal  to  the  interior  angle  EGAj 
and  the  interior  augles  CFG  and  AGF  are  together  equal 
to  two  right  apgles. 

For  suppose  the  straight  line  EFG,  produced  both  ways 
from  F  to  turn  about  that  point  in  the  direction  BA  $  it 
will  first  cut  the  extended  line  AB  towards  A,  and  will  in 
its  progress  afterwards  meet  the  same  line  on  the  other 
side  towards  B.  In  the  position  IFH,  the  angle  EFH  is 
the  exterior  angle  of  the  triangle  FHG,  and  therefore 
greater  than  FGH  or  EGA  (I.  10.)  But  in  the  last  posi- 
tion LFK^  the  exterior  angle  EFL  is  equal  to  its  vertical 
angle  GFK  in  the  triangle  FKG,  and 
to  which  the  angle FG A  is  exterior; 
consequently  (L  10.)  FGA  is  greater 
than  EFL,  or  the  angle  EFL  is  leas 
than  FGA  or  EGA.  When  the  m- 
cident  line  EFG,  therefore,  meets 
AB  above  the  point  G,  it  makes  ah 
angle  EFH  greater  than  EGA  ;  and 
when  it  meets  AB  below  that  point, 
it  makes  an  angle  EFL,  which  is  less  ^^ 
than  the  same  angle.     But  in  passing  through  all  the  de- 
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grees  from  greater  to  less^  a  varying  magnitude  must  evi^ 
dently  rencounter^  as  it  proceeds^  the  single  intermediate 
limit  of  equality.  Whereforej  there  is  a  certain  position j 
CD,  in  which  the  line  revolving  about  the  point  F  makes 
the  exterior  angle  EFC  equal  to  the  interior  EGA^  and  at 
the  same  time  meets  AB  neither  towards  the  one  part  nor 
the  other^  or  is  parallel  to  it. 

And  now,  since  EFC  is  proved  to  be  equal  to  EGA^  and 
is  also  equal  to  the  vertical  angle  GFD  ;  the  alternate  an- 
gles FGA  and  GFD  are  equal.  Again^  because  GFD  and 
FGA  are  equals  add  the  angle  FGB  to  each^  and  the  two 
angles  GFD  and  FGB  are  equal  to  FGA  and  FGB ;  but 
the  angles  FGA  and  FGB^  on  the  same  side  of  AB^  are 
equal  to  two  right  angles^  and  consequently  the  interior  an* 
gles  GFD  and  FGB  are  likewise  equal  to  two  right  angles. 

Cor.  Since  the  position  CD  is  individual^  or  that  only 
one  straight  line  can  be  drawn  through  the  point  F  paral- 
lel to  AB,  it  follows  that  the  converse  of  the  proposition  is 
true^  and  that  those  three  properties  of  parallel  lines  are 
§lso  the  criteria  for  distinguishing  parallel^. 


PROP.XXVI.    PROB. 

Through  a  given  point,  to  draw  a  straight  line 
parallel  to  a  given  straight  line. 

To  drawj  through  the  point  C^  a  straight  line  parallel  to 
AB. 

In  AB  take  any  point  D,  join  CD,  and    ,    c 
at  the  point  C  make  (I.  4.)  an  angle 

DCE  equal  to  CDA ;  CE  is  parallel  to  ^ "d % 

AB. 

For  the  angles  CDA  and  DCE,  thus  formed  equal,  are 
the  alternate  angles  whicH  CD  makes  with  the  straight 


so  %LBMBNT8  OF  OBOMETBT. 

lines  CE  and  AB,  and,  therefore,  by  tbe  cofolhiy  to  the 
last  proposition^  these  lines  are  paralleL 

PROP.XXVIL    THEOR. 

Parallel  lines  are  equidistant,  and  equidistant 
straight  lines  are  parallel. 

The  perpendiculars  EG,  FH,  lei  fall  from  any  points  E^ 
F  in  the  straight  line  AB  upon  its  parallel  CD,  are  eqaal ; 
and  if  these  perpendicalars  be  equal,  the  straight  lines  AB 
and  CD  are  parallel. 

For  join  EH  :  and  because  each  of  the  interior  angles 
EGH  and  FHG  is  a  right  angle,  they  are  together  equal 
to  two  right  angles,  and  consequently  the  perpendiculars 
EG  and  FH  are  (Cor.  I.  25.)  pa-   ^       g  g 

rallel  to  each  other;  wherefore 
(1. 25.)  the  alternate  angles  HEG 
and  EHF  are  equal.  But,EFbe.  CT 
ing  parallel  to  GH,  the  alternate  angles  EHG  and  HEF 
are  likewise  equal ;  and  thus  the  two  triangles  HGE  and 
HFE,  having  the  angles  HEG  and  EHG  respectively  equal 
to  EHF  and  HEF,  and  the  side  EH  common  to  both,  are 
(I.  23.)  equal,  and  hence  the  side  EG  is  equal  to  FH. 

Again,  if  the  perpendiculars  EG  and  FH  be  equal,  the 
two  triangles  EGH  and  EFH,  having  the  side  EG  equal 
to  FH,£H  common,  and  the  contained' angle  HEG  equal 
to  EHF,  are  (L  3.)  equal,  and  therefore  the  angle  EHG 
equal  to  HEF,  and  (1. 25.)  the  straight  line  AB  parallel  to 
CD. 

PROP.XXVm.    THEOR. 
The  opposite  sides  of  a  rhomboid  are  parallel. 

If  the  opposite  sides  AB,  DC,  and  AD,  BC  of  tbe  qua- 
trilateral  figure  ABCD  be  equal,  they  aje  also  parallel. 
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Eor  joia  AC.  And  because  AB  is  equal  to  DC^  BC  to 
AD^  and  AC  is  common ;  the  two  tri-  ^ 

angles  ABC  and  ABC  are  (I.  2.) 
equal.  Consequently  the  angle  ACD 
is  equal  to  CAB,  and  the  side  AB  J5  C 

(Cor.  I.  S<5.)  parallel  to  CD ;  and  for  the  same  reason,  the 
langle  CAD  is  equal  to  ACB,  whence  the  side  AD  is  pa- 
rallel to  BC. 

Cor,  Hence  the  angles  of  a  square  or  rectangle  are  all 
of  them  right  angles ;  for  the  opposite  sides,  being  equ^I, 
^e  parallel ;  and  if  the  angle  at  A  be  right,  the  other  in- 
terior one  at  B  is  also  a  right  angle  (I.  25.)^  and  conse- 
quently the  angles  at  C  and  D,  opposite  to  these^  are 
rigKt. 


PROP.  XXIX.    THEOR. 

The  opposite  sides  and  angles  of  a  parallelogram 
are  equal. 

Let  the  quadrilateral  figure  ABCD  have  the  sides  ABj 
BC  parallel  to  CD,  AD ;  these  are  respectively  equal,  and 
so  are  the  opposite  angles  at  A  and  C,  and  at  B  and  D. 

For  join  AC.    Because  AB  is  parallel  to  CD,  the  alter- 
nate angles  BAC  and  ACD  are  (I.  25.)  equal ;  and  sinctf 
AD  is  parallel  to  BC,  the  alternate  angles  ACB  and  CAD 
are  likewise  equal.    Wherefore  the  ^ 

triangles  ABC  and  ADC,  having 
the  angles  CAB  and  ACB  equal  to  ^.^.............^....^ 

ACD  and  CAD,  and  the  interjacent  ^  ^ 

side  AC  common  to  both,  are  (I.  23.)  equal.  Conse-* 
quently,  the  side  AB  is  equal  to  CD,  and  the  side  BC  ta 
AD ;  and  these  opposite  sides  being  thus  equal,  the  oppo- 
$iie  angles  (I.  28.)  must  also  be  equal.  , 

Cor,  Hence  the  diagonal  divides  a  thomboid  or  paral- 
lelogram iqto  two  equal  triangles.     Hence  also  an  oblong 


-^ 


f 


i 


r* 


% 


i^  ELEMENTS  Ot  GEOMETRY. 

is  a  rectangular  parallelogram ;  for  if  the  angle  at  A  be 
rights  the  opposite  angle  at  C  is  rights  and  the  remaining 
angles  at  B  and  D^  being  equal  to  each  other  and  to  tw» 
right  angles,  roust  be  right  angled. 

PROP.  XXX.    THEOR. 

If  the  parallel  sides  of  a  trapezoid  be  equal,  the 
other  sides  are  likewise  equal  and  parallel. 

Let  the  sides  A6  and  DC  be  equal  and  parallel ;  the 
sides  AD  and  BC  are  themselves  equal  and  parallel. 

For  join  AC.  Because  AB  is  parallel  to  CD,  the  al^ 
temate  angles  CAB  and  ACD  are  (1.  25.)equa1 ;  and  the 
triangles  ABC  and  ADC,  having  the  side  AB  equal  to  CD, 

AC  common  to  both,  and  the  contain-  j^ ^ 

ed  angle  CAB  equal  to  ACD,  are, 

therefore,  equal  (I^  S.)    Whence  the 

side  BC  is  equal  to  AD,  and  the  angle 

^CB  equal  to  CAD ;  but  these  angles  being  alternate,  BC 

must  also  be  parallel  to  AD  (Cor.  I.  25.) 

PROP.  XXXI.    THEOR. 

'  The  diagonals  of  a  rhomboid  mutually  bisect  each 
other. 

If  the  diagonals  of  the  rhomboid  ABCD  intersect  each 
other  in  £ ;  the  part  AE  is  equal  to  C£,  and  DE  to  BE. 

For  because  a  rhomboid  is  also  a  parallelogram  (I.  28  )^ 
the  alternate  angles  BAC  and  ACD  are  equal  (I.  25,),  and 

likewise  ABD  and  BDC.    The  tri-  j^ g 

angles  AEB  and  CED,  having  thus 

the  angles  BAE,  ABE  respectively      \y^ 

equal  to  DCE  and  CED,  and  the  in-         JD^ ^ 

tprjacent  sides  AB  and  CD  equal,  are  (1. 23.)  wholly  equal. 
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Wherefore  AE  is  eqnal  to  the  corresponding  side  CE^  and 

BE  to  DE. 

Cor.  Hence  the  diagonak  of  a  rectangle  are  eqnal  to 
eac&  other ;  for  if  the  angles  at  A  and  B  were  right  an- 
gles^ the  triangles  DAB  and  CBA  would  be  eqnal  (I.  3.) 
md  consequently  the  base  DB  equal  to  AC. 

PROP.XXXIL    THEOR. 

lines  parallel  to  the  same  straight  line,  are  paral- 
lel to  each  other. 

If  the  straight  line  AB  be  parallel  to  CD^  and  CD  pa* 
rallel  to  £F ;  then  t^  AB  parallel  to  EF, 

For  let  the  straight  line  6H  cut  these    ^ 
lines. 

Because  AB  is  parallel  to  CD,  the  ex- 
tenor  angle  6IA  is  equal  (I.  ^.)  to  the 
interior  6KC ;  and  since  CD  is  parallel 
to  EFj  this  angle  GKC  is,  for  the  same 
reason,  equal  to  6LE.  Therefore  GIA  is 
equal  to  GLE,  and  consequently  AB  is  parallel  to  £F 
(I.  25.  Cor.) 

PROP  XXXIIL    THEOR. 

Straight  lines  drawn  parallel  to  the  sides  of  an 
angle^  contain  an  equal  angle. 

If  the  straight  lines  AB,  AC  be  paral- 
lel to  DE,  DF ;  the  angle  BAC  is  equal 
toEDF.        ,  * 

For  draw  the  straight  line  GAD  through 
the  vertices.    And  because  AC  is  paral-  j^* 
lei  to  DF,  the  exterior  angle  GAC  is 
(1. 25.)  equal  to  GDF ;  and  for  the  same 
reason,  GAB  is  equal  to  GDE;  there  consequently  re- 
Kiaiiis  the  angle  BAC  equal  to  EDF. 
■  .  c 
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PROP.  XXXIV.    THEOR. 

•       > 

An  exterior  angle  of  a  triangle  is  equal  to  both 
its  opposite  interior  angles,  and  all  the  interior  an- 
gles of  a  triangle  are  together  equal  to  two  right 
angles. 

The  exterior  angle  BCD^  formed  by  the  prodacUon  of 
the  side  AC  of  the  triangle  ABC,  is  equal  to  the  two  op- 
posite interior  angles  CAB  and  CBA,  and  all  the  interior 
angles  CAB,  CBA,  and  BCA  of  the  triangle,  are  together 
equal  to  two  right  angles. 

For  through  the  point  C  draw  (I.  26.)  the  straight  line 
CE  parallel  to  AB.  And  because  AB  is  parallel  to  CE, 
the  interior  angle  BAC  is  (1. 25.)  equal  to  the  exterior  one 
ECD ;  and  for  the  same  reason  the  alternate  angle  ABC 
is  equal  to  BCE.  Wherefore  the  two  angles  CAB  and 
ABC  are  equal  to  DCE  and  ECB,  or  to 
the  whole  exterior  angle  BCD.  Add  the 
adjacent  angle  BCA  to  each ;  and  all  the 
interior  angles  of  the  triangle  ABC  are 
together  equal  to  the  angles  BCD  and 
BCA  on  the  same  side  of  the  straight  line  AD,  that  is,  to 

two  right  angles. 

Cor.  1.  Hence  the  two  acute  angles  of  a  right  angled  tri- 
angle are  together  equal  to  one  right  angle ;  and  hence 
each  angle  of  an  equilateral  triangle  is  two  third  parts  of 

a  right  angle. 

Cor.  2.  Hence'  if  a  triangle  hAve  its  exterior  angle,  and 
one  of  its  opposite  interior  angles,  double  of  those  of  ati- 
other  triangle  ;  its  remaining  opposite  interior  angle  will 
also  be  double  of  the  corresponding  angle  of  the  otiier. 
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PROP.  XXXV.    THEOR. 


The  angles  round  any  rectilineal  figure  are  toge- 
ther equal  to  twice  as  many  right  angles,  abating 
four  from  the  result,  as  the  figure  has  sides. 

For  assume  any  point  O  within  the  figure,  and  draw 
straight  lines  OA,  OB,  OC,  OD,  and  OE,  to  the  several 
angular  points.  It  is  obvious,  that  the  figure  is  thus  re- 
solved into  as  many  triangles  as  it  has  By 
sides,  and  whose  collected  angles  must  /  \  ^*:>jC 
be,  therefore,  equal  to  twice  as  many 
right  angles.  But  the  angles  at  the  ba- 
ses of  these  triangles  codstitute  the  ii^-  2> 
temal  angles  of  the  figure.  Consequently,  from  the  whole 
amount  there  is  to  be  deducted  the  vertical  angles  about 
the  point  O,  and  which  are  (Def.  4.)  equal  to  four  right 
angles. 

(^or.  Hence  all  the  angles  of  a  quadrilateral  figure  are 
equal  to  four  right  angles,  those  of  a  pentelateral  figure 
equal  to  six  right  angles,  and  so  forth;  increasing  the 
amount  by  two  right  angles  for  each  additional  side. 


PROP.  XXXVL    THEOR. 

The  exterior  angles  of  a  rectilineal  figure  are  to- 
gether equal  to  four  right  angles. 

I  The  exterior  angles  DEF,  CDG,  BCH,  ABI,  and  EAK 
of  the  rectilineal  figure  ABCDE  are  taken  together  equal 
to  four  right  angles. 
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For  each  exterior  angle  DEF^  with  its  adjacent  inte- 
rior one  AED,  is  eqaal  to  two 
right  angles.  All  the  exterior 
angles  therefore^  added  to  the 
int^or  angles,  are  equal  to 
twice  as  many  right  angles  as 
the  figure  has  sides.  Conse- 
quently the  exterior  angles  are 
equal  to  the  four  Tight  angles 
which,  by  the  last  Proposition, 
were  abated,  to  form  the  ag- 
gregate of  the  interior  angles. 

Con  If  the  figure  has  a  re-entrant  angle  BCD,  the  angle 
BCK  which  occurs  in  place  of 
an  exterior  angle,  must  be  ta- 
ken away  in  forming  the  a- 
mount ;  for  the  corresponding 
interior  angle  BCD,  in  this 
case,  exceeds  two  right  angles 
by  BCK.  Hence  the  angles 
EFG,  DEH,  CDI,  ABL,  FAM 
diminished  by  BCK  are  equal 
to  four  right  angles. 


PROP.  XXXVII.    THEOR. 

If  the  opposite  angles  of  a  quadrilateral  figure  be 
equal,  its  opposite  sides  will  be  likewise  equal  and 
parallel. 

In  the  quadrilateral  figure  ABCD,  let  the  «igle  at  P  be 
equal  to  the  opposite  one  at  D,  and  the  angle  at  A  equal 
to  thftt  ftt  C ;  (h<  sides  A6^  BC  are  equal  and  parallel  U> 
DC  and  DA- 


For  aU  the  snglea  of  the  figure  beibg  «qual  to  few  right 
angles,  (If  84.  corO  and  the  op- 
posite angles  being  mutually  equal, 
each  pair  of  adjacent  angles  must 
be  equal  to  two  right  angles.  ^ 
Wherefore  ABC  and  BCD  are 
equal  to, two  right  angles,  and  the  lines  AB  and  CD  (Cor. 
I.  95.)  parallel ;  for  the  same  reason,  ABC  and  BAD  be- 
ing together  equal  to  two  right  angles,  the  sides  BC  and 
AD,  which  limit  them,  are  parallel. 

Cor.  Hence  a  rectangle,  or  right-angled  quadrilateral 
figure,  hab  its  opposite  sides  equal  and  parallel. 


PROP.  XXXVm,    PROB. 

To  draw  a  perpendicular  from  the  extremity  of  a 
given  straight  line. 

From  the  point  B,  to  draw  a  perpendicular  to  AB,  with<i 
out  producing  that  line. 

In  AB  take  any  point  C,  and 
on  BC  (L  1.  con)  describe  an 
equilateral  triangle  CDB,  on  its 
side  DB,  another  DEB ;  and  on 
DE  the  side  of  this,  a  third  equi- 
lateral triangle  DFE;  join  the 
last  vertex  F  with  th£  point  B ; 
and  BF  is  the  perpendicular  re- 
quired. 

Because  the  triangles  CDB  and  DBE  are  equilateral, 
the  angles  CBD  and  DBE  are  each  of  them  equal  to 
two  third  parts  of  a  right  angle  (I.  34.  cor.) ;  and  the  tri- 
angles BDF,  BEF,  baying,  tb^  sides  BD,  DF  equal  to  BE, 
EF,  and  the  side  BF^oommoo,  are  (Ji,  S.)  equal,  and  €o»-  ^ 
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tieqaeniljr  the  angles  FBD  and  FBE  are  equal,  and  each 
of  them  the  half  of  DBE.  The  angle  FBD,  being  there- 
fore one  third  part  of  a  right  angle,  and  the  angle  DBA 
two  third  parts,  the  whole  angle  FBC  must  be  an  entire 
*  right  angle,  or  the  straight  line  BF  is  perpendicular  t» 
AB. 


PROP,  XXXIX.    PROB. 

On  a  given  finite  straight  IIqc  to  construct  a 
square. 

Let  AB  be  the  side  of  the  square  which  it  is  required  to 
construct. 

From  the  extremity  B  draw  (1. 38.) 
PC  perpendicular  to  BA  and  equal 
to  it,  and  from  the  points  A  and  C 
with  the  distance  BA  or  BC  describe 
two  circles  intersecting  each  other 
in  the  point  D,  join  AD  and  CD ; 
the  quadrilateral  figure  ABCD  is  the 
square  required. 

For,  by  this  construction,  the  figure  has  all  its  sides 
equal,  and  one  of  its  angles  ABC  a  right  angle;  which 
comprehends  th^  whole  of  the  definition  of  a  square. 


PROP.  XL.    PROB, 

To  diyidf;  a  given  straight  line  into  any  number 
of  equal  parts. 

Let  it  be  required  to  divide  the  straight  line  AB  into  a 
given  number  of  equal  parts>  suppose  five. 


BOOK  1.  sg 

From  tbe  point  A  and  at  an;  obltqae 
angle  with  AB  draw  a  straight  line  AC 
in  which  take  the  portion  AD,  and 
repeat  it  five  times  from  A  to  C,  join 
CB,  and  from  tbe  several  points  of 
section  D,  E,  F,  and  G  draw  the  pa- 
rallels DH,  EI,  FK,  and  GL,  {I.  26.) 
cutting  AB  in  H,  I,  K,  aad  L:  AB 
is  divided  in  these  points  into  five 
equal  parts. 

For  draw  DM,  EN,  FO,  and  GP  parallel  to  AB.  And 
because  DH  is  parallel  to  EM,  the  exterior  angle  ADH 
is  equal  to  DEM  (I.  25.) ;  and  tor  the  same  reason^'  since 
AH  is  parallel  to  DM,  the  angle  DAH  is  eqnal  to  EDM. 
,  Wherefore  the  triangles  ADH  and  DEM,  having  two 
angles  respectively  equal,  and  the  ioterjacent  sides  AD, 
DE,  are  (1.  23.)  equal,  and  consequently  AH  is  equal  to 
DM.  In  the  same  manner,  the  triangle  ADH  is  proved 
to  be  equal  to  EFN,  FGO,  and  GCP,  and  therefore  their 
bases  EN,  FO,  and  GP  are  all  equal  to  AH.  But  these 
lines  are  equal  to  HI,  IK^  KL,  and  LB,  for  the  opposite 
sides  of  parallelograms  are  equal  (I.  SQ.).  Wherefore 
the  several  segments  AH,  HI,  IK,  Kt,  and  LB,  into 
which  the  straight  line  AB  ia  divided,  are  all  equal  to  each 
^ther. 
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BOOK  II. 
DEFINITIONS. 

1.  In  a  right-angled  triangle^  the  side  that  subtends  the 
right  angle  is  tenned  the  hypotenuse;  either  of  the  sides 
which  contain  it,  the  bate;  and  the  other  side,  iheperpen^ 
dkvlar* 

2.  The  altUude  of  a  triangle  is 
a  perpendicular  let  fall  from  its 
vertex  upon  the  extension  of  its 
base. 

3.  The  altitude  of  a  trapezoid  is  the 
perpendicular  drawn  from  one  of  its  pa-     f 
rallel  sides  to  the  other. 

4.  The  complements  of  rhomboids  about 


.^ 


gnomon. 

5.  A  rhomboid  or  rectangle  is  said  to  be  eantained  by 
any  two  a4|acait  sides. 
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PROP  I.    THEOR. 

Triangles  which  have  the  same  altitude^  and  stand 
on  the  same  base,  are  equivalent. 

The  triangles  ABC  and  ADC  which  stand  on  the  same 
base  AC  and  have  the  same  altitude,  contain  equal  spaces* 

For  join  the  vertices  B^  D  by  a  straight  line,  which  pro- 
duce both  ways;  and  from  A  draw  A£  (I.  £6.)  parallel  to 
CB,  and  from  C  draw,  CF  parallel  to  AD. 

Because  the  triangles  ABC,  ADC  have  the  same  alti- 
tude, the  straight  line  EF  is  parallel  to  AC  (I.  S7*X  ^^d 
consequently  the  figures  C£  and 
AF  are  parallelograms.  Where- 
fore £B,  being  equal  to  AQ  (I.290> 
which  is  equal  to  DF,  is  itself  equal 
to  DF.  Add  BD  to  each,  and  ED 
is  equal  to  BF ;  but  E A  is  equal  to 

BC  (i.  29-)^  &n<d  the  interior  angle  AED  is  equal  to  the  e:ic- 
terior  angle  CBF  (L  25.).  Thus  the  two  triangles  EDA, 
BFC  have  the  sides  ED,  EA  equal  to  BF,  BC,  and  the 
contained  angle  AED  equal  to  CBF,  and  are,  therefore, 
equal  (1.  S.).  Take  these  equal,  triangles  CBF  and  EDA 
from  the  whole  quadrilateral  space  AEFC,  and  there  re- 
mains the  rhomboid  AEBC  equal  to  ADFC.  Whence 
the  triangles  ABC  and  ADC,  which  are  the  halves  of  these 
rhomboid^  (I.  29.  cor.)  are  likewise  equal. 

Cor.  Hence  the  rhomboids  on  the  same  base  and  be- 
tween the  same  parallels  are  equivalent.. 

r  •  •  ' 

PROP.  II.    THEOR- 

Triangles  which  have  the  same  altitude  and  stand  , 
pn  equal  bases,  are  equivalent. 

The  triangles  ABC,  DEF,  standing  on  equaj  bases  AC 
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nnd  DF  and  having  the  same  altitude^  contain  equal 
spaces.  '        '  •     . 

For  let  ihe  bases  AC^  DF  be  placed  in  the  same  straight 
line^  joiaBH,  arid  produce  it  both  ways^  draw  AG  and 
DH  parallel  to  CB  and  FE  (I.  2fi.),  and  join.  AH,  CE. 

Because  the  triangles  ABC,  DEF  are  of  equal  altitude, 
GE  is  parallel  to  AF  (I.  27.),  and 
6C,  HF  are  parallelograms.  Bat. 
AC,  being  equal  to  DF,  and  DF, 
equal  (I.  29-)  to  HE,  must  also  be 
equal  to  HE,  and,  therefore,  (I. 
SO.)  A£  is  a  rhomboid  or  parallelo- 
gram. Whence  the  rhomboid  GC  is  equivalent  to  AE  (TI. 
I.),  and  this  again  is,  for  the.  same  i-eason,  equivalent  to  HF; 
consequently  GC  is  equal  to  HF,  and  therefore  their  halves 
or  (Cor.  1. 25.)  the  triangles  ABC  and  DEF  are  equivalent. 

Cor.  Hence  rhomboids  on  equal  bases  and  between  the 
same  parallels,  are  equivalent. 

PROP.  III.    THEOR. 

Equivalent  triangles  on  the  same  or  6qual  bas^ 
have  the  same  altitude. 

If  the  triangles  ABC  and  ADC,  standing  on  the  same 
base  AC,  contain  equal  spaces,  they  have  the  same  alti- 
tude, or  the  straight  line  joining  their  vertices,  is  parallel 
to  AC. 

For  if  BD  be  not  parallel  to  AC,  draw  the  parallel'BE 
meeting  a  side  of  the  triangle  ADC*  in  E,  and  join  CE. 

Because  BE  is  made  parallel  ^to  AC, 
the  triangle  ABC  is  equivalent  to  AEC; 
(If.  2.)  but  ABC  is  by  hypothesis  equi- 
valent to  ADC,  and>  therefore,  AEC  is 
equivalent  to  ADC,  which  is  absurd. 
The  supposition  then  that  BD  is  not  parallel  to  AC  in* 
Tolves  a  contradiction. 
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The  iame<iiiode.of  demcMistratioD^  it  is  obvious^  will  ap« 
ply  in  the  case  where  the  equivalent  triangles  stand  oa 
eqoal  bases. 

Cor.  Hence  equivalent  rhomboids  on  the  same  or  equal 
bases^  have  the  same  altitude* 


PROP.  IV.    THEOR. 

A  straight  line  bisecting  two  sides  of  a  triangle, 
is  parallel  to  the  base. 

The  straight  line  0£,  which  joins  the  middle  points  of 
the  sides  AB,  BC,  is  parallel  to  the  base  AC  of  the  tri* 
angle  ABC. 

For  join  AE  and  CD.  Because  the  trianeles  ACD,  BCD 
stand  on  equal  bases  AD^  DB#  and  have  we  same  vertex 
or  altitude,  they  are  (II.  2.)  equivalent,  and,  therefore^ 
ACD  is  half  of  the  whole  triangle  ABC. 
For  the  same  reason,  since  CE  is  equal 
to  EB,.  the  triangle  CAE  is  equivalent 
to  EAB,  and  is  consequently  half  of  the 
whole  triangle  ABC«  Whence  the  tri- 
angles ADC  and  AEC  are  equal ;  and 
they  stand  on  the  same  base,  and  have, 
therefore,  the  same  altitude  (II.  3.),  or  DE  is  parallel  to 
AC. 

Car.  Hence  the  triangle  DBS  cut  off  by  the  line  DE  is 
the  fourdi  part  of  the  original  triangle.  For  bisect  AC  in 
G,  and  join  D6,  which  is,  ^erefore,  parallel  to  BC.  The 
triangle  ADG  is  equivalent  to  GDC  (II.  2.),  and  GDC, 
being  the  half  of  the  rhomboid  G£,  is  equivalent  to  DEC^ 
which  again  is  (II.  2.)  equivalent  to  DEB.  The  triangle 
ABC  is  thus  divided  into  four  equivalent  triangles,  of  which 
DBE  is  one.  Hence  also  the  rhomboid  GDEC  is  half  of- 
the  original  triangle. 
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PROP.  V.    THEOR. 

Straight  lines  joining  the  successive  middle  points 
of  the  sides  of  a  quadrilateral  figure,  form  a  rhom- 
boid. 

If  the  sides  of  the  quadrilateral  figure  ABCD  be  bisected 
and  tbe  points  of  sectioh  joined  in  their  order;  EF6H  is 
a  rhomboid.  / 

For  draw  AC,  BD.  And  be- 
cause FG  bisects  AB,  BC,  it  is, 
by  the  last  Proposition,  paraHel 
to  AC;  and  for  the  same  reason, 
EH,  as  it  bisects  AD  and  DQ  is 
parallel  to  AC.  Wherefore  FG  is 
parallel  to  £H  (L  32.).  In  like  man- 
ner, it  is  proved  that  £F  is  parallel  to  HG;  and  conse- 
quently the  figure  EFGH  is  a  rhomboid  or  parallelogram. 

Cor.  Hence  the  inscribed  rhomboid  is  half  of  Ihe  qua- 
drilateral figure.  For  IG  is  half  of  the  triangle  ABC  (11.4. 
cor.),  and  IH  is  half  of  the  triangle  ADC.  C<msequently 
the  rhomboid  EG  is  half  of  the  whole  quadrilateral  figure 
ABCD. 

PROP.  VI.    PROB. 

To  find  a  triangle  equivalent  to  any  rectilineal 
figure. 

Let  it  be  required  to  reduce  the  five-sided  figure  ABCD 
to  a  triangle,  or  to  find  a  triangle  that  shall  contain  an 
equal  space. 

Join  wy  tvro  alternate  points  A,  C,  and  through  the  in- 
termediate point  B,  draw  BF  parallel  to  AC,  and  meeting 
either  of  the  adjoining  sides  AE  or  CD  in  F;  which  point, 
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when  the  angle  ABC  is  re-entrant  will  lie  within  the  figure : 
Join  CF.    Again,  join  the  alternate  points  C^  E,  and 
through  the  intermediate  point  D 
draw  the  parallel  DG  to  meet  in 
6  either  of  the  adjoining  sides 
AE  or  BC,  and  which,  since  the 
angle  CDE  is  salient,   must  for  ' 
that  effect  be  produced ;  and  join 
CQ.    The  triangle  FCG  is  equi- 
valent   to    the    five-sided  figure 
ABCDE. 

Because  the  triangles  CFA  and  CBA  have  by  construe* 
tion  the  same  altitude  and  stand  on  the  sanie  base  AC^ 
they  are  (II.  I.)  equivalent;  take  each  away  from  the  space 
ACHE,  and  there  remains  the  quadrilateral  figure  FCDE 
equal  to  the  five-sided  figure  ABCDE.  Again,  because 
the  triangles  CDE  and  CGE  are  equal,  having  the  same 
altitude  and  the  same  base ;  add  the  triangle  FCE  to  each, 
and  the  triangle  FCG  is  equal  to  the  quadrilateral  figure 
FCDE,  and  is  consequendy  equal  to  die  original  figure 
ABCDE. 

In  this  manner,  any  polygon  may,  by  successive  steps, 
be  reduced  to  a  triangle ;  for  an  exterior  triangle  is  always 
exchanged  for  another  equivalent  one,  which,  attaching 
itself  to  either  of  the  adjoining  sidesj  coalesces  with  the 
rest  of  the  figure. 


PROP,  VII.    PROB. 

A  triangle  is  equivalent  to  a  rhomboid  which  has 
the  same  altitude  and  stands  an  half  the  base^ 

The  triangle  ABC  is  equivalent  to  the  rhomboid  DEFC, 
which  stands  on  half  the  base  DC  but  has  the  same  alti- 
tude. 


X 


I 


=l» 


^^ 
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Fbr  join  BD  and  EC.  The  triangles  ABD  and  DEC 
having  the  same  vertex  and  equal  ba- 
ses, are  (II.  2.)  equivalent.  >  But  the 
diagonal  E  bisects  the  rhomboid  DEFC 
(Cor.  I.  29),  and  the  triangles  DBC 
and  DEC,  having  the  same  altitude, 
are  equivalent  (II.  1.);  consequently 
their  doubles,  or  tljie  triangle  ABCD  and  the  rhomboid 
DEFC  are  equivalent. 

PROP,  VIII.    PROB. 

To  construct  a  rhomboid  equivalent  to  a  given 
rectilineal  figure,  and  having  its  angle  equal  to  a 
given  angle. 

Let  it  be  required  to  construct  a  rhomboid  which  shall 
be  equivalent  to  a  given  rectilineal  figure^  and  contain  an 
angle  equal  to  G. 

Reduce  the  rectilineal  figure  to  an  equivalent  triangle 
ABC  (II.  60,  bisect  the  base  AC  in  the  point  D  (I.  7.), 
and  draw  DE  making  an  angle 
CDE  equal  to  the  given  angle  G 


^L 


(L  4*),  through  B  draw  BF  paral- 
lel to  AC  (I.  260,  and  through  C 
the  straight  line  CF  parallel  to  ^ 

DE :  DEFC  is  the  rhomboid  that  was  required. 

For  the  figure  DF  is  by  construction  a  rhomboid,  con- 
tains an  angle  CDE  equal  to  G,  and  is  equivalent  to  the 
triangle  ABC  (II.  7*),  cuid  consequently  to  th^  given  recti- 
lineal figure. 

PROP.  IX.    THEOR. 

Equiangular  rhomboids  contained  bjr  equal  sides 
are  equal. 


^•f 
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Let  the  rfaomboids  BD  and  FH  have  ^  angle  BAD 
equal  to  FEH  and  the  contaiping  aides  AB  and  AD  equal 
respectively  to  PE  and  EH ;  these  rhomboids  are  eqnaL 

For  if  the  rhomboid  BD  be  applied  to  FH,  the  angle 
BAD  will  adapt  to  PEH,  and  its 
sides  being  equal,  the  points  B 
and  D  must  coincide  with  F  and 
H,  consequently  the  diagonal 
BD  will  coincide  with  FH.  Whence  the  two  triangles 
BCD  and  FGH,  having  all  their  sides  respectively  equal, 
must  also  fit  with  each  other. 

Cw.  Hence  the  squares  of  equal  straight  lines  are  equal, 
and  conversely  equal  squares  have  equal  bases. 

PROP.  X.    THEOR. 

The  complements  of  the  rhomboids  about  the 
diagonal  of  a  rhomboid,  are  equivalent. 

Let  EI  and  H6  be  rhomboids  about  the  diagonal  of  the 
rhomboid  BD;  their  complements  BF  apd  FD  contaiA 
equal  spaces. 

Since  the  diagonal  AF  bisects  the  rhomboid  £1  (I.  t9^ 
cor.)^  the  triangle  AEF  is  equivalent  to 

AIF;  and  for  the  same  reason,  the  tri-       ^^ P^^ 

angle  FHC  is  equivalent  to  FGC.  From      ^I~^pH^^ 
the  whole  tariangle  ABC  on  the  one  side     J^^^—- -f — ^ 
6f  the  diagonal,  take  away  the  two  tri-  ^ 
angles  AEF  and  FHC;  and  from  the  triangle  ADC,  whicli 
is  equal  to  it,  take  away,  on  the  other  side,  the  two  tri- 
angles AFI  and  FGC,  and  there  remains  the  rhomboid 
BE  equivalent  to  FD. 


PROP.  XI.    PROB. 
With  a  given  straight  line  to  construct  a  rhom- 
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bold  equivalent  to  a  given  rectilineal  figure,  and  ha^ 
ving  its  angle  equal  to  a  given  angle. 

Let  it  be  repaired  to  construct,  with  the  straight  line  L, . 
a  rhomboid,  contaiaiag  a  gtren  space,  and  having  an  angle 
equal  to  K.  -       . 

Construct  (TI.  7.)  the  rhomboid  BF  equivalent  to  the 
rectilineal  figure,  and  having  an  angle  BEF  equal  to  K ; 
produce  EF  until  FG  be  equal  to 
L,  through  G  draw  DGC  parallel 
to  EB  and  mecUng  the  production 
of  BH  in  C,  join  CF  and  produce 
it  to  meet  the  production  of  BE  in 
A;  dranr  AD  parallel  to  EF,  meet- 
ing CG  ia.D,  and  produce  HF  to  I :  FD  is  the  rhomboid 
required. 

For  FD  and  FB  are  evidently  complementary  rhom- 
boids, and  therefore  (II.  £).)  univalent ;  and  by  reason  of 
the  parallels  AE,  IF,  the  angle  FID  is  equal  to  EAI  (1. 34.), 
which  again  is  equal  to  BEF  or  the  given  angle  K. 

PROP.  XII.    THEOR. 
A  trapezium  is  equivalent  to  the  rectangle  con- 
tained by  its  altitude  and  the  part  of  the  base  cut 
off  by  a  perpendicular  from  its  remoter  summit. 

Let  ABCD  be  a  trapezium,  and  CE  a  perpendicular 
drawn  from  C  to  the  base  AD;  tbe  trapezium  is  equal  (o 
the  rectangle  contained  by  AE  and  CE. 
'     For  complete  the  rectangle  EF.    The  triangles  ABF 
and  CDE  have,  from  the  definiUon     p  -g  „ 

of  the  trapezium,  the  side  AB  equal     f/  N 

to  CD,  AF  to  CE,  and  the  right    ^ ..1^ 

angle  AFB  equal  to  CED ;  where- 
fore these  triangles^  being  also  of  the  same  afiecUon,  are 
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equal  (L  24.)*  To  each  of  them,  add  the  quadrilateral 
space  ABCE^  and  the  rectangle  AFCE  is  equal  to  the  tra« 
pezium  ABCD. 


PROP.  XIIl.    THEOR. 

A  trapezoid  is  equivalent  to  the  rectangle  con- 
tained by  its  altitude  and  half  the  sum  pf  its  paral- 
lel sides. 

The  trapezoid  ABCD  is  equivalent  to  the  rectangle  con- 
tained by  its  altitude  and  half  the  sum  of  the  parallel  sides 
BC  and  AD. 

For  draw  CE  parallel  to  AB  (I.  26.),  hisect  ED  (1. 7.)  in 
F^  and  draw  F6  parallel  to  AB^  meeting  the  production  of 
BC  in  G. 

Because  BC  is  equal  to  AE  (t.  £90,  ^^  ^^^  ^^  ^^^  to- 
gether equal  to  AE  and  AD^  or  to  twice  AE  and  ED^  or 
to  twice  AE  and  twice  EF^  that  is^, 

to  twice  AF;   consequently  AF  is         'J3^ ^  ^ 

halfthesumofBCandAD.  Where-       /  //\ 

fore  the  rectangle  contained  by  the  X '  JE  l^  B 
altitude  of  the  trapezoid  and  half 
the  sum  of  its  parallel  sides^  is  equivalent  to  the  rhomboid 
BF  (II.  1.  cor.);  but  the  rhomboid  EG  is  equivalent  to 
the  triangle  ECD  (II.  ?•)>  ^^  ^o  ^^^h  the  rhomboid  BE^ 
and  the  rhomboid  BF  is  equivalent  to  the  trapezoid 
ABCD. 

Cor.  Hence  the  greater  of  two  lines  is  equal  to  half 
their  sum  and  half  their  difference ;  for  AD  is  equal  to 
AF  joined  to  FD,  which  is  half  the  difference  ED.  The 
smaller  line  AE  again  is  formed  by  taking  half  the  differ- 
ence from  half  the  sum. 
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PROP.  XIV.    THEOR. 

The  square  described  on  the  hypotenuse  of  a 
right-angled  triangle,  is  Equivalent  to  the  squares  of 
the  two  sides. 


Let  ACB  be  a  triangle  which  is  right-angled  at  B ;  the 
square  of  the  hypotenuse  AC  is  equivalent  to  the  two 
squares  of  AB  and  BC. 

For  produce  the  base  BA  until  AD  be  equal  to  the  per- 
pendicular BC^  and  on  DB  describe  (I.  39.)  the  square 
DEFB,  make  GE  and  FH  equal  to  AD  or  BC,  join  AG, 
GH,  and  HC,  and  through  the  points  A  and  C  (I.  £6.) 
draw  AL  and  CI  parallel  to  BF  and  BD. 

Because  the  whole  line  BD  is  equal  to  DE,  and  a  part  of 
it  AD  equal  to  GE,  the  remainder  AB  is  equal  to  DG ; 
wherefore  the  triangles  ACB  and  AGD  are  equal  (L  S.)> 
since  they  have  the  sides  AB,  BC  equal  to  DG,  AD,  and 
the  contained  angle  ABC  equal  to  ADG,both  of  these  being 
right  angles.  In  the  same  manner, 
it  is  proved,  that  the  triangle  ACB 
is  equal  to  GEH,  and  to  HFC. 
Consequently  the  sides  AC,  AG, 
GH,  and  HC  are  all  equal.  But 
the  angle  CAB,  being  equal  to 
AGD,  is  equal  to  the  alternate 
angle  GAL  (I.  290 ;  add  LAC  to 
each,  and  the  whole  angle  LAB  or 
EDB  (1. 29.)  is  equal  to  GAC,  which  is,  therefore,  a  right 
angle.  Hence  the  figure  AGHC,  having  all  its  sides  equal 
and  one  angle  right,  is  a  square* 

Again,  the  paraIlelog]:ams  KB  and  KB  are  evidently 
rectangular;  they  are  also  equal,  being  contained  by  equal 
sides;  and  each  of  them  being  double  of  the  original  tri-^ 
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angle  ACB^  they  are  together  equal  to  the  four  triaDgles 
ACB,  A6D,  EHG,  and  HCF.  The  other  inscribed  figures 
,LC  and  lA  are  obvioudj  the  squares  of  KC  and  AD, 
which  are  equal  to  the  base  and  perpendicular  of  the  tri- 
angle ABC.  From  the  whole  square  DEFB,  therefore^ 
take  away  separately  those  four  encompassing  triangles^ 
and  the  two  interjacent  rectangles  KB  and  K£^  and  the 
remainders  must  be  equal ;  that  is  the  square  AGHC  is 
equal  in  space  to  both  the  squares  ADIK  and  KLFC. 


Otherwise  thus. 

Let  the  triangle  ABC  be  right-angled  at  B ;  die  square 
described  on  the  hypotenuse  AC  is  equivalent  to  BF  and 
BI  the  squares  of  the  sides  AB  and  BC. 

For  produce  DA  to  K^  and  through  B  draw  MBL  pa- 
rallel to  DA  (I.  26.)  and  meeting  FG  produced  in  L. 

Because  the  angle  CAK^  adjacent  to  CAD^  is  a  right 
angle^  it  is  equal  to  BAF ;  from  each  take  away  the  angle 
BAK^  and  there  remains  the 
angle  BAC  equal  to  FAK. 
But  the  angle  ABC  is  equal 
to  AFK,  both  being  right 
angles.  Wherefore  the  tri- 
angles ABC  and  AFK,  ha- 
ving thus  two  angles  of  the 
one  respectively  equal  to 
those  of  the  other^  and  the 
interjacent  side  AF  equal  to 
AB^  are  equal  (I.  23.),  and 
consequently  the  side  AC  is 
equal  to  AK.  Hence  the 
rectangle  or  rhomboid  AM 

is  equivalent  to  ABLK  (II.  2.  cor.),  since  they  stand  on 
equal  bases  AD  and  AK,  and  between  the  same  parallels 
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DK  and  ML.  Bjat  ABLK  is  equivalent  to  the  square  or 
rhomboid  BF  (IL  1.  cor.)^  for  it  stands  on  the  same. base 
AB  and  between  the  same  parallels  PL  and  AH.  Where- 
fore the  rectangle  AM  is  equivalent  to  the  square  of  AB. 
And  in  like  manner^  by  drawing  MB  to  meet  the  produc- 
tion of  HI,  it  may  be  proved,  that  the  rectangle  CM  is 
equivalent  to  the  square  of  BC.  Consequently  the  whole 
square,  AI>EC,  of  the  hypotenuse,  contains  the  same,  space 
as  both  together  of  the  squares  described  on  the  two  sides 
ABandBC. 

PROP.  XV.    THEOR. 

If  the  square  of  a  side  of  a  triangle  be  equiva- 
lent to  the  squares  of  both  the  other  sides,  that  side 
is  the  hypotenuse  of  a  right-angled  triangle. 


Let  the  square  described  on  AC  be  equivalent  to  the 
two  squares  of  AB  andBC;  the  triangle  ABC  is  right- 
angled  at  B. 

For  draw  BD  perpendicular  to  AB  (L  38)  and  equal  to 

BC,  and  join  AD. 

Because  BC  is  equal  to  BD,  the  square  of  BC  is  (IL  9* 
cor.)  equal  to  the  square  of  BD,  and  consequently  the 
squares  of  AB  and  BC  are  equal  to  the  squares  of  AB  and 

BD.  But  the  squares  of  AB  and  BC  are  by 
hypothesis  equivalent  to  the  square  of  AC ; 
and  since  ABD  is,  by  constniction,  a  right 
angle,  the  squares  of  AB  and  BD  are  (IL 
12.)  equivalent  to  the  Square  of  AD.  Whence 
the  square  of  AC  js  equivalent  to  that  of  AD, 
and  (IL  9.  cor.)  the  straight  line  AC  equal 

to  CD.  The  two  triangles  ACB  and  ADB,  having  all  the 
sides  in  the  one' respectively  equal  to  those  in  the  other,  are, 
therefore,  equal  (I.  2,),  and  consequently  the  angle  ABC 
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is  equal  to  the  corresponding  angle  ABD,  that  U^  to  & 
right  angle. 

PROP.  XVI.    PROB. 

Ta  find  the  side  of  a  square  equivalent  to  any 
number  of  given  squares. 

Let  A^  B^  and  C  be  the  sides  of  the  squares^  to  which  it 
is  required  to  find  an  equivalent  square. 

Draw  DE  equal  to  A^  and  from  its  extremity  £  erect 
(I.  38.)  the  perpendicular  £F  equal  to  B^  join  DF,  and 
perpendicular  to  this  draw  FG  equal  to  C,  and  join 
DG:  DG  is  the  side  of  the  square  which  was  requi- 
red. 

For  hecause  DBF  is  a  right-angled  tri- 
angle, the  square  of  DF  is  equivalent  to  the 
squares  of  D£  and  £F  (II.  14.),  or  of  A  and 
B.  Add  the  square  of  FG  or  C,  and  the 
squares  of  DFand  FG,  which  are  equivalent 
to  the  square  of  DG  (II.  14.),  are  equivalent  to 
the  aggregate  squares  of  A,  B,  and  C.  And 
by  thus  repeating  the  process,  it  may  be  extended  to  any 
number  of  squares. 


PROP.  XVn.    PROB. 

To  find  the  side  of  a  square  equivalent  to  the  dif- 
ference between  two  given  squares. 

Let  A  and  B  be  the  sides  of  two  squares ;  it  is  required 
to  find  a  square  equivalent  to  their,  difference. 
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Draw  CD  equal  to  the  smaller  line  B^  from  its  extre* 
mity  erect  (I.  88.)  the  indefinite  per- 
pendicular DE^  and  about  the  centre 
C  with  a  distance  equal  to  the  greater 
line  A  describe  a  circle  cutting  DE 
in  F :  TD  is  the  side  of  the  square 
required. 

For  join  CF.    The  triangle  CDF 
being  right-angled,  the  square  of  the 
hypotenuse  CF  is  equivalent  to  the 
squares  of  CD  and  DF(II.  14),  and 
consequently,  taking  the  square  of  DF  from  both,  the  ex- 
cess of  the  square  of  CF  above  that  of  DF  is  equivalent  to 
the  square  of  CD,  or  the  square  of  CD  is  equivalent  to  the 
excess  of  the  square  of  A  above  that  of  B. 


PROP.  XVIII.    THEOR. 

laany  triangle,  the  rhomboids  described  ou  two 
sides^  are  together  equivalent  to  a  rhomboid  descri- 
bed on  the  base,  and  limited  by  these  and  by  parallels 
to  the  line  which  joins  the  vertex  with  their  point 
of  concourse. 


Let  ADEB  and  BGFC  be  rhomboids  described  on  the 
two  sides  AB  and  BC  of  the  triangle  ABC ;  produce  the 
summits  DE  and  F6  to  meet  in  H,  join  this  point  with 
the  vertex  B,  draw  the  parallels  AK,  CL,  and  join  KL.  It 
is  obvious  that  AK,  CL,  being  equal  and  parallel  to  BH, 
are  likewise  equal  and  parallel  to  each  other,  and  that 
the  figure  AKLC  is  a  parallelogram  or  rhomboid. — ^This 
rhomboid  is  equivalent  to  the  two  rhomboids  BD  and 

BF. 
For  produce  HB  to  meet  the  base  AC  in  I.    And  be- 
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cause  the  rhomboids  KI 
and  AH  stand  on  the  same 
base  AK  and  between  the 
same  parallels^  they  are 
equivalent  (II.  l.cor.);  but 
the  rhomboids  AH  and 
BD,  standing  on  the  same 
base  AB  and  between  the  same  parallels^  are  also  equiva- 
lent. Whence  KI  is  equivalent  to  BD.  And  in  the  same 
manner  it  may  be  proved  that 'LI  is  equivalent  to  BF« 
Consequently  the  whole  rhomboid  KC  is  equivalent  to  the 
two  rhomboids  BD  and  BF. 


PROP.  XIX.    THEOR.     . 

In  any  triangle,  the  square  described  ou  the  base, 
is  equivalent  to  the  rectangles  contained  by  the  two 
sides  and  their  segments  intercepted  from  the  base 
by  perpendiculars  let  fall  upon  them  from  its  oppo- 
site extremities* 

Let  the  perpendiculars  AP,  CN  be  let  fall  from  the 
points  A,  C  upon  the  opposite  sides  BC  and  AB  of  the  tri- 
angle ABC ;  the  Square  of  AC  is  equivalent  to  the  rect- 
angles contained  by  AB^  AN  and  by  BC^  CP. 

For  complete  the  rhomboids  ADHB  and  CFHB^  and 
let  fall  the  perpendiculars  BR  and  BS  upon  DH  and 
FH. 

It  is  manifest^  from  the  last  Proposition,  that  the  rhom- 
boids AH  and  CH  are  equivalent  to  the  square  of  AC. 
But  the  rhomboid  AH  is  equivalent  to  the  rectangle  con- 
tained by  AB  and  BR  (II.  1.  cor.).  Comparing  the  tri- 
angles BHR  andACN;  the  angle  BRH,  being  a  right 
angle,  is  equal  to  ANC  j  and  the  two  ac»J«  angles  BHR 
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and  RBH,  being  together  equal  to  a  right  angle,  are  equal 
to  DAN  and  N AC ;  but  DAB  is  equal 
to  DHB  (I.  29.),  whence  the  angle 
EBH  is  equal  to  NAC.  These  tri- 
angles BHR  and  ACN,  having  thus 
two  angles  respectively  equal,  and  the 
corresponding  side  BH  in  the  one 
equal  to  AD  or  AC  in  the  other,  are, 
therefore,  equal  (I.  23.)>  £tnd  conse- 
quently the  side  BR  is  equal  ,to  AN.  The  rectangle  AB  and 
BR,  which  is  equivalent  to  the  rhomboid  AH,  is  hence  equi- 
valent to  the  rectangle  contained  by  AB  and, AN  (II.  9.)- 

In  the  same  manner,  it  may  be  demonstrated,  by  com- 
paring .the  triangles  BHS  and  PAC,  that,  the  rectangle, 
under  BC  and  BS,  which  is  equivalent  to  the  rhomboid* 
CH,  is  equivalent  to  the  rectangle  contained  by  BC  and 
.  CP.  Wherefore  the  two  rectangles  of  AB,  AN  and  BC,  CP 
are  together  equivalent  to  the  square  described  on  AC. 

Cor.  If  the  triangle  ABC  be  right-angled  at  the  vertex 
B,  the  perpendiculars  CN  and  AP  will  evidently  meet  at 
the  vertex,  and  consequently  the  rectangles  AB,  AN  and 
BC,  CP  will  become  the  squares  of  AB  and  BC.  And 
hence  the  beautiful  Proposition  II.  14.  is  derived,  being 
only  a  remarkable  case  of  a  much  more  general  property. 


PROP.  XX.    THEOR. 

The  rectangle  cpntained  by  two  straight  lines,  is 
equivalent *to  the  rectangles  contained  under  one  of 
them  and  the  several  segments  into  \yhich  the  other 
'  is  divided. 


The  rectangle  under  AC  and  AB,  is  equivalent  to  the 
rectangles  contained  by  AC  and  the  segments  AD,  DE, 
andEB. 
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For  throngh  the  points  D  and  £  draw  DF  and  EG  pa* 
rallel  to  AC  (I.  26.). 

The  figures  AF,  DO^  and  £H  are  evidently  rbom- 
boidal;  they  are  also  rectangular^  for 
the  angles  ADF,  AEG,  and  ABH  are 
equal  to  the  opposite  angle  CAD  (I. 
£9-)«  And  the  opposite  sides  DF,  EG, 
and  BH,  being  equal  to  AC, — the  spaces 
into  which  the  rectangle  BC  is  resolved,  are  equal  to  the 
rectangles  contained  by  AC  and  ADj  DEj  and  EB. 


PROP.  XXI.    THEOR. 

The  square  described  on  the  sum  of  two  straight 
lines,,  is  equivalent  to  the  squares  of  those  lines,  to- 
gether with  twice  their  rectangle. 


If  AB  and  BC  be  two  straight  lines  placed  continuous ; 
the  square  described  on  their  sum  AC^  is  equivalent  to  the 
two  squares  of  AB,  BC,  and  twice  the  rectangle  contained 
by  them. 

For  through  B  draw  BI  parallel  to  AD  (I.  9,6.),  make 
AF  equal  to  AB,  and  through  F  draw  FH  parallel  to 
DE. 

It  is  manifest  that  the  spaces  AG,  GE,  DG  and  CG, 
into  which  the  square  of  AC  is  divi- 
ded, are  all  rhomboidal  and  rectangu- 
lar. And  because  AB  is  equal  to  AF 
and  the  opposite  sides  equal,  the  6gure 
AG  is  equilateral,  and  having  a  right 
angle  at  A^  is  henqe  a  square.  Again, 
AD  being  equal  to  AC,  take  a,way  the 
equals  AF  and  AB>  and  there  remains 
DF  equal  to  BC,  and  consequently  IG  equal  to  GH  (I. 
29.) ;  wherefore  IH  is  likewise  a  square.    The  rectangle 
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D6  is  contained  by  the  sides  F6  and  DF^  which  are  equal 
to  AB  and  BC ;  and  the  rectangle  C6  is  contained  by  the 
sides  GB  and  GH,  which  are  likewise  equal  to  AB  and 
BC.  Consequently  the  whole  square  of  AC  is  composed 
of  the  two  squares  of  AB  and  BC^  together  with  twice  the 
rectan^e  contained  by  these  lines. 


PRORXXn.    THEOR. 

The  square  described  on  the  difierence  of  two 
straight  lines,  is  equivalent  to  the  squares  of  those 
lines,  diminished  by  twice  their  rectangle. 


Let  AC  be  the  difference  of  two  straight  lines  AB  and 
BC ;  the  square  of  AC  is  equivalent  to  the  excess  of  the 
two  squares  of  AB  and  BC  above  twice  their  rectangle. 

Fpr  make  AD  equal. to  AC^  draw  CH  and  DI  parallel 
to  AF  and  AB  (I.  26.),  produce  FG  until  GL  be  equal  to 
BC,  and  complete  the  figure  GK.  "  ' 

It  is  evident,  from  the  de- 
monstration of  the  last  Propo- 
sition, that  DC  is  the  square  of 
AC,  and  GK  the  square  of  BC. 
From  the  compound  surface 
AFLKIB,  which  is  made  up  of 
the  squares  of  AB  and  BC,  take 
"away  twice  the  rectangle  AB, 

BC,  or  the  two  rectangles  FI  and  CG,  or  the  rectangle  FI 
with  the  rectangle  CI  and  the  square  IL, — and  there  r^ 
mains  ADEC,  or  the  square  of  the  difference  AC  of  the 
two  lines  AB  and  BC. 
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PROP.  XXIII.    THEOR. 

The  rectangle  contained  by  the  sum  and  the  dif* 
ference  of  two  straight  lines,  is  equivalent  to  the 
difference  of  their  squares. 

Let  A^  and  BD  be  two  continuous  straight  lines^  of 
which  AD  is  the  sum  aud  AC  the  difference ;  the  rectangle 
under  AD  and  AC^is  equivalent  to  the  excess  of  the  square 
of  AB  above  that  of  BC. 

For^  having  made  AG  equal  to  AC^  draw  GH  parallel  to 
AD  (I.  26.),  and  CI,  DH  parallel  to  AE. 

Because  GK  is  equal  to  KC  or  HD,  and  EG  is  equal  to 
CB  or  BD,   the  rectangle  EK  is 

equal  to  LD  (IE.  2.  cor.) ;  a^nd  con-       j; t     "V 

sequently,  adding  the  rectangle  BG 

to  each,  the  space  AEIKLB  is  equi-     G 

valent  to  the  rectangle  AH.    But 

this  space  AEIKLB  is  the  excess  of 

the  square  of  AB  above  TL  or  the       a         C     B    33 

square  of  BC ;   and  the  rectangle 

AH  is  contained  by  A  J)  and  DH  or  AC.    Wherefore  the 

rectangle  under  AD  and  AC  is  equivalent  to  the  djifference 

of  the  squares  of  AB  and  BC. 

Cor.  1.  Hence  if  a  straight  line  AB  be  bisected  in  C  and 
cut  un^equally  in  D,  the  rectangle  under  the  uijequal  seg- 
ments AD,  DB,  together  with  the  square  of  CD,  the  in- 
terval b^ween  the  points  of  section,  is 
equivalent  to  the  square  of  AC,  the  half     -A.       9  P  ? 
line.    For  AD  is  ^he  sum  of  AC,  CD, 
and  DB  fs  evidently  their  difference ;  whence,  by  the  Pro- 
position, the  rectangle  AP,  DB  is  equivalent  to  the  excess 
of  the  square  of  AC  above  that  of  CD,  and  consequently 
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the  rectangle  AD^  DB>  with  the  square  of  CD,  is  equal  to 
the  square  of  AC. 

Cor.  2.  If  a  straight  line  AB  be  bisected  in  C  and  pro*- 
duced  to  D^  the  rectangle  contained  by  AD  the  whole  line 
thus  produced^  and  the  produced  part'DB^  together  with 
the  square  of  the  half  line  AC>  is  equivalent  to  the  square 
of  CB^  which  is  made  up  of  the  half 
line  and  the  produced  part.  For  AD  -^  ?  ?  ? 
is  the  sum  of  AC,  CD,  and  DB  is  their  * 
difference ;  whence  the  rectangle  AD,  DB  is  equivalent  to 
the  excess  of  the  square  of  CD  above  AC,  or  the  rect- 
angle AD,  DB,  with  the  square  of  AC,  is  equivalent  to  the 
square  of  CD.' 

Scholium.  If  we  consider  the  distances  DA,  DB  of  the 
point  D  from  the  extremities  of  AB  as  segments  of  this  line^ 
whether  formed  by  internal  or  external  section ;  both  co- 
rollaries may  be  comprehended  under  the  same  enuncia- 
tion^ namely,  that  if  a  straight  line  be  divided  equally  and 
unequally,  the  rectangle  contained  by  the  unequal  seg- 
ments is  equivalent  to  the  difference  of  the  squares  of  the 
half  line  and  of  the  interval  beti^een  the  points  of  section. 


PROP.  XXIV.    THEOR. 

The  square  described  on  a  sitraight  line,  is  equiva- 
Ifent  to  the  squares  of  the  segments  into  which  it  is 
divided,  and  twice  the  rectangles  contained  by  each 
pair  of  these  segments. 


The  square  of  AB  is  equivalent,  to  the  squares  of  AC,  of 
CD  and  of  DB;  with  twice  the  rectangles  of  AC,  CD,  of 
AC,  DB,  and  of  CD,  DB. 

For  make  AE  and  EF  equal  to  AC  and  CD,  draw  EM, 
FL  parallel  to  AB,  and  CH,  DI  parallel  to  AG. 
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It  18  manifest  that  AO  is  the  square 
of  AC,  OQ  the  square  of  CD,  and 
QK  the  square  of  CD.  Nor  is  it  less 
obvious  that  the  two  rectangles  CN 
and  EP  are  contained  by  AC,  CD, 
that  the  two  rectangles  NL  and  PI 
are  contained  by  CD,  DB,  and  that 
the  two  rectangles  DM  and  FH  are  contained  by  AC,  DB. 
But  those  squares  and  those  double  rectangles  complete 
the  whole  square  of  AB.  Wherefore  the  truth  of  the  Pro- 
position is  established. 

Cor.  1.  Hence  if  a  straight  line  be  divided  into  three  por- 
tions, the  squares  of  the  double  segments  AD,  BC,  toge- 
ther with  twice  the  rectangle  under  the  extreme  segments 
AC,  BD|  are  equivalent  to  the  squares  of  the  whole  line 
AB  and  of  the  intei  mediate  segment  CD.  For  the  squares 
EI,  CL  together  with  the  equal  rectangles  AC,  BC,  evi- 
dently fill  up  the  whole  square  AB,  with  the  repetition  of 
the  internal  square  OQ ;  that  is,  the  squares  of  AD  and 
BC,  with  twice  the  rectangle  AC,  DB,  are  equivaleat  to 
the  squares  of  AB  and  CD* 

Cor.  2.  If  the  segments  into  which  the  straight  line  is  di- 
vided be  all  of  them  equal,  the  several  internal  rectangles 
will  become  squares ;  and  consequently  the  square  of  the 
whole  line  is  composed  of  the  squares  of  each  segment, 
together  with  twice  as  many  of  those  squares  as  there  are 
different  pairs  of  segments.  Hence  tbe  square  of  a  double 
line  is  four  times  the  square  of  the  line  itself,  the  square  of 
a  triple  line  is  nine  times  that  square,  the  square  of  a 
quadruple  line  is  sixteen  times  that  square  \  and  so  forth. 


PROP.  XXV.    THEOR. 

The  sum  of  the  squares  of  tWo  straight  lines,  is 
equivalent  to  twice  the  squares  of  half  their  sum 
and  of  half  their  difference. 
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Let  A^,  BC  be  two  continuous  straight  lines,  D  the 
Iniddle  point  of  AC,  and  consequently  (II.  13.  cor.)  AD 
half  the  sum  of  these  lines  and  DB  half  their  difference; 
the  squares  of  AB  and  BC,  are  together  equivalent  to  twice 
the  square  of  AD  with  twice  the  square  of  DB. 

For  (11.21.)  the  square  of  AB,  or  of  the  sum  of  AD  and 
DB,  is  equivalent  to  the  squares  of  these  segments,  with 
dout)le  their  rectangle ;   and  (11.  22.) 

the  square  of  BC,  or  of  the  difference     -^  .     1^  ^? f 

of  AD  and  BD,  is  equal  to  the  squares 
of  AD  and  DB,  diminished  by  double  the  rectangle  con- 
tained by  the  same  lines  AD,  DB.  Wherefore  the  squares 
of  AB  and  BC,  are  taken  together  equivalent  simply  to 
twice  the  square  of  AD  and  DB. 

Otherwise  thus. 

Bisect  AC  in  D  (1.7.)  and  erect  (I.  5.  cor.)  the  peipea- 
dicular  DE  equal  to  AD  or  DC,  join  AE  and  EC,  through' 
B  and  F  draw  BF  and,FG  parallel  to  DE  and  AC  (I.  26.), 
and  join  AF. 

Because  AD  is  equal  to  DE,  the  angle  DAE  is  equal  to 
DEA  (I.  8.)  and  since  (I.  34.  cor.)  they  make  up  together 
one  right  angle,  each  of  them  must  be  half  a  right  angle. 
In  the  .same  manner,  the  angles  DEC  and  DCE  of  the 
triangle  EDC  are  proved  to  be  each  half  a  right  angle ; 
consequently  the  angle  AEC,  composed  of  AED  and 
CED,  is  equal  to  a  whole  right  angle.  And  in  the  triangle 
FBC,  the  angle  CBF  being  equal  to 'CDE  (L  25.),  which 
IS  a  right  angle,  and  the  angle  BCF  being  half  a  right 
angle, — the  remaining  angle  BFC  is 
also  half  a  right  angle  (I.  34.)  and, 
therefore,  equal  to  the  angle  BCF; 
whence  (L  9.)  the  side  BF  is  equal  to 
BC.  By  the  same  reasoning  it  may  v 
be  shown,  that  the  right-angled  tri- 
angle GEF  is  likewise  isosceles.  The  square  of  the  hypo- 
tenuse EF,  which  is  equivalent  to  the  squares  of  EG  and 
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GF  (II.  14.)  is^  therefore^  equivalent  to  twice  the  square  of 
GF  or  of  DB ;  and  the  square  of  A£^  in  the  right-angled 
triangle  ADE,  is  equivalent  to  the  squares  of  AD  and  DE^ 
or  twice  the  square  of  AD.  But  since  ABF  is  a  right 
angle^  the  square  of  AF  is  equivalent  to  the  squares  of  AB 
and  BF^  or  AB  and  BC ;  and  because  A£F  is  also  a  right 
angle^  the  square  of  the  same  line  AF  is  equivalent  to  the 
squares  of  AE  and  EF^  that  is^  to  twice  the  squares  of  AD 
and  DB.  Wherefore  the  squares  of  AB,  BC  are  together 
equivalent  to  twice  the  squares  of  AD  and  DB.  ^ 

Cor»  Hence  if  a  straight  line  AB  be  bisected  in  C  and 
cut  unequally  in  D,  whether  by  in- 
ternal or  external  section,  the  squares     A       C  p     B  . 
of  the  unequal  segments  AD  and  DB     a       c        b      i> 
are  together  equivalent  to  twice  the 
square  of  the  half  line  AC,  and  twice  the  square  of  CD  the 
interval  between  the  points  of  division. 


PROP.  XXVI.    PROB. 

To  cut  a  given  straight  line,  such  that  the  square 
of  one  part  shall  be  equivalent  to  the  rectangle  con- 
tained by  the  whole  line  and  the  remaining  part. 

Let  AB  be  the  straight  line  which  it  is  required  to  di- 
vide into  two  segments,  such  that  the  square  of  the  one 
shall  be  equivalent  to  the  rectangle  contained  by  the  whole 
line  and  the  other. 

Produce  AB  till  BC  be  equal  to 
it,  erect  (1. 5.  cor.)  the  perpendicu-  ^ 
lar  BD  equal  to  AB  or  BC,  bisect 
BC  in  E  (I.  7.),  join  ED  and  make 
EF  equal.to  it;  the  square  of  the 
segment  BF  is  equivalent  to  the  rectangle  contained  by 
the  whole  BA  and  its  remaining  segment  AF. 
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For  on  BC  con$txuct  the  square  BG  (I.  89*)j  inake  BH 
equal  to  BF^  and  draw  IHK  and  FI  parallel  to  AC  and 
BD  (I.  «6.)«  Since  AB  is  equal  to  BD,  and  BF  to  Dk ; 
the  remainder  AF  is  equal  to  HD  :  and  it  is  farther  evi- 
dent^ that  FH  is  a  square^  and  IC  and  DK  are  rectangles. 
But  BC  being  bisected  in  £  and  produced  to  F^  the 
rectangle  under  CF,  FB,  or  the  rectangle  IC,  together 
with  the  square  of  BE,  is  equivalent  to  the  square  of  £F 
or  DE  (I.  23-  cor.  2.).  But  the  square  of  DE  is  equiva- 
lent to  the  squares  of  DB  and  BE  (II.  14.) ;  whence  the 
rectangle  IC,  with  the  square  of  BE,  is  equivalent  to  the 
squares  of  DB  and  BE ;  or,  omitting  the  common  square 
of  BE,  the  rectangle  IC  is  equivalent  to  the  square  of  DB. 
Take  away  from  both  the  rectangle  BK,  and  there  remains 
the  square  BI,  or  the  square  of  BF,  equivalent  to  the  rect- 
angle H6,  or  the  rectangle  contained  by  BA  and  AF. 

Cor.  1.  Since  the  rectangle  under  CF  and  FB  is  equi- 
valent to  the  square  ofBC,  it  is  apparent  that. the  line 
CF  is  likewise  divided  at  B  in  a  manner  similar  to  the 
original  line  AB.  But  this  line  CF  is  made  up  by  joining 
the  whole  line  AB,  now  become  only  the  larger  portion, 
to  its  greater  segment  BF,  which  next  forms  the  smaller 
portion  in  the  new  compound.  Hence  this  division  of  a 
line  being  once  obtained,  a  series  of  other  lines  possessing 
the  same  property  may  readily  be  found  by  repeated  ad- 
ditions. Thus  let  AB  be  so  cut  that  the  square  of  BC  is 
equivalent  to  the  rectangle  BA,  AC:  Make  successively 

AC  B      D  E  F  Cr 

»— J J 1 i ■ 1 ^ 

BD  equal  to  BA,  DE  equal  to  DC,  EF  equal  to  £B,  and 
FG  equal  to  FD ;  the  lines  CD,  BE,  DF,  and  EG  are  di- 
vided  in  the  points  B,  D,  E,  and  F,  such  that,  in  each  of 
them,  the  square  of  the  larger  part  is  equivalent  to  the 
rectangle  contained  by  the  whole  and  the  smaller  part. 

Cor.  2.  Hence  also  the  construction  of  another  problem 
pf  the  same  nature ;  in  which  it  is  required  to  produce  a 
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straight  line  AB^  sach  that  the  rectangle  contained  by  the 

whole  line  thus  produced  and  the  part  produced^  shall  be 

equivalent  to  the  square  of  the  line  AB  itself.    Divide  AB 

in  C^  so  that  the  rectangle  BA^  AC  is  equal  to  the  square 

of  BC^  and  produce  AB  until  BD  be 

equal  to  BC:   Then,  from  what  has     AC        B        P 

been  demonstrated,  it  follows  that  the 

rectangle  AD,  DB  is  equivalent  to  the  square  of  AB. 

This  problem  may,  however,  be  constructed  somewhat 
differently,  without  employing  the  collateral  properties. 

For  bisect  AB  in  C  (l.  7),  draw  (I.  5.  cor.  2.)  the  per- 
pendicular BD  equal  to  BC,  join  AD  and  continue  it 
until  DE  be  equal  to  DB  or  BC,  and  on  AB  produced 
take  AF  equal  to  AE :  The  line  AF 
is  the  required  extension  of  AB.  For 
make  DG  equal  to  DB  or  BC ;  and 
because  (II.  23.  cor.)  the  rectangle 
£A,  AG  together  with  the  square  of 
DG  or  DB,  is  equivalent  to  the  square 
of  DA,  or  to  the  squares  of  AB  and  DB  (  the  rectangle 
EA^  AG,  or  FA,  AC,  is  equivalent  to  the  square  of  AB. 

It  will  be  cowvenknttfor  the  sake  of  conciseness,  to  designate 
in  future  this  remarkable  division  of  a  Une,  where  the  rectangk 
under  the  whole  and  one  part  is  equivalent  to  the  square  qftke 
other,  by  the  term  Medial  Section. 


PROP.  XXVII.   THEOR. 

The  square  of  the  side  of  an  isosceles  triangle  is 
equivalent  to  the  square  of  a  straight  line  drawn 
from  the  vertex  to  the  base,  together  with  the 
rectangle  contained  by  the  segments  thus  formed. 

If  BD  be  drawn  from  the  vertex  of  the  isosceles  triangle 

11 
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ABC  to  a  {toint  D  in  the  base ;  the  square  of  AB  is  equi- 
valent to  the  square  of  BD^  together  with  the  rectangle 
under  the  segments  AD^  DC . 

For  bisect  the  base  AC  in  E,  and  join  BE.    Because 
the  triangles  ABE  and  CBE  have  the  sides  AB^  AE  equal 
to  BC,  CE,  and  the  side  BE  common,  they  are  equal  (L 
£.),  and  consequently  the  corresponding  angles  BEA^  BEC 
are  equal^  and  each  of  them  a  right  angle. 
Wherefore  the  square  of  AB  is  equivalent 
to  the  squares  of  AE  and  BE  (II.  14.); 
and  since  AC  is  cut  equally  in  E  and  un- 
equally in  D,  the  square  of  A  E  is  equiva- 
lent to  the  square  of  DE,  together  with  the 
rectangles  AD,  DC  (11.  Q'J.  cor.  1.);  and 
consequently  the  square  of  AB  is  equiva- 
lent to  the  squares  of  BE  and  DE,  together 
with  the  rectangle  AD,  DC.     But  the  squiire  of  BD  is 
equivalent  to  the  squares  of  BE  and  DE  (II.  14  ) ;  whence 
the  square  of  AB  Is  equivalent  to  the  square  of  BD,  toge- 
ther with  the  rectangle  AD,  DC. 

Cor.  The  square  of  a  straight  line  BD  drawn  from  the 

vertex  of  an  isosceles  triangle  to  any  point  in  the  base  pro- 
duced, is  equivalent  to  the  square  of  BA  the  side  of  the 

triangle,  together  with  the  rectanglef  contained  by  AD,' 

DC  the  external  segments  of  the  base. 

For  draw  BE,  as  before,  to  bi- 
sect the  base  AC.    The  square 

of  DE  is  equivalent  to  the  square 

of  AE,  together  with  the  rectangle 

AD,  DC  (II.  23.  cor.  2) ;  to  each 

of  these,  add  the  square  of  BE, 

and  the  squares  of  DE  and  BE, — 

that  is,  the  square  of  BD(Il.  14.),— 

are  equal  to  the  squares  of  AE  and 

BE,  or  the  square  of  B  A,  together  with  the  rectangle  AD, 
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*PROP.  XXVm.    THEOR. 

If  from  the  hypotenuse  of  a  right-angled  tri- 
angle, portions  be  cut  off  equal  to  the  adjacent 
sides ;  the  square  of  the  middle  segment  thus  form- 
ed, is  equivalent  to  twice  the  rectangle  contained 
by  the  extreme  segments. 

Let  ABC  be  a  triangle  which  is  right-angled  at  B;  from 
the  hypotenuse  AC,  cut  off  AE  equal  to  AB,  and  CD  equal 
to  CB :  Twice  the  rectangle  under  AD  and  C£  is  equiva- 
lent to  the  square  of  DE. 

For  the  straight  line  AC  being  divided  into  three  por- 
tions, the  squares  of  AE  and  CD,  toge- 
ther with  twice  the  rectangle  AD,  CE, 
are  equivalent  to  the  squares  of  AC  and 
DE  (IL  !24.  cor.  1.).  But  the  squares  of 
ABand  BC,  or  those  of  AE  and  CD,  are 
equivalent  to  the  square  of  AC  (IL  14^. 
There,  consequently,  remains  twice  the  rectangle  AD,  CE 
equivalent  to  the  square  of  DE. 

Cor.  By  an  inverse  process  of  reasoning  it  will  appear, 
that  if  twice  the  rectangle  AD,  CE  be  equal  to  the  square 
of  DE,  the  straight  line  AC,  so  composed,  is  the  hypo- 
tenuse of  a  right-angled  triangle,  of  which  AB  and  BC  are 
the  sides. 

PROP,  XXIX.    THEOR. 

In  a  scalene  triangle,  the  difference  between  the 
squares  of  the  sides,  is  equivalent  to  twice  the  rect- 
angle contained  by  the  base  and  the  distance  of  its 
middle  point  from  the  perpendicular. 


900|^  II.  69 

Let  the  side  AB  of  the  triangle  ABC  be  greater  than 
BC ;  and  having  let  fall  the  perpendicular  BE,  and  bisected 
AC  in  D :  the  excess  of  the  square  of  AB  above  that  of 
BC^  is  equivalent  to  twic^  the  rectangle  contained  by  AC 
and  DE. 

For  the  square  of  AB  is  equivalent  to  the  squares  of  A£  ^/^ 

and  BE  (U.  14.)j  and  the  square  of  BE  is  equivalent  to  the      ^ 
squares  C£  |uid  BE;  wherefore  the  excess  of  the  square  of 
AB  above  that  of  BC^  is  equivalent  to 
the  excess  of  the  square  of  AE  above 
that  of  CE.  But  the  excess  of  the  square 
of  AE  above  that  of  CE,  is  (H.  28.)  equi- 
valent  to  the  rectangle;  contained  by 
their    sum  AC    and  their    differencCj 
which  is  the  doubly  of  PB  (II.  13.  cor.); 
and  consequently  the  diiS^ei^nqe  between  the  squares  of  AE 
aqd  C£\,  b^ing  equival^t  to  the  rectangle  contained  ^J    ^      r^ 
AE  and  the  double  of  ^E,  is  equivalent  to  twice  the  rect*       d/^ 
9ngl^  undei:  AE  and  C{? 

'  Cfir»  Th$  difference  hetweeu  the  squares  of  the  sides 
of  a  triangle,  is  equivalent  to  the  difference  between  the 
squares  of  the  seguiejats  of  the  base  ma4e  by  a  perpendi* 


•  PROP.  XXX.    THEOR, 

In  any  triangle  the  sum  of  the  squares  of  the 
^des,  is  equivalent  to  twice  the  square  of  half  the 
base  and  twice  the  square  of  the  straight  line  which 
joins  the  point  of  bisection  with  the  verte*. 

Let  BD  be  drawn  from  the  vertex  B  of  the  triangle 
ABC  to  bisect  the  base ;  the  squares  of  the  sides  AB  and 
BC  are  together  equivalent  to  twice  the  squares  of  AD 
and  DB. 
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For  let  fall  the  perpendicular  BE  (1*5.); 
and  iF  the  point  D  coincide  with  E,  the 
triangle  ABC   being   eyidently  isosceles, 
the  squares  of  AB  and  BC  are  the  same 
with  double  the  square  of  AB^or  double  the  * 
squares  of  AE  and  EB,  or  of  AD  and  DB  (11.  14.)    Bui  if 
the  perpendicular  full  upon  C,  the  triangle  is  right-angled^ 
and  the  squares  of  AB  and  BE  or  BC  are  equivalent  to 
double  the  square  of  £B  or  CB^  and  the 
square  of  £A  or  CA^  double  the  square  - 
of  Eft),  or  CD,  and  twice  the  square  of 
AD;  and  since  double  the  square  of  EB 
or  CB,  and  double  the  square  of  ED  or 
CD,  are  equivalent  to  twice  the  square 
of  DB  (IL  14.)>  the  squares  of  AB  and  BE  orBC  are  equi«  ' 
valent  to  twice  the  squares  of  AD  and  DB, 

In  every  other  case,  whether  the  perpendicular  BE  falls 
within  or  without  the  base  AC,  the  squares  of  A£,  EC, 
the  uneaual  segments  of  AC,  are  (II.  26.  cor.)  equivalent 
to  twice  the  square  of  AD  and  twice  the  square  of  DE; 
add  twice  the  square  of  EB  to  both,  and  the  squares  of 
AE,  EB  and  of  CE,  EB,  or  the  squares  of  the  hypo- 
tenuses AB,  BC,  are  equivalent  to  twice  the  square  of  AD, 
and  twice  the  squares  of  DE,  EB,  tba^t  is,  (II.  14.)  twice 
the  square  of  DB. 

Cor.  If  the  triangle  ABC  be  right-angled  at  B,  the 
straight  line  BD  drawn  from  that  point  to  bisect  the  bfise, 
is  equal  to  either  of  its  segments  AD,  DC.  For  the  squares  - 
of  AB  and  BC,  being  in  this  case  equivalent  to  the  square 
pf  AC  (II.  14.)^  or  four  tim^s  the  square  of  AD,  twice  the^ 
square  of  AD  and  twice  the  square  of  DB,  must  be  equiva- 
lent to  four  times  the  square  of  AD,  and  consequently 
twice  the  square  of  AD  is  equivalent  to  twice  the  square 
of  DB,  or  the  sides  of  AD  and  DB  are  equal  (II.  9. 
cor.). 
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PROP.  XXXI.    THEOR. 

The  square  of  the  side  of  a  triangle  is  greater  or 
less  than  the  squares  of  the  base  and  the  other 
side,  according  as  the  opposite  angle  is  obtuse  or 
acute, — by  twice  the  rectangle  contained  by  the 
base  and  the  distance  intercepted  between  the  ver- 
tex of  that  angle  and  the  perpendicular. 

In  the  oblique-angled  triangle  ABC,  where  the  perpen- 
dicular BD  falls  without  the  base;  the  square  of  the  side 
AB  which  subtends  the  oblique  angle  exceeds  the  squares 
of  the  sides  AC  and  BC  wiiich-  contain  it,  by  twice  the 
rectangle  under  AC  and  CD. 

For  the  square  of  AD,  or  of  the  sum  of  AC  and  C  D,  is 
(IL  21.)  equivalent  to  the  squares  of  these  lines  AC,  CD, 
together  w^ith  twice  their  rectangle.  Add  the  square  of 
DB  to  each  side,  and  the  squares  of  AD, 
DB,  or  (II.  14.)  the  square  of  AB  is  equi- 
valent to  the  square  of  AC,  and  the 
squares  of  CD,  DB,  together  with  twice 
the  rectangle  AC,  CD;  ^ut  the  squares  of 
CD,  DB  are  (II.  14.)  equivalent  to  the 
square  of  CB ;  whence  the  square  of  AB  exceeds  the 
squares  of  AB,  BC^  by  twice  the  rectangle  under  AC  and 
CD. 

Again,  in  the  acute-angled  triangle  ABC, 
where  the  perpendicular  BD  falls  within  the 
triangle ;  the  square  of  the  side  AB  that  sub- 
tends the  acute  angle,  is  less  than  the  squares 
of  the  containing  sides  AC,  BC,  by  twice 
the  rectangle  under  the  base  AC  and  its  intercepted  por^ 
tionCD. 
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For  the  square  of  AD,  or  of  the  difference  betvreen  AC 
and  CD,  is  (11.  22.)  equivalent  to  the  squares  of  AC,  CD> 
diminished  by  twice  their  rectangle.  Add  to  each  the 
square  of  DB  and  the  squares  of  AD  and  DB — or  the  square 
of  AB — are  equivalent  to  the  square  of  AC,  with  the  squares 
of  CD,  DB— or  the  square  of  BC — diminished  by  twice  the 
rectangle  und^r  AC  and  CD*  Consequently  the^uare  of 
AB  is  less  than  the  squares  of  AC,  BC,  by  twice  the  rect- 
angle under  AC,  CD. 

Cor.  If  the  side  AB  be  equal  to  the  base  AC,  the  square 
of  the  other  side  BC  is  equivalent  to  twice  the  rectangle 
AC,  CD. 

PROP.  XXXIL    THEOR. 

If  straight  lines  be  drawn  from  the  angular 
poiuts  of  a  triangle  to  bisect  the  opposite  sides^ 
thrice  the  squares  of  these  sides  are  together  equi- 
valent to  four  times  the  squares  of  the  bisecting 
lines. 

Let  the  sides  of  the  triangle  ABC  be  bisected  in  D,  E, 
and  F^  and  straight  lines  drawn  from  these  points  to  the 
opposite  vertices! ;  thrice  the  squares  of  the  sides  AB,  BC^ 
and  AC  are  together  equivalent  to  four  times  the  squares 
of  BD,  CE  and  AP. 

For  by  Prop.  II.  2Q,  the  squares  of  AB,  BC  are  equiva- 
lent to  twice  the  square  of  BD  and 
twice  the  square  of  AD,  that  is,  half 
the  square  of  AC ;  the  squares  of  BC, 
AC  are  equivalent  to  twice  the  squares 
of  CE  and  half  the  square  of  AB ;  and 
the  squares  of  AC,  AB  are  equivalent 
to  twice  the  square  of  AF  and  half  the 
square  of  BC.  Whence  the  squares  of  the  sides  of  the  tri-» 
angle,  repeated  twicfe,  are  equivalent  to  twice  the  squares 
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of  BD^  CE,  and  AF^  witih  half  the  squares  of  the  sides  of 
the  triangle.  Consequently  four  times  the  squares  of  AB 
BC^  and  AC  are  equivalent  to  four  times  the  squares  of 
BD^  CE^  and  AF^  with  once  the  squares  of  AB^  BC^  and 
AC ;  wherefore  thrice  the  squares  of  the  sides  AB^  BC^ 
wd  AC  are  together  equivalent  to  four  times  the  squares 
of  the  bisecting  lines  BD^  CE^  and  AF. 


PROP.  XXXIII.    THEOR. 

The  squares  of  lines  drawn  from  any  point  to  the 
opposite  corners  of  a  rectangle  are  together  equi- 
valent. 


If  from  a  point  E^  either  within  or  without  the  rectangle 
ABCD^  straight  lines  be  drawn  to  the  four  comers^  the 
squares  of  AE^  EC  are  together  equivalent  to  the  squares 
of  BE,  ED. 

For  join  E  with  F,— the  intersec- 
tion of  the  diagonals  AC,  BD.  And 
because  the  triangles  BCD,  ADC 
have  the  sideBC  equal  to  AD,  CD 
common,  and  the  right  angle  BCD 
equal  to  ADC,  they  are  equal  (t.  3.) 
and  consequently  BD  is  equal  to 
AC ;  and  since  these  diagonals  bi- 
sect each  other  (1.31.),  the  portions 
AF,  BF,  CF,  and  DF  are  all  equal. 
Wherefore  the  squares  of  AE,  EC 
are  equivalent  to  twice  the  square 
of  AF  and  twice  the  square  of  EF  (I.  29.)»  and  *®  squares 
of  BE,  ED  arc  likewise  equivalent  to  the  square  of  BF 
and  the  same  square  of  EF ;  consequently,  the  squares  of 
AF  and  BF  being  equal,  the  squares  of  AE.  EC,  are  to- 
gether equivalent  to  the  squares  of  BE,  ED. 
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PROP,  xxxnr.  theor. 

THe  Mpiam  of  the  sides  of  a  rhomboid,  aietoge- 
ther  equivalent  to  the  squares  of  its  diagonals. 

Let  ABCD  be  a  rbomboid  :  Tbe  squares  of  nil  the  sidea 
AB^  BC^CD,  and  AD,  are  together  equiralent  to  the  squarea 
of  the  diagonab  AC,  BD. 

For   the   diagonals   biseet  each 
other  (I.  31.),  and  consequently  the 
squares  of  AB,BC,  are  equivalent  to 
twice*  the  square  of  AE  and  twice 
the  square  of  BB  (II.  90.) ;  where- 
fore twice  the  squares  of  AB,  BC,  €xr  the  squares  of  all  the 
sides  of  the  rhomboid,  are  equivalent  to  four  times  the 
square  of  AE  and  four  times  the  square  of  BE,  that  i»,  to 
the  squares  of  AC  and  BD. 


PROP.  XXXV.    THEOR. 

The  squares  of  the  sides  of  a  quadrilateral  figure 
are  together  equivalent  to  the  squares  of  the  dia«- 
gonalSy  together  with  four  times  the  square  of  the 
straight  line  joining  their  middle  points. 

Let  ABCD  be  a  quadrilateral  figure, in  which  the  straight 
lines  AC,  BD,  drawn  to  the  opposite  comers,  are  bisected 
in  the  poinU  £,  F ;  the  squares  of  AB,  BC,  CD,  and  DA^ 
are'together  equivalent  to  tbe  squares  of  AC,  BD,  toge-^ 
ther  with  four  times  the  square  of  EF. 
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For  join  EF.  And  because  AC  is  bisected  la  F^  the 
squares  of  AB^  BC^  are  equivaleut  to  twice  the  square  of 
AF^  and  twice  the  square  of  BF 
(IL  9,9)1  ^^^  f^^  ^he  same  reason^ 
the  squares  of  CD^  DA^  are  equi- 
valent to  twice  the  .square  of  AF 
and  twice  the  square  of  DF.  Con- 
sequently the  squares  of  all  the 
sides  AB,  BC,  CD,  and  DA,  are 
equivalent  to  four  times  the  square 
of  AF — or  the  square  of  AC — with 

twice  the  square  of  BFj^nd  of  DF,  But  twice  these  squares 
of  BF  and  DF,  is  equivalent  (II.  £9.)  to  four  times  the 
square  of  BE,  or  the  square  of  BD,  with  four  times  the 
square  of  EF;  whence  the  squares  of  all  the  sides  of  the 
quadrilateral  figure,  are  together  equivalent  to  the  squares 
of  its  diagonals  AC,  BD,  with  four  times  the  square  of 
^F,  which  joins  their  points  .of  equal  section. 
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BOOK  III. 
DEFINITIONS. 

1.  Any  portion  of  the  circum- 
ference of  a  circle  is  called  an 
arc,  and  the  straight  line  which 
joins  the  two  extremities^  a  chord. 

2.  The  space  included  between  an  arc  and  its  chord  it 
named  a  segment. 


3*  A  sector  is  the  portion  of  a  circle  con- 
tained by  two  radii  and  the  arc  between 
them. 


4.  A  straight  line  is  said  to  be  if^kcted 
in  a  circle^  when  it  terminates  at  the  circum- 
ference. 
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5.  The  taf^ent  to  a  circle  is  a  straight 
line  which  touches  the  circumference^  or 
meets  it  only  in  a  single  point 


6.  Circles  are  said  to  touch 
mutually,  if  they  meet  but  do 
not  cut  each  other. 


?•  The  point  where  a  straight  line  touches  a  circle^  or  one 
circle  touches  another^  is  termed  th^  point  of  contact. 
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PROP  I.    THEOR. 
A  circle  has  only  one  centre. 

For  if  the  circle  AEBF  has,  be- 
sides the  centre  C,  another  centre 
D ;  join  the  points  C,  D,  and  extend 
the  straight  line  to  terminate  both 
ways  in  the  circumference  at  A  and 
B. 

Because  C  is  the  centre  of  the 
circle,  AC  is  equal  to  CB;  but  since 
D  is  also  a  centre,  AD  must  be  equal  to  BE ;  that  is,  a 
greater  to  a  less, — which  is  impossible.    Wherefore  the 
circle  AEBF  has  no  other  centre  than  the  point  C. 


PROP.  ir.    THEOR. 
A  circle  is  bisected  by  its  diameter. 

The  circle  ADBE  is  divided  into  two  equal  portions  by 
the  diameter  AB. 

For  let  the  portion  ADB  be  reversed  and  applied  to 
AEB,  the  straight  line  AB  and  its 
middle  point,  or  the  centre  C,  re- 
maining the  same.  And  since  the 
I'adii  of  the  circle  are  all  equal,  or 
the  distance  of  C  from  any  point  in 
the  boundary  ADB  is  equal  to  its 
distance  from  any  point  of  the 
boundary  AEB,  every  point  D  of  the 
fo/mer  must  meet  with  a  correspond- 
ing point  of  the  latter,  and  consequently  the  two  portions 
ADB  and  AEB  will  entirely  coincide. 
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Cor.  The  portion  ADB  limited  by  a  diameter^  is  thus 
semicircle,  and  the  arc  ADB  is  a  semicircumference. 


PROP.  III.    THEOR. 

A  straight  line  cuts  the  circumference  of  a  circle 
only  in  two  points. 

If  the  straight  line  AB  cut  the 
circumference  of  a  circle  in  D^  it 
can  only  meet  it  again  in  a  single 
point  £. 

For  join  D  and  the  centre  C ; 
and  because  from  the  point  C  only 
two  equal  straight  lines^  such  as 

CD  and  CE^  can  be  drawn  to  AB  (I.  22.  tor,),  the  circle 
described  from  C  through  the  point  D  will  cross  AB  again 
only  at  E. 

PROP.  IV.    THEOR. 
The  chord  of  an  arc  lies  wholly  within  the  circle. 

The  straight  line  AB  which  joins  two  poiikts  A,  B 
in  the  circumference  of  a  circle^  lies  wholly  within  the  fi- 
gure. 

For  from  the  centre  C  draw  CD  to 
any  point  in  AB^  and  join  CA  and 
CB. 

Because  CDA  is  the  exterior  angle 
of  the  triangle  CDB,  it  is  greater  than 
the  interior  CBD  or  CBA  (1. 10.);  but 
CBA,  being  equal  to  CAB  or  CAD 
(I.  8.),  CDA  is  greater  than  CAD; 
wherefore  the  opposite  side  CA  is  greater  than  CD  (1. 15.)^ 
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or  CD  is  less  than  CA,  and  consequently  the  point  D  must 
lie  within  the  circle. 

Cor.  Hence  a  circle  is  concave  towards  its  centre. 


PROP.  V.    THEOR. 

A  straight  line  drawn  from  the  centre  of  a  circle 
at  right  angles  to  a  chord,  likewise  bisects  it ;  and, 
conversely,  the  straight  line  which  joins  the  centre 
with  the  middle  of  a  chord,  is  perpendicular  to  it 

The  perpendicular  let  fall  from  the  centre  C  upon  the 
chord  AB,  cuts  it  into  two  equal  parts  AD^  DB. 

For  join  CA,  CB :  And  in  the  triangles  ACD,  BCD,  the 
side  AC  is  equal  to  CB^  CD  is  common 
to  both,  and  the  right  angle  ADC  is 
equal  to  BDC ;  these  triangles,  being 
of  the  same  aiSection,  are  equal  (1. 240, 
and  consequently  the  corresponding 
side  AD  equal  to  BD. 

Again,  let  AD  be  equal  to  BD ;  the 
bisecting  line  CD  is  at  right  angles  to 
AB. 

For  join  CA,  CB.  The  triangles  ACD  and  BCD,  ha- 
ving  the  sides  AC,  AD  equal  to  CB,  BD,  and  the  remain- 
ing side  CD  common  to  both,  are  equal  (I.  2.)>  stnd  con- 
sequently the  angle  CDA  is  equal  to  CDB,  and  each  of 
them  a  right  angle. 

PROP.  VL    THEOR. 

A  straight  line  which  bisects  a  chord  at  right 
angles,  passes  through  the  centre  of  the  circle. 
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If  the  perpendicular  P£  bisect  a  chord  ABj  it  wiU  pais 
through  G  the  centre  of  the  circle. 

For  in  FE  take  any  point  J),  and 
join  DA  and  DB.  The  tri^angles  ADC 
and  BDC^  having  the  side  AC  equal 
to  BC^  CD  coina\on^  and  the  right 
angle  ACD  equal  to  BCD,  are  equal 
(LS.)>  &nd  consequently  the  base  AD 
is  equal  to  BD.  The  point  D  isj  there- 
fore, the  centre  of  a  circle  described 
through  A  and  B ;  and  thus  the  centres  of  the  circles  that 
can  pass  through  A  and  B  are  all  found  in  the  straight  Hue 
£F.    The  centre  G  of  the  circle  AEBF  must  hence  occur 
in  that  perpendicular. 

Car.  The  centre  of  a  circle  naay  hence  be  found  by  bi- 
secting the  chord  AB  by  the  diameter  £F  (L  70i  <^d  W^ 
secting  this  again  in  G« 


PROP.  VII.    THEOR. 

The  greatest  line  that  can  be  drawn  within  z 
circle,  is  the  diameter* 


The  diameter  AB  is  greater  than 
any  chord  DE. 

For  join  CD  and  CE.  The  two 
sides  DC  and  EC  of  the  triangle 
DCE  are  together  greater  than  the 
third  side  DE  (I.  16.) ;  but  DC  and 
CE  are  equal  to  AC  and  CB,  or  to 
the  whole  diameter  AB.  Wherefore  AB  is  greater  thaii 
DE. 

IS 


PROPViri.    THEOR. 

If  from  any  eccentric  point,  two  straight  lines  be 
di-awn  to  the  circumference  of  a  circle;  the  one 
which  passes  nearer  the  centre,  is  greater  than  that 
vhich  lies  more  remote. 


Let  C  be  the  centre  of  a  circle, 
and  A  a  different  point,  from 
whicb  two  straight  lines  AD  and 
AE  are  drawn  to  the  circumfe- 
rence ;  of  these  lines,  AD,  which 
lies  nearer  to  B  the  opposite- extre- 
mity of  the  diameter,  ia  greater 
than  AE. 

For  the  triangles  ADC  and 
AEC  have  the  side  CD  equ^  to 
C£,  the  side  CA  common  to  both, 
but  the  contained  angle  DCA 
greater  than  ECA ;  wherefore  (I. 
SO.)  the  base  AD  is  likewise 
greater  than  the  base  AE. 

Cor.  1.  Hence  the  atraightline 
ACB,  which  passes  through  the 
centre,  b  the  greatest  of  all  those 
that  can  be  drawn  to  the  circom- 
ference  of  the  circle  from  the  ec- 
centric point  A.  For  it  u  evident 
from  the  Proportion,  that  the 
nearer  the  point  D  approaches  to  B,  the  greater,  u 
consequently  the  point  B  forms  the  extreme  limit  ol 
jority,  or  AB.is  the  greatest  line  that  can  be  drawn 
A  to  the  citcumference, 


\ 
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Cor.  2.  Hence  also^  whether  the  eccentric  point  be 
within  or  without  the  circle^  the  straight  line  AH  is  the 
shortest  that  can  he  drawn  from  A  to  the  circumference. 
For  A£  is  less  than  AD^  and  AG  less  than  AF ;  and  the 
nearer  the  terminating  point  approaches  to  H,  which  is 
obviously  the  most  remote  from  B^  the  shorter  must  be  its 
distance  from  A.  Wherefore  the  point  H  marks  the  limit  of 
minority^  and  AH  is  the  shortest  line  that  can  be  drawn 
from  A  to  the  circumference  of  the  circle. 


PROP.  IX.    THEOR. 

From  any  eccentric  pointy  not  more  than  two 
straight  lines  can  be  drawn  to  the  circumference, 
one  on  each  side  of  the  diameter. 


Let  A  be  a  point  which  is  not 
the  centre  of  the  circle,  and  AD  a 
straight  line  drawn  from  it  to  the 
circumference. 

Find  the  centre  C  (III.  6.  cor.) 
join  CA  and  CD,  draw  CE  making 
an  angle  ACE  equal  to  ACD  (I.  4.) 
and  cutting  the  circumference  in 
E,  and  join  AE :  The  straight  lines 
A£,  AD  are  equal. 

For  the  triangles  ADC,  AEC, 
having  the  side  CD  equal  to  CE, 
the  side  AC  common,  and  the  con* 
tained  angle  ACD  equal  to  ACE, 
are  equal  (I.  3.),  and  consequently 
the  base  AD  is  equal  to  AE. 

But,  except  AE,  no  straight  line  can  be  drawn  iiom  A 
on  the  3ame  side  of  the  diameter  HB^  that  shall  be  equal  lo 
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AD :  £or  if  the  line  tenninate  in  a  point  f  between  E  and 
B^  it  will  be  greater  than  A£  (III.  8.);  and  if  the  line 
terminate  in  6  between  E  and  H^  it  will^  for  the  same  rea- 
son^ be  less  than  AEr 

Car.  That  point  from  which  more  than  two  equal 
straight  lines  can  be  drawn  to  the  circumference^  is  the 
centre  of  the  circle* 


MOP.  X.    tHEOR* 

One  circle  will  not  cut  another  in  more  than  two 
points. 

Let  DCF  and  BCE  be  two  circles,  of 
which  A  and  B'are  the  centres ;  join  B 
and  the  intersections  C  and  D* 

And  because  B  is  a  point  different 
from  the  centre  A  of  the  circle  DCF> 
not  more  than  two  straight  lines 
BC  and  BD  can  be  drawn  from 
it  to  the  circumference  of  that 
circle  (III.  9«) ;  consequently  the 
circle^    described  from  B  as   a 
centre  and  through  the  points  C  and  D^  will  not  again 
meet  the  circumference  DCF« 


PROP.  XL    THEOR. 

A  circle  may  be  described  through  three  points 
which  are  not  in  the  stame  straight  line. 

Let  A^  B^  C^  be  three  points  not  lying  in  the  same  di- 
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tectioft ;  the  t^ircamfereoce  of  a  circle  mny  be  made  to 
pass  throttgh  these  points. 

For  (I.  7.)  bisect  AB  by  the  pei^ 
pendicular  DF^  and  BC  by  the  pen- 
pendiciilar  EF.  These  Istraigfat  lines 
DF,  EF  wHl  meet ;  because^  DE  be- 
ing joined^  the  angles  EI^F,  DEF  are 
less  than  BDF^  BEF^  and  consequent- 
ly are  together  less  than  two  right 
angles^  and  DF^  EF  are  not  parallel  (L  25.)  but  concur  to 
form  a  triangle  whose  vertex  is  F. 
Again^  every  circle  that  passes  through  the  two  points  A  and 
.  B^  has  its  centre  in  the  perpendicular  DF  (III.  o.);  and^  for 
the  same  reason^  every  circle  that  passes  through  B  and  C 
has  its  centre  in  EF ;  consequently  the  circle  which  would 
pass  through  all  the  three  points^  must  have  its  centre  in  F, 
the  point  common  to  both  perpendiculars  DF  and  EF. 

It  is  manifest  that^  there  is  only  one  circle  which  can  be 
made  to  pass  through  the  tiiree  points  A>  B,  C ;  for  the 

intersection  of  the  straight  lioes  DF  and  EF>  which  mariu 

the  centre,  is  a  single  point. 

"     Cor.  Hence  the  mode  of  describing  a  circle  about  a 

given  triangle  ABC. 
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PROP.  XIL    THEOR. 

Equal  chords  are  equidistant  from  the  centre  of 
a  circle;  and  chords  which  are  equidistant  from  the 
centre,  are  likewise  equal. 

Let  AB,  DE  be  equal  chords  inflected  within  the  same 
circle ;  their  distances  from  the  centre,  or  the  perpendicu* 
lars  CF,  C6,  let  feill  upon  them,  are  equal. 

For  the  perpendiculars  CF  and  CG  bisect  the  chords 
ABand  DE  (III.  5.),  and  consequently  BF,  DG,  the  halve* 
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pt  these,  am  likewise  equal.    The  right-angled  triangles 

CBF  and  CDG9  which  are  thus  of  the 

same  affection^  haying  the  two  sides 

BC,  BF  equal  respectively  to  DC,  DG, 

and  the   corresponding  angle   BFC 

equal  to  DGC,  are  equal  (I.  24),  and 

consequently  the  side  FC  is  equal  to 

GC. 

Again,  if  the  cliords  AB,  DE  be 
equally  distant  from  the  centre,  they  are  themselves  equal. 

For  the  same  construction  remaining:  The  triangles 
CBF  and  CDG  are  still  of  the  same  affection ;  and  have 
now  the  two  sides  CB,  CF  equal  to  CD,  CG,  and  the 
a;ngle  BFC  equal  to  DGC ;  consequently  they  are  equab 
and  the  side  BF  equal  to  DG}  the  doubles  of  these,  there- 
fore, or  the  whole  chords  AB,  D£,  are  equal. 


PROP.  XIII.    THEOR. 

The  greater  chord  is  nearer  the  centre  of  the 
circle ;  and  the  chord  which  is  nearer  the  centre  is 
likewise  the  greater. 


Let  the  chord  AB  be  greater  than  DE;  its  distance  from 
the  centre,  or  the  perpendicular  CF  let  fall  upon  it,  is  less 
than  the  distance  CG. 

For  in  the  right-angled  triangle 
BCFj  the  square  of  the  hypotenuse 
BC  is  equivalent  to  the  squares  of  !kF 
imd  FC  (11.  14.);  and  for  the  same 
reason,  the  square  of  the  hy-potenase 
DC  of  the  right-angled  triangle  DCG 
is  equivalent  to  the  squares  of  DG  and 
GC.  But  BC  and  DC  arie  equal,  and 
^consequently  their  squares  (If.  10.  cor.) ;  wherefore  the 
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squares  of  BF  and  FC  are  equivalent  to  the  squares  of 
D6  and  GC.  And  since  AB  is  greater  than  D£^  its  half 
BF  is  greater  than  DG^  and  consequently  the  square  of 
SF  is  greater  than  the  square  of  DG;  the  square  of  FC  is^ 
therefore,  less  than  the  square  of  GC,  because,  when  join- 
ed to  the  squares  of  BF  and  DG,  they  produce  the  same 
amount,  or  the  square  of  the  radius  of  the  circle.  Hence 
the  perpendicular  FC  itself  is  less  than  GC. 

Again,  if  the  chord  AB  be  nqprer  die  centre  than  DE, 
it  is  also  greater. 

For  the  same  construction  remaining :  It  is  proved  that 
the  squares  of  BF  and  FC  are  together  equal  to  the  squares 
of  DG  and  GC ;  but  FC  being  less  than  GC,  the  square 
of  FC  is  less  than  the  square  of  GC,  and  consequently  the 
square  of  BF  is  greater  than  the  square  of  DG ;  whence 
the  side  BF  is  greater  than  DG,  and  its  double  or  the  chord 
AB  greater  than  D£« 


PROP.  XIV.    THEOR. 
Circles  are  equal  which  have  equal  diameters. 

Let  ABC  and  DEF  be  two  circles  of  equal  diameters,  or 
described  with  the  same  distance  GA  or  HD :  they  are 
equal. 

For  if  the  circle  ABC  be  applied  to  DEF,  the  centre  G 
being  laid  on  H,  these  circles 
must  coincide;  because,  the 
radius  or  semidiameter  GA  be- 
ing equal  to  HD,  eveiy  point 
A  of  the  circumference  ABC 
must,  after  the  superposition 
of  the  surfaces,  find  a  corre- 
sponding point  D  of  the  circumference  DEF. 

Cor.  It  is  also  manifest  that.  Conversely^  equal  circlei 
must  have  equal  diameters. 
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PROP.  XV.    THEOR. 

In  the  same  or  equal  circles,  equal  angles  at  the 
centre  are  subtended  by  equal  chords,  and  termina- 
ted by  equal  arcs. 

If  the  angle  ACB  at  th6  centre  C  be  equal  to  DCE,  the 
chord  AB  is  equal  to  DE,  and  the  arc  AFB  is  equal  to 
DGE. 

For  let  the  sector  ACB  be  applied  to  DCE.  The  centre 
remaining  in  its  place^  the  radius  CA  will  lie  on  CD;  and 
the  angle  ACB  being  equal  to  DCE,  the  radius  CB  will 
adapt  itself  to  CE.    And   because 
all  the  radii  are  equal,  their  extreme 
points  A  and  B  must  coincide  with 
D  and  E  ;   wherefore  the  straight 
lines  which  join  those  points,  or  the 
chords  AB  and  DE,  must  coincide. 
But  the  arcs  AFB  and  DGE  that 
connect  the  same  points,  will  also 
coincide;  for  any  intermediate  point 
F  in  the  one,  being  at  the  same  distance  from  the  centre 
as  every  point  of  the  other,  must,  on  its  application,  find 
always  a  corresponding  point  G. 

The  same  mode  of  reasoning  is  applicable  to  the  case  of 
equal  circles. 

Cor.  Hence,  in  the  same  or  equal  circles,  equal  arcs  are 
subtended  by  equal  chords,  and  terminate  equal  angles  at 
the  centre. 

PROP.  XVI.    THEOR. 

In  the  same  or  equal  circles,  equal  chords  sub- 
tend equal  arcs  of  a  like  kind. 
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If  the  chord  AB  be  different  from  the  diameter,  it  will 
evidently  sabtend  at  the  same  time  two  unequal  portions 
of  the  circumference  of  a  circle,  the  one  terminating  the 
angle  ACB  at  the  centre  and  less  than  the  semicircomfe- 
rence^  the  other  greater  than  this  and  terminating  the  re- 
versed angle* 

In  the  equal  circles  GAHB 
and  IDKE  the  chord  AB 
subtends  the  arcs  A6B  and 
AHB,  which  are  respectively 
equal  to  DIE  and  DKE  sub- 
tended by  the  equal  chord 

DE. 

For  join  CA,  CB,  and  FD,  FE.  The  two  triangles  CAB 
and  FDE,  having  all  the  sides  of  the  one  equal  to  those  of 
the  other^  are  equal  (I.  2.);  ^^^  consequently  the  ang^le 
ACB  is  equal  to  DFE.  Wherefore  the  arcs  AGB  and 
DIE,  which  terminate  these  equal  angles^  are  (III.  15.) 
themselves  equal ;  and  hence  the  remaining  portions 
AHB  and  DKE  of  the  equal  circumferences  are  likewise 
equal. 

This  demonstration,  it  is  evident^  will  likewise  apply  ui 
the  case  of  the  same  circle. 


PROP.  XVII.    PROS, 
To  bisect  an  arc  of  a  circle. 


Let  it  be  required  to  divide  the  arc  AEB  into  two  equial 
portions. 

Draw  the  chord  ABf  and  bisect  it  by  the  perpendicu- 
lar EF  (I.  7.)^  cutting  AB  in  E :  The  arc  AE  is  equal  to 
EB. 
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.  For  the  trkngles  ADE^  BDE^  hav^ 
'tiue  4ude  AD  equal  to  BD,  the  side 
DE  common^  and  the  containiog 
right  angle  ADE  equal  to  BDE ;  they 
are  (L  S.)  consequently  equals  and 
the  base  AE  equal  to  BE.  But  these 
equal  chords  AE^  BE  must  subtend 
equal  arcs  of  a  like  kind  (HI.  l6,% 
and  the  arcs  A£>  BE  are  evidently  each  of  them  less  than 
a  semicircumference. 

Cor.  The  correlative  arc  AFB  is  also  bisected  by  the 
perpendicular  EF. 


PROP.  XViri.    PROB. 


Given  an  arc,  to  complete  its  circle. 


Let  ADB  be  an  arc ;  it  is  required  to  trace  the  circle  to 

which  it  belongs. 

Draw  the  chord  AB^  and  bisect  it 
by  the  perpendicular  CD  (I.  7.)  cut* . 
ting  the  arc  in  D^  join  AD^  and  from  A 
draw  AC  making  an  angle  DAC  equal 
to  ADC  (I.  4.) :  The  intersection  C 
of  this  straight  line  with- the  perpen- 
dicular^ is  the  centre  of  the  circle  re- 
quired. 

For  join  CB.  The  triangles  ACE 
and  BCEj  having  the  side  EA  equal 
to  EB^  the  side  EC  common^  and  the 
contained  angle  AEC  equal  to  BEC, 
are  equal  (I.  S,),  and  consequently  AC 
is  equal  to  BC.  But  AC  is  also  equal 
to  CD  (1. 90  because  the  angle  DAC  was  made  equal  to 
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ADC.  Wherefore  (III.  9.  cor.)  the  three  straight  line^ 
C  A^  CD,  and  CB  being  all  equal,  the  point  C  is  the  centw 
of  the  circle. 


PROP.  XIX.    THEOR. 

The  angle  at  the  centre  of  a  circle  is  double  of 
the  angle  which^  standing  on  the  same  arc,  has  its 
vertex  in  the  circumference. 


Let  AB  be  an  arc  of  a  circle ;  the  angle  which  it  termi- 
nates at  the  centre,  is  double  of  ADB  the  corresponding 
angle  at  the  circumference. 

For  join  DC  and  produce  it  to  the  opposite  circumfe- 
rence. This  diameter  DCE,  if  it  lie  not  on  one  of  the 
sides  of  the  angle  ADB,  must  either  fall  within  that  angle 
or  without  it. 

First,  let  DC  coincide  with  DB.  And 
because  AC  is  equal  to  DC,  the  angle 
ADC  is  equal  to  DAC  (L  8.) ;  but  the 
exterior  angle  ACB  is  equal  to  both  of 
these  ([.  34.)  and  therefore  equal  to 
double  of  either,  or  the  angle  ACB  at 
the  centre  is  double  of  the  angle  ADB 
at  the  circumference. 

Next,  let  the  straight  line  DCE  lie 
within  the  angle  ADB.  From  what 
has  been  demonstrated,  it  is  apparent, 
that  the  angle  ACE  is  double  of  ADE, 
and  the  angle  BCE  double  of  BDE; 
wherefore  the  angles  ACE,  BCE  ta- 
ken together,  or  the  whole  angle  ACB, 
are  double  of  the  collected  angles 
ADE,  BDE,  or  the  angle  ADB  at  the  circumference. 
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LasUy^  let  DCE  fall  without  the 
angle  ADB.  Because  the  angle  BCE 
is  douhle  of  BDE^  and  the  angle  ACE 
is  double  of  ABE;  the  excess  of  BCE 
above  ACE,  or  the  angle  ACB  at  the 
cenlre,  is  double  of  the  excess  of  BDE 
above  ADE^  that  is,  of  the  angle 
ADB  at  the  circumference. 
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PROP.  XX.    THEOR. 

The  angles  in  the  same  segment  of  a  circle  are 
equal. 

Let  ADB  be  the  segment  of  a 
circle;  the  angles  AFB,  AGB  con- 
tained in  it^  or  which  stand  on  the 
opposite  portion  AEB  of  the  circum- 
ference, are  equal  to  each  other. 

Forj6inCA,CB.  The  angle  ACB  ' 
at  the  centre  is  double  of  the  angle 
AFB  or  AGB  at  the  circumference 
(III.  19.) ;  these  angles  AFB,  AGB, 
which  stand  on  the  same  arc  AEB^ 
are,  therefore,  the  halves  of  the  same 
central  angle  ACB,  and  are  conse- 
quently equal  to  each  other. 

Cor.  Hence  equal  angles  at  the 
circumference  must  stand  on  equal 
arcs;  for  their  doubles  or  the  central  angles,  being  equal, 
are  terminated  by  equal  arcs  (IIL  15.)    Hence  also  equal 
angles  that  stand  on  the  same  base,  have  their  vertices  in 
ihe  jsame  segment  of  a  circle. 
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PROP.  XXL    THEORh 

*  The  opposite  angles  of  a  quadrilateral  figure  con- 
tained within  a  circle,  are  together  equal  to  two 
right  angles. 

4 

Let  ABCD  be  a  quadrilateral  figure  described  in  a 
circle ;  the  angles  A  and  C  are  together  equal  to  two 
right  angles^  and  so  are- those  at  B  and  I). 

For  join  EB  and  ED.  The  angle  BED  at  the  centre  is 
double  of  the  angle  BCD  at  the  cir- 
cumference f(IIL  19.) ;  and  for  the 
same  reason^  the  reversed  angle  BED 
is  double  of  BAD.  Consequently  the 
angles  BCD  and  BAD  are  the  halves 
of  angles  about  the  point  £^  and 
which  make  up  four  right  angles; 
wherefore  the  angles  BCD  and  BAD 
are  together  equal  to  two  right  angles. 

In  the  same  manner^  by  joining  EA  and  EC^  it  may  be 
proved,  that  the  angles  ABC  and  ADC  are  together  equal 
to  two  right  angles. 

Cor,  Hence  a  circle  may  be  described  about  a  quadri- 
lateral figure  which  has  its  opposite  angles  equal  to  two 
right  angles;  for  if  a  circle  be  made  to  circumscribe 
the  triangle  BCD  (III.  11.  cor.),  the  angles  opposite  to 
the  base  BD  are  equal  to  two  right  angles,  and  therefore 
equal  to  the  angles  BCD  and  BAD;  consequently  the 
angle  BAD  is  equal  to'  An  angle  in  the  segment  BAD,  and 
hence  (III.  £0.  cor.)  they  are  contained  in  the  same  seg- 
ment, or  the  circumference  of  the  circle  passes  through 
gU  the  four  points  A,  B,  C,  and  D.  ^ 
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PROP.  XXII.    THEOR. 

Parallel  chords  intercept  equal  arcs  of  a  circle. 

Let  the  chord  AB  be  parallel  to  CD ;  the  intercepted 
arc  AC  is  equal  to  BD. 

For  join  AD.  Aad  becaase  the 
straight  liaes  AB  and  CD  are  paral- 
lel^ the  alternate  angles  BAD  and 
ADC  are  equal  (I.  25.);  wherefore 
the$e  angles^  having  their  vertices  in 
the  circumference  of  the  circle^  must 
stand  on  equal  arcs  (III.  20.  cor.% 
and  consequently  the  arcs  AC  and  BD  are  eqoal  to  each 
other. 

Cor.  Hence,  conversely,  the  straight  lines  which  inter* 
cept  equal  arcs  of  a  circle  are  parallel;  and  hence  another 
mode  of  drawing  a  parallel  liirough  a  given  point  to  a  given 
f  traight  line. 


PROP.  XXIII.    THEOR. 

The  inclination  of  two  straight  lines  is  equal  to   x 
the  angle  terminated  at  the  circumference  by  the 
sum  or  difference  of  the  arcs  which  they  intercept, 
according  as  their  vertex  is  within  or  without  the 
•circle. 

If  the  two  straight  lines  AB  and  CD  intersect  each 
^l^her  ^^  the  point  £  within  a  circle ;  the  angle  AED 
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which  they  form,  is  equal  to  an  angle  at  the  circumfe* 
reDce  and  standing  on  the  sum  of  the  intercepted  arcs  AD 
end  BC. 

For  draw  the  chord  BF  parallel  to 
CD  f  IIL  22.  cor.)  Because  ED  and 
BF  are  parallel,  the  angle  AED  (L 
25.)  is  equal  to  the  interior  angle 
ABF,  which  stands  on  the  arc  AF; 
but  since  the  chords  BF  and  CD  are 
parallel,  the  arc  BC  is  equal  to  DF 
(III.  22.),  and  consequently  the  arc  AF,  which  termioates 
at  the  circumference  an  angle  equal  to  AED,  is  the  sum 
of  the  two  intercepted  arcs  AD  aud  BC. 

Again,  if  the  straight  lines  AB 
and  CD  meet  at  £,  without  the 
circle,  their  inclination  AED  is  equal 
to  an  angle  at  the  circumference,  and 
having  for  its  base  the  excess  of  the 
ere  AD  above  BC. 

For  BF  being  drawn  parallel  to 
CD,  the  arc  BC  is  equal  to  FD,  and 
consequently  the  arc  AF  is  the  ex- 
cess of  AD  above  BC ;  but  the  angle  ABF  which  stands 
on  AF,  is  equal  to  the  interior  angle  AED. 

Cor.  Hence  if  two  chords  intersect  each  other  at  right 
angles  within  a  circle,  the  opposite  intercepted  arcs  are 
equal  to  the  semicircumference. 


PROP.  XXIV.    THEOR. 


If,  on  each  side  of  any  point  in  the  circumference 
of  a  circle,  equal  arcs  be  repeated;  the  chords  which 
join  the  opposite  points  of  section  will  be  together 
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equal  to  the  last  chord  extended  till  it  meets  a 
straight  line  drawn  through  the  middle  point  and 
either  extremity  of  the  first  chord. 

Let  DAG  be  the  circumference  of  a  circle,  in  which  the 
arcs  AB,  BC,  CD  on  the  one  side  of  a  point  A,  and  the 
corresponding  arcs  AE>  EF,  F6  on  the  other  side,  are  all 
assumed  equal ;  the  chords  BE,  CF,  and  DG,  are  together 
equal  to  the  line  GH,  formed  by  extending  GD  till  it 
meets  the  production  of  AB. 

For  join  FD  and  CE,  and  produce  this  to  meet  GH  in 
the  point  !• 

Because  the  arc  CD 
is  equal  to  FG,  the 
chord  CF  is  parallel 
toDG  or  ID  (111.22. 
cor.);  consequently  the 
exterior  angle  ECF  is 
equal  to  CID  (1.25.); 

hut  ECF  is  equal  to  FDG,  since  they  stand  on  the  equal 
arcs  £F  and  F6  (III.  20.) ;  whence  the  interior  angle  CID 
is  equal  to  FDG,.  and  therefore  CI  is  parallel  to  FD  (L 
25.) — or  the  figure  ICFD  is  a  parallelogram,  and  the  side 
ID  equal  to  CF  (I.  290 

Again,  the  double  arc  BD  being  equal  to  EG,  the  chord 
BE  is  parallel  to  DG  or  HI,  and  therefore  the  exterior 
angle  ABE  is  equal  to  Bill;  but  ABE  is  equal  to  FDGj 
for  they  stand  on  equal  arcs  AE  and  FG ;  and  FD6  be*- 
ing  equal  to  CID^  the  interior  angle  BHI  must  he  equal 
to  CID;  and  consequently  the  figure  HBEI  is  a  parallelo- 
gram, and  the  side  HI  equal  to  BE.  Thus,  the  exterior 
part  of  the  line  GH  consists  of  two  segments  HI  and  ID, 
which  are  respectively  equal  to  the  chords  BE  and  CF, 
and  the  remaining  part  DG  forms  the  third  chord :  The 
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extended  chord  6H  is,  tbereforej  equal  to  all  the  three 
chords  BE,  CF,  and  DG. 

It  is  obvious,  that  the  same  train  of  reasoning  may  be 
pursued  to  any  dumber  of  equal  arcs. 


PROP.  XXV.    THEOR. 

If,  from  the  end  of  an  arc,  a  straight  line  equal  to 
the  radius'of  the  circle,  be  inflected  to  a  diameter 
extending  through  the  dther  end,  and  be  produced 
to  meet  the  circumference ;  it  will  intercept,  from 
the  remoter  extremity  of  the  diameter,  an  arc 
which  is  triple  of  the  first  arc. 


Let  AB  be  an  arc  of  a  circle,  and  D  a  point  in  the  ex- 
tended diameter  FB,  such  that  DA  is  equal  to  the  radius 
CB ;  on  producing  DA  to  meet  the  circumference  in  E, 
the  arc  F£,  thus  intercepted,  is  triple  of  AB. 

If  the  point  E  lie  between  F  and  A;  join  AC,  and  draw 
AG  parallel  to  DF.  Because  AD 
is  equal  to  the  radius  AC,  the 
angle  ACB  is  equal  to  ADC  (I. 
8.);  And  DC  being  parallel  to 
AG,  the  angle  ADC  is  equal  to 
EAG  (I.  25.),  and  coasequently 
EAG  is  equal  to  ACB.  But  an 
angle  at  the  centre  on  the  same 
base  GE  would  be  double  of  EAG  or  ACB  (III.  19-); 
wherefore  the  arc  GE  is  double  of  AB  (III.  20.  cor.),  and 
6F  being  equal  to  AB  (III.  22.),  the  whole  arc  F£  i» 
triple  of  AB. 
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Again,  if  the  point  E  lie  beyond  FA.  Draw  EG  paral- 
lel to  BF.  And  AD  being  equal  to 
AC,  the  angle  ACB  is  equal  to 
ADC ;  but  ADC  is  equal  to  the  in- 
terior angle  AEG,  consequently  the 
central  angle  ACB  is  equal  to  AEG 
at  the  circumference ;  wherefore  the 
arc  6FA  is  double  of  AB,  and 
6FAB  its  triple;  add  to  the  one 
side,  and  take  away  from  the  other,  the  equal  arcs  BE  and 
FG,  and  there  results  the  arc  FAE  triple  of  AB. 


PROP.  XXVI.    THEOR. 

The  angle  in  a  semicircle  is  a  right  angle,  the 
angle  in  a  greater  segment  is  acute,  and  the  angle 
in  a  smaller  segment  is  obtuse. 


Let  ABD  be  an  angle  in  a  semicircle,  or  that  stands  on 
the  semicircumference  AED  ,*  it  is  a  right  angle.  * 

For  ABD,  being  an  angle  at  the 
circumference,  is  half  of  the  angle 
at  the  centre  on  the  same  base 
AED  (III.  19.);  it  is,  therefore, 
half  of  the  angle  ACD  formed  by^ 
the  opposite  portions  CA,  CD  of 
the  diameter,  or  half  of  two  right 
angles,  and  is  consequently  equal 
to  one  right  angle. 

Again,  let  ABD  be  an  angle  in  a  segment  greater  than 
a  semicircle,  or  which  stands  on  a  less  arc  AED  than  the 
jBemicircumference  ;  it  is  an  acute  angle. 
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For  join  CA,  CD.  The  angle 
ABD  is  half  of  the  central  angle 
ACD^  which  is  evidently  less  than 
two  right  angles;  wherefore  ABD 
is  less  than  one  right  angle^  or  it  it 
acute. 

But  the  angle  AED,  in  the  smaller 
segment,  is  obtuse.  For  AED  stands 
on  the  arc  ABD,  which  is  greater  than  a  semicircumfe* 
rence,  and  is  the  base  of  an  angle  at  the  centre,  the  reverse 
of  ACD,  and  greater,  therefore,  than  two  right  angles  ; 
AED  is  hence  an  obtuse  angle. 

Cor.  From  the  remarkable  property,  that  the  angle  in  a 
semicircle  is  a  right  angle,  may  be  derived  an  elegant  me- 
thod of  drawing  perpendiculars. 


PROP.  XXVII.   THEOR. 

If  a  circle  be  described  on  the  radius  of  another 
circle,  any  straight  line  drawn  from  the  point 
where  they  meet  to  the  outer  circumference  is  bi- 
sected by  the  interior  one. 


Let  AEC  be  a  circle  described 
on  the  radius  AC  of  the  circle 
ADB,  and  AD  a  straight  line  drawn 
from  A  to  terminate  in  the  exte- 
rior circumference ;  the  part  AE  in 
the  smaller  circle  is  equal  to  the  part 
ED  intercepted  between  the  two  cir- 
cumferences. 

For  join  CE,  CD.    And  because  AEC  is  a  semicircle^ 
the  angle  contained  in  it  is  a  right  angle  (JLIL  25.) ;  con« 
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seqnenklytlie  straight  line  CE^  drawn  from  the  centre  C^  is 
perpendicular  to  the  chord  AD^  and  therefore  bisects  it 
(III,  5.) 


PROP-  XXVIII.    THEOR. 

The  perpendicular  at  the  extremity  of  a  diame- 
ter is  a  tangent  to  the  circle,  and  is  the  only  tan* 
gent  which  can  be  applied  at  that  point. 


LetACB  be  the  diameter  of  a  circle^  to  which  the 
straight  line  EBD  is  drawn  at  right  angles  from  the  ex- 
tremity B ;  it  will  touch  the  circumference  at  that  point* 

For  CB,  being  perpendicu- 
lar^ is  the  shortest  distance  of 
the  centre  C  from  the  straight 
line  EBD  (I.  2«.) ;  wherefore 
every  other  point  in  this  line 
is  farther  from  the  centre  than 
Bj  and  consequently  falls  with- 
out the  circle. 

But  the  perpendicular  EBD 
is  the  only  straight  line  which  can  be  drawn  through  the 
point  B  that  will  not  cut  the  circle.  For  if  HBF  were  such 
A  line^  the  perpendicular  CG^  let  fall  upon  it  from  the  cenfere^ 
would  be  less  than  CB  (I.  £2.)  and  would  therefore  lie 
within  the  circle;  consequently  HBG,  being  extended^ 
would  again  meet  the  circumference  before  it  effected  its 
escape* 

Cor.  Hence  a  straight  line  drawn  from  the  point  of  con- 
tact at  right  angles  to  a  tangent^  must  be  a  diameter^  or 
pass  through  the  centre  of  the  circle.  . 

SchoL  The  nature  of  a  tangent  to  the  circle  is  easily  dis- 
covered from  the  c<»isideration  of  limits.  For  suppose  the 
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ilraight  line  D£,  extending  both  waysj  to  tnm  aboat  the 
extremity  B  of  the  diameter  AB ;  it  will  cot  the  circle 
fint  oD  the  ooe  aide  of  AB,  and 
afterwards  on  the  other.  But  the 
arc  AH  being  ]eu  than  a  Kmi- 
circuniference,  the  angle  HBA 
which  the  line  IXE  makes  with  the 
diameter  is  acnte  (III.  25.);  and 
for  the  same  reason,  the  angle 
KBA  is  acnte,  and  consequently 
its  adjacent  angle  D'BA  is  obtuse. 
Thus  the  revolving  line  DE,  when 

it  meets  the  seraicircumference  AHB,  makes  an  acute 
angle  with  the  diameter;  but  when  it  comes  to  meet  the 
opposite  semicircumference,  it  makes  an  obtase  angle. 
In  passing,  thereforcj  through  all  the  intermediate  grada- 
tions from  lAinority  to  majority,  the  line  D£  must  find  a 
certain  individual  position  in  which  it  is  at  right  angles  to 
the  diameter,  and  cuts  the  circle  neither  on  the  one  side 
nor  the  other. 

A  similar  inference  might  be  derived  from  Prop.  S2.  of 
this  Book ;  one  of  the  parallel  chords  being  supposed  to 
contract,  until  its  extreme  points  are  about  to  coalesce  in 
the  position  of  the  taqgent. 


PROP.  XXIX.    THEOR. 

If  from  the  point  of  contact  a  straight  line  be 
drawn  to  cut  the  circumference,  the  angles  which 
it  makes  with  the  tangent  are  equal  to  those  In  the 
alternate  segments  of  the  circle. 

Let  CD  be  a  tangent,  and  BE  a  straight  line  draws 
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from  the  point  of  contact  cotting  the  circle  into  two  seg- 
ments BAE  and  BFE ;  the  angle  EBD  is  equal  to  EAB, 
and  the  angle  EBC  to  EFB. 

For  draw  BA  perpendicular  to  CD  (I.  5.  cor.)>  join  AE, 
Bnd  from  anj  point  F  in  the  opposite  arc  draw  FB  and 

FE. 
Because  BA  is  perpeMMcular  to  the  tangent  at  B^  it  is 

a  diameter  (III.  26,  cor.),  and  con- 
sequently AEFB  is  a  semicircle; 
wherefore  AEB  is  a  right  angle  (III. 
125.)  and  the  remaining  acute  angles 
BAEi  ABE  of  the  triangle,  being  to- 
gether equal  to  another  right  angle, 
are  equal  to  ABE  and  EBD,  which 
compose  the  right  angle  ABD. 
Take  the  angle  ABE  away  from 
both,  and  the  angle  BAB  remains  equal  to  EBD. 

Again,  the  opposite  angles  BAE  and  BFE  of  the  qua- 
drilateral figure  BAEF,  being  equal  to  two  right  angles 
(III.  21.)>  are  equal  to  the  angle  EBD  with  its  adjacent 
angle  EBC;  and  taking  away  the  equals  BAE  and  EBD^ 
there  remains  the  angle  BFE  equal  to  EBC. 

Cor,  If  a  straight  line  meet  the  circumference  of  a  circle, 
and  make  an  angle  with  an  inflected  line  equal  to  that  in 
the  alternate  segment^  it  touches  the  circle. 


PROP.  XXX.    PROB. 

To  draw  a  tangent  to  a  circle  from  a  given  point 
without  it 

V 

Let  A  be  a  given  point,  from  which  it  is  required  to 
draw  a  straight  line  that  shall  touch  the  circle  DGH. 
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Fmd  the  centre  C  (III.  &  cor.)# 
join  CA  and  draw  DB  perpendicular 
to  CA  (I.  5.  cor.)>  from  C  with  the 
distance  CA  describe  a  circle  meet- 
ing D£  in  Fj  join  CF  cutting  the  in- 
terior circumference  in  6;  AG  being 
joined^  is  the  tangent  which  was  re- 
quired. 

For  the  triangles  ACO  and  FCD 
have  the  sides  CA^  C6  equal  to  CF, 
CD^  and  the  containing  angle  ACF  common  to  both; 
they  are,  therefore,  equal  (I.  3.),  and  consequently  the 
angle  C6A  is  equal  to  CDF.  But  CDF  is  a  right  angle; 
whence  CGA  is  likewise  a  right  angle,  and  AG  a  tangent 
to  the  circle  (IIL  27.) 


Orthm. 

On  AC  as  a  diameter  describe 
(he  circle  AGCK,  cutting  the  gi- 
ven circle  in  the  points  G,  K :  Join 
AG,  AK ;  either  of  these  lines  is 
the  tangent  required. 

For  join  CG,  CK.  And  the 
angles  CGA,  CKA,  being  each 

in  a  semicircle,  are  right  angles  (III.  2d.),  and  conse- 
quently AG,  AK  touch  the  circle  DGHK  at  the  points  G^, 
K  (III.  ^.) 
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PROP.  XXXI.    PROB. 

On  a  given  straight  line,  to  describe  a  segment 
of  a  circle,  that  shall  contain  an  angle  equal  to  a 
given  angle. 

Let  AB  be  a  straight  line,  on  which  it  is  required  tg  de- 
icribe  a  segment  containing  an  angle  equal  to  C. 

If  C  be  a  right  angle,  it  is  evident  that  the  problem  will 
be  performed,  by  describing  a 
semicircle  on  AB.  But  if  the 
angle  C  be  either  acute  or  ob- 
tuse :  Draw  AD  making  an  angle 
BAD  equal  to  C  (L  4.),  erect  AE 
perpendicular  to  AD  (I.  SB.), 
draw  £P  to  bisect  AB  at  right 
angles  (I.  5.  cor.)  and  meeting 
AE  in  E,  and  from  this  point  as 
a  centre  and  with  the  distance 
EA,  describe  the  required  seg- 
ment A6B. 

Because  £P  bisects  AB  at 
right  angles,  the  distance  EA  is  equal  to  EB  (III.  &),  and 
the  circle  described  through  A  must  also  pass  through  the 
point  B ;  and  since  EAD  is  a  right  angle,  AD  touches  the 
circle  at  A  (III.  29*),  and  the  angle  BAD,  which  was  made 
equal  to  C,  is  equal  to  the  angle  in  the  alternate  segment 
AGB  (IIL  28.) 


PROP.  XXXIL    THEOR. 


Two  circles  which  meet  in  the  straight  line  join* 
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ing  their  centres  or  its  continuation,  touch  each 
other. 


Let  the  circles  DCE,  FCG  meet 
&t  C  in  the  directioa  of  the  straight 
line  which  joins  their  centres  A^  B ; 
they  touch  each  other  at  that  point. 

For  draw  BH  to  another  point  H 
in  the  circumference  DCE*  And 
because  B  is  distinct  from  the  centre 
A^  the  line  BH  is  greater  than  BC 
(III.  8.  cor.  2.),  and  consequently 
the  point  H  lies  without  the  circle 
FCG.  Except^  therefore,  at  the 
single  point  C,  the  circumference  DCE  does  not  meet 
FCG. 

Cor*  Hence  a  straight,  line  extending  through  the 
centres  of  two  circles  will  pass  through  their  points  o( 
contact. 


PROP.  XXXni.    THEOR. 

Two  straight  lines  drawn  through  the  point  of 
contact  of  two  circles,  intercept  arcs  of  which  the 
chords  are  parallel. 


Let  the  circles  ACE  and  ABD  touch  mutually  in  A^  and 
from  this  point  the  straight  lines  AC,  AE  be  drawn  to 
cut  the  circumferences;  the  chords  C£  and  BD  are  pa- 
rallel. 

For  draw  the  tangent  FAG^  which  must  .touch  both 
circles. 
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In  the  case  of  internal  contact^  the 
angle  GAE  is  equal  to  ACE  in  the  al- 
ternate segmeht,  (III.  29);  and  for 
the  same  reasop,  GAE  or  GAD  is 
equal  to  ABD;  consequently  the  angles 
ACE  and  ABD  are  equa]^  and  there- 
fore (I.  25.)  the  straight  lines  CE  and 
BD  are  parallel.    / 

When  the  contact  is  exter- 
nal^ the  angle  GAE  is  still 
equal  to  ACE,  and  its  vertical 
angle  FAD  is,  for  the  same 
reason,  equal  to  ABD ;  whence 
ACE  is  equal  to  ABD;  and 
these  being  alternate  angles, 
the  straight  line  C£  is  parallel  to  BD. 


PROP.  XXXIV.    THEOR. 

If  from  any  point  in  the  diameter  of  a  circle  or 
its  extension,  straight  lines  be  drawn  to  the  ends  of 
a  parallel  chord ;  the  squares  of  these  lines  are  to- 
gether equivalent  to  the  squares  of  the  segments 
into  which  the  diameter  is  divided. 


Let  BEFD  be  a  circle,  BD  its  diameter  produced,  and 
A  a  point  in  this,  from  which  the  straight  lines  AE  and  AF 
are  drawn  to  the  ends  of  the  parallel  chord  EF;  the 
squares  of  AE  and  AF  are  together  equivalent  to  the 
squares  of  AB  and  AD. 

For  from  the  centre  C,  let  fall  the  perpendicular  CG 
upon  AB  (I.  6.)^  and  join  AG  and  CE, 
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Because  C6  cuts  the  choid  EF 
at  right  aoglesy  6E  is  eqaal  to 
GF  (III,  5.);  wherefore  the  squares 
of  AE  and  AF  are  equivalent  to 
twice  the  squares  of  AO  and  OE 
(11.  Sa)  But  ACG  being  a  right- 
angled  triangle^  the  square  of  AG 
is  equivalent  to  the  squares  of  AC 
and  CG  (II.  14.),  or  twice  the 
square  of  AG  is  equivalent  to 
twice  the  squares  of  AC  and  CG. 
Wherefore  the  squares  of  AE  and 
AF  are  equivalent  to  twice  the 
three  squares  of  AC,  CG,  and 
GE.    Of  these,  the  two  squares 

of  CG  and  GE  are  equivalent  to  the  square  of  CE  or  CB, 
for  the  triangle  CGE  is  right-angled.  Consequently  the 
squares  of  AE  and  AF  are  equivalent  to  twice  the  squares 
of  AC  and  CB.  But  the  straight  line  BD  being  cut 
equally  at  C  and  uiiequaUy  at  A,  the  squares  of  the  un* 
equal  segments  AB  and  AD  are  together  equivalent  to 
twice  the  squares  of  AC  and  CB  (II.  26.  cor.);  whence 
the  squares  of  AE  and  AF  are  together  equivalent  to  the 
squares  of  AC  and  CB. 


PROP.  XXXV.    THEOR. 

If  through  a  point,  within  or  without  a  circle,  two 
perpendicular  lines  be  drawn  to  meet  the  circum- 
ference, the  squares  of  all  the  intercepted  distances 
are  together  equivalent  to  the  square  of  the  dia- 
meter. 


Let  E  be  a  point  wHhit|  or  without  the  circle,  and  AB, 
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CD  two  straight  lines  drawn  through  it  at  right  aagleci  to 
the  circumference ;  the  squares  of  the  four  segments  EA^ 
EB^ED^  andEC^  are  together  equivalent  to  the  square  of 
the  diameter  of  the  circle 

For  draw  BF  parallel  to  CD,  and  join  AF,  AD,  CB,  and 
DF. 

Because  BF  is  parallel  to  CD,  the 
arc  BC  is  equal  to  the  arc  FD  (III. 
22.)i  and  consequently  the  chord  BC 
is  also  equal  to  the  chord  FD  (III.  15. 
cor.) ;  but  BC  being  the  hypotenuse  of 
the  right-angled  triangle  BEC,  its 
square,  or  that  of  FD,  is  equivalent  to 
the  squares  of  EB  and  BC  (II.  14.), 
and  AED  being  likewise  right-angled, 
the  square  of  AD  is  equivalent  to  the 
squares  of  EA  and  ED.  Whence  the 
squares  of  AD  and  FD  4ire  equivalent 
to  the  four  squares  of  EA,  EB,  ED, 
and  EC.  But  since  ED  is  parallel  to 
BF,  the  intenor  angle  ABF  is  equal  to  AED  (I.  25.),  and 
therefore  a  right  angle ;  consequently  ACBF  is  a  semi- 
circle (III.  25.  cor.)  and  AF  the  diameter.  The  angle 
AFD  in  the  opposite  semicircle  is  hence  a  right  angle 
(III.  25.),  and  the  square  of  the  diameter  AF  is  equal  to 
the  squares  of  AD  and  FD,  or  to  the  sum  of  the  squares  of 
the  four  segments  EA,  EB,  ED,  and  EC  intercepted  be- 
tween the  circumference  and  the  point  E. 


PROP.  XXXVI.    THEOR. 


If  through  a  point,  within  or  without  a  circle, 
two  straight  lines  be  drawn  to  cut  the  circumfe- 
rence ;  the  rectangle  under  the  segments  of,  the 
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one  is  equivalent  to  that  contsune  d  by  the 
ments  of  the  other. 


Let  the  two  straight  lines  AD  and  AF  be  extended 
through  the  point  A,  to  cut  the  circumference  BFD  of  a 
circle;  the  rectangle  contained  by  the  segments  AE^  AF 
of  the  one  is  equivalent  to  the  rectangle  under  AB,  A0 
the  distances  intercepted  from  A  in  the  other. 

For  draw  AC  to  the  centre,  and  produce  it  both  ways 
to  terminate  in  the  circumference  at  6  and  H ;  let  fall  the 
perpendicular  CI  upon  BD  (I.  6.)  and  join  CD. 

Because  CI  is  perpendicular  to  AD,  the  difference  be- 
tween the  squares  of  CA  and  CD,  the  sides  of  the  triangle 
ACD  is  equivalent  to  the  differ- 
ence between  the  squares  of  the 
segments  AI  and  ID  the  segments 
of  the  base  (II.  29*  cor.) ;  and  the 
difference  between  the  squares 
of  two  straight  lines  being  equi- 
valent to  the  rectangle  under  their- 
sum  and  their  difference  (II.  23.), 
the  rectangle  contained  by  the 
sum  and  difference  of  AC,  CD  is 
equivalent  to  the  rectangle  con- 
tained by  the  sum  and  difference 
of  AI,  ID.  But  since  the  radius 
CG  is  equal  to  CH,  the  sum  of 
AC  and  CD  is  AH,  and  their  differ- 
ence is  AG;  and  because  the  perr 

pendicular  CI  bisects  the  chord  BD  (III.  5.),  the  sum  of 
AI  and  ID  is  AD,  and  their  difference  AB.  Wherefore  the 
rectangle  AH,  AG  is  equivalent  to  the  rectangle  AB,  AD. 
In  the  same  way  it  is  proved  that  the  rectangle  AH,  AG 
is  equivalent  to  the  rectangle. A E,  AF;  and  consequently 
the  rectangle  AE,  AF  is  equivalent  to  the  rectangle  AB, 
AD. 
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Or  thus. 

Draw  the  diameter  GAH^  and  join  CB  and  CD.  And 
because  BCD  is  an  isosceles  triangle  and  CA  is  drawn 
from  the  vertex  C  to  a  point  in  the  direction  of  its  base, 
the  difference  between  the  square  of  CA  and  CB  or  CG 
is  equivalent  to  the  rectangle  contained  by  the  segments 
AB^  AD  of  the  base  (II.  27.  and  its  cor.)  In  like  man- 
ner^' it  IS  proved  that  the  same  difference  between  the 
square  of  CA  and  CG  is  equivalent  to  the  rectangle  con- 
tained by  the  segments  AE,  AF ;  whence  the  rectangle 
under  AB,  AD  is  equivalent  to  the  rectangle  under  AE, 
AF, 

Cor.  1.  If  the  vertex  A  of  the  straight 
lines  lie  within  the  circle  and  the  point  I 
coincide  with  it,  BD,  being  then  at  right 
angles  to  CA,  is  bisected  at  A  (III.  5.), 
and  the  rectangle  AB,  AD  is  the  same  as 
the  square  of  AB-  Consequently  the 
square  of  a  perpendicular  AB  limited  by  the  circumference 
18  equivalent  to  the  rectangle  under  the  segments  AG,  Aif 
of  the  diameter. 

Cor.  2.  If  the  vertex  A  lie  without 
the  circle  and  the  point  I  coincide 
with  B  or  D,  the  angle  ABC  being 
then  a  nght  angle,  the  incident  4ine 
AB  must  be  a  tangent  (III.  27.),  and 
consequently  the  two  points  of  sec-* 
tion  B  and  D  must  coalesce  into  a  single  point  of  contact 
Wherefore  the  rectangle  under  the  distances  AB,  AD  be- 
comes the  same  as  the  square  of  AB ;  and  consequently 
the  rectangle  contained  by  the  segments  AG,  AH  of  the 
diameter  is  equivalent  to  the  square  of  the  tangent  AB» 
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perp^ndiciilai^-'-iltidoitlbg  ab  it  lies  without  or  with^ 
in  the  circle, 

» 

Let  ihe  perpendicalar  CF  be  let  fall  from  a  pqiat  C  in 
.the  chord  ACB  upon  a  diameter  D£;  the  rectaiigle  BC, 
CA  is  greater  or  less  than  the  rectangle  EFj  FD,  by  llie 
square  of  the  perpendicular  CF^  according  as  this  lies 
without  or  within  the  circle. 

Firsts  let  the  perpendicular  CF  lie  without  the  circle ; 
and  join  C£  and  D6. 

The  square  of  the  hypotenuse  C£  is  equivalent; to  the 
squares  of  F£  and  CF  (II.  14.) :  But  the  square  Qf  C£  is 
composed  of  the  rectangles  CEj  £G^  and  C£^  CG  (II. 
20,);  and  the  square  of  F£  is 
composed  of  the  rectangles  F£^ 
EP,  and  F£,  FD :  Wherefore 
the  rectangles  C£^  £G  and  C£, 
CG  are  equivalent  to  the  rect- 
angles F£,  ED  and  FE,FD,  to-        I.   J 
gether  with  the  square  of  CF. 
And  since  EGD^  standing  in  a 
semicircle,  ijs  a  right  angle  f  IIL  . 
26.)>  its  adjacent  angle  CGD  is 

alsQ  right,  and  the  angle  opposite  to  thb  at  F  is  right; 
consequently  (III.  2.  cor.)  a  circle  might  be  described 
through  the  four  points  C,  G,  D,  F.  Whence  (III.  36.) 
the  rectangle  CE,  EG  is  equivalent  to  FE,  ED;  and  ta- 
king these  from  the  terms  of  the  former  equality,  there 
remains  the  rectangle  CE,  CG,  that  is,  (IIL  36  )  AC,  CB, 
eqyivalent  to  the  ^rectangle  F£,  FD,  together  with  the 
square  of  CF. 

Next,  let  the  perpendicular  CF  lie  within  the  circle. 

The  same  construction  being  made ;  the  rectangle  CE, 

£G  is  still  equivalent  to  the  rectangle  FE,  ED.     But  the; 

rectangle  CE,  EG  is  (II.  20.)  equivalent  to  the  rectangle 

CE,  CG,  and  the  square  of  CE,  or  the  squares  of  FE  and 
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CF;  and  the  rectangle  F£^  ED  is 
equivalent  to  the  rectangle  FE^  FD 
and  the  square  of  FE*  From  these 
equal  quantities^  therefore^  take  away 
the  common  square  of  FEj  and  there 
remains  the  rectangle  C£,  C6^  or^ 
AC,  CB,  with  the  square  of  CF, 
equivalent  to  the  tectangle  FE,  FD. 

Lastly,  if  the  perpendicular  CF  lie  partly  without  and  ' 
partly  within  the  circle,  the  Proposition  must  be  slightly 
modified. 

The  former  constructidn  being  re- 
tained: Because  the  square  of  CE 
is  equivalent  to  the  squares  of  CF 
and  FE,  the  rectangles  CE,  £6  and 
CE,  CG  are  together  equivalent  to 
the  square  of  CF  and  the  difference 
between  the  rectangle  FE,  ED  and 
FE,  FD ;  but  the  rectangle  CE,  EG 
is  equivalent  to  the  rectangle  FE, 
ED,  and  consequently  the  rectangle 
CE,  CG,  or  the  rectangle  AC,  CB,  is  equivalent  to  the 
difference  between  the  square  of  CF  and  the  rectangle 
FE,FD. 

Cor.  In  the  first  case,  if  the. square  of  FH  be  equivalent 
to  the  rectangle  FD,  FE,  the  square  of  CH  will  be  likewise 
equivalent  to  the  rectangle  .CG,  CE ;  for  the  rectangle 
AC,  CB,  being  equivident  to  the  rectangle  FD,  FE,  or  the 
square  of  FH,  together  with  the  square  of  CF,  must  (IL 
14.)  be  equivalent  to  the  square  of  CH. 
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BOOK  IV. 
PEFINITION& 


1.  A  rectilineal  figure  is  said  to  be  inscri-r 
bed  in  a  circle^  when  all  its  angular  points 
lie  in  the  circumference^ 


2.  A  rectilineal  figure  circunucribei  a 
circle^  when  each  of  it9  sides  is  a  tan- 
gent. 


3.  A  circle  is  inscribed  in  a  rectilineal 
figure^  when  it  touches  all  the  sides. 


u 
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4.  A  circle  is  dneribtd  about  a  rectilineal 
figure  or  drcwmcriba  it^  when  the  circum* 
ference  passes  through  all  the  angular 
points  of  the  figure. 

5.  Polygons  are  equikUeral,  when  their  sides,  in  the  same 
order,  are  respectively  equal :  They  are  equiangular,  if  an 
equality  obtains  between  their  corresponding  angles. 

6.  Polygons  are  said  to  be  regular,  when  all  their  aides 
and  angles  are  equal. 


^^> 


PROP.  I.    PROB. 

Given  an  isosceles  triangle,  to  construct  ano- 
ther on  the  same  base,  but  wit^  h^lf  the  yerfjcal 
angle. 

Let  ABC  be  an  isosceles  triangle  standing  on  AC;  it  is 
reqaired,  on  the  same  base,  to  constmct  another  isoaceleg 
triangle,  that  shall  have  its  vertical  angle  half  of  the  angle 
ABC. 

Bisect  AC  in  D  (I.  7.).  join  DB, 
which  produce  till  BE  be  equal  to  BA 
or  BC,  and  join  AE,  C£ ;  A£C  is  the 
isosceles  triangle  that  was  required. 

For  the  straight  line  BE  being 
equal  to  BA  and  BC,  the  point  B  is 
the  centre  of  a  circle  which  pasiep 
through  A,  £,  and  C;  and  consequently  the  angle  ABC 
is  double  of  AECat  the  circumference  (III.  19.)>  or  the 
vertical  angle  AEC  is  half  of  ABC.  But  the  triangles 
A£D  and  CED,  having  the  side  DA  equal  to  DC,  the 
side  DE  common  to  both,  and  the  right  angle  ADE  equal 
to  CDE  (lit.  S.)  are  equal,  and  consequently  AE  is  equal 
to  CE.    Wherefore  the  triangle  AEC  is  likewise  isosceles. 


PROP.  ir.    PROB. 

Given  _an  acute-angled  isosceles  trtangl.e  to  C' 
struct  another  on  the  same  base,  which  ahall  hi 
double  the  vertical  angle. 
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Let  ABC  be  an  acnte-angled  isos- 
celes triangle:  it  is  required  on  the 
base  AC  to  construct  another  isosceles 
triangle  having  its  vertical  angle  double 
of  the  angle  ABC. 

Describe  a  circle  through  the  three 
points  A,  B^  and  C  (IIL  1 1,  cor.)^  and  * 
draw  AD^  CD  to  the  centre  D  ;  the  triangle  ADC  is  the 
isosceles  triangle  required.    For  the  angle  ADC^  being 
at  the  centre  of  the  circle^  is  doable  of  ABC,  the  apgle  aft 
the  circumference  (III.  19.) 


PROP.  III.    THEOR. 

If  an  isosceles  triangle  have  each  angle  at  the 
base  double  of  the  vertical  angle,  its  base  will  be 
equal  to  the  greater  segment  of  one  of  its  sides  di* 
videj  by  a  medial  section. 

Let  ABC  be  an  isosceles  triangle  which  has  each  of  the 
angles  B AC,  BCA  double  of  the  vertical  angle  ABC ;  the 
base  AC  is  equal  to  the  greater  segment  of  the  side  BA 
formed  by  a  medial  section. 

For  draw  CD  to  bisect  the  angle  BCA  (1. 5.),  and  about 
the  triangle  BDC  describe  a  circle  (III.  H.  cor.) 

Because  the  angle  BCA  is  double 
of  ABC  and  has  been  bisected  by 
CD,  the  angles  ACD,  BCD  are  each 
of  them  equal  to  CBD,  and  conse- 
quently the  side  BD  is  equal  to  CD 
(I.  g.)  But  the  triangles  BAC  and 
DAC,  having  the  angle  ACD  equal 
to  ABC,  and  the  angle  at  A  common 
H^p  both,  must  have  also  (1. 34.  cor.  1 )  ih§  remaining  angle 
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CDA  equal  to  BCA  or  CAD ;  whence  th^  triangle  DAC 
is  likewise  isosceles^  and  the  side  AC  equal  to  CD;  and 
CD  being  equal  to  BD^  therefore  AC  is  equal  to  BD, 
And  since  the  angle  ACD  is  equal  to  CBD  in  the  alter- 
nate segment,  of  the  circle,  the  straight  line  AC  torches 
the  circumference  at  C  (III.  28.  cor.);  wherefore  the 
rectangle  contained  by  AB  and  AD  is  equivalent  to  the 
square  of  AC  (III.  S6.  cor.)  or  the  square  of  BD.  Conse- 
quently  the  base  AC  of  this  isosceles  triangle  is  equal  16- 
the  greater  segment  BD  of  a  side  AB  cut  by  a  medial  sec* 
tion. 

Cor.  Hence  the  interior  triangle  ACD  is  likewise  isos- 
celes and  of  the  same  nature  with  ABC,  having  the 
greater  segment  of  AB  for  its  side  and  the  smaller  seg-r 
meat  fpr  its  base* 


PROP.  IV.    PROB. 

Given  either  one  of  the  sides  or  the  base,  to  cgn-^ 
struct  an  isosceles  triangle,  so  that  each  of  the  angles 
at  the  base  may  be  double  of  its  vertical  angle. 


First,  let  one  of  the  sides  AB  be  given,  to  construct  such 
an  isosceles  triangle.  , 

Divide  AB  by  a  medial  section  at  C  (IL  26.),  and  on 
CB,  as  a  base  with  the  distance  AB  for  each  of  the  sides, 
describe  an  isosceles  triangle  (I.  ].) 

Neyt,  let  the  base  AB  be  given,     AC        B 

to^onstruct  an  isosceles  triangle  of  •  J^ 

this  nature^ 

Produce  AB  to  C,  such  that  the  rectangle  AC,  CB  be 
equal  to  the  square  of  AB  (II.  26.  cor.  2.),  and  on  the 
base  AB,  with  the  distance  AC  for  each  of  the  sides,  de- 
^cx]|be  asi  isosceles  triangle. 

These  isosceles  triangles  will  fulfil  the  conditions  requi* 
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fed-  For  it  is  evident,  froos  the  Ittt  Propositimi,  tlia^ 
iKWceles  tri«iigle»  conslitoted  on  CB  and  ABj  with  each 
gf  the  HDgleB  al  the  base  double  the  vertical  angk,  would 
have  AB  and  AC  for  their  sides,  «nd  conseqacntly  nrast 
coincide  with  the  triangles  now  described  (L  £.) 

Car.  Henee  an  isosceles  triangle  of  this  kind  has  ita  Ter« 
ileal  angle  equal  to  the  fifth  pari  of  two  right  angles;  for 
each  of  the  angles  at  the  base  being  doable  of  the  vertical 
angle,  tbej  are  both  equal  to  four  times  it,  and  eonae- 
quently  this  vertical  angle  is  the  fifth  part  of  all  the  angles 
of  the  triangle,  or  of  two  right  angles. 


PROP.  V.    PROS. 

On  a  given  finite  straight  line,  to  describe  a  re- 
gular pentagon. 


Let  AB  be  the  straight  line  on  which  it  is  required  to 
describe  a  regular  pentagon. 

On  AB  erect  the  isosceles  triangle  ACB  having  each  of 
the  angles  at  the  base  double  of  its  vertical  angle  (IV»  4.)/ 
en  AB  again  construct  another  isosceles  triangle  whose 
Tcrtical  angle  AOB  is  double  of 
ACB  (IV.   £,),  and  about  the 
vertex  O  place  the  isosceles  tri- 
angles AOD,  DOC,  COE,  and 
EOB    (L  1.);    these   triangles, 
with  AOB,  will  coi^pose  a  regu- 
lar pentagon. 

For  ^he  angle  40Bj  being  the 
double  of  ACB,  which  is  the 
filtb  part  of  two  right  angles  (IV. 
4*  cor.),  must  be  equal  to  th^  fifth  part  of  fowr  right 
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angles ;  and  consequently  fiy^  anglet ^  etch  of  them  equal 
to  AOB^  will  adapt  themselves  about  the  ppint  O.  But 
the  bases  of  those  central  triangles^  and  which  form  the 
9ides  of  the  pentagon^  are  all  equal;  aud  the  angles  at 
their  bases  being  likewise  equals  they  are  equal  in  the  col-» 
lective  pairs  which  constitute  the  internal  angles  of  the 
figure :  It  is  therefore  a  regular  pentagon. 

Or  thus. 

Haying  erected  the  isosceles  triangle  ACB,  from  the 
centre  A  with  the  distance  AC  describe  ah  arc  of  a  circle, 
and  from  the  centre  B  with  the  same  distahce  describe 
another  arG,  and  from  C  inflect  the  straight  lines  C£^  CD 
equal  to  AB :  The  points  D,  £  mark  out  the  pentagon. 
For  it  is  apparent^  iixAt,  the  three  straight  lines  AO^  BO, 
and  CO  being  equal,  (IV.  2.)  and  the  triangles  ACB, 
CA£,  autd  CBD  being  likewise  equal,  the  pqint  O  must 
have  the  same  relation  to  all  of  them,  and  consequently 
the  central  triangles  COD,  and  C0£  are  equal  to  AOB. 


PROP.  VI.    PROB. 

On  a  given  finite  straight  line,  to  describe  a  re<- 
gular  hexagon. 

Let  AB  be  the  given  straight  line,  on  which  it  is  requi* 
red  to  describe  a  regular  hexagon* 

On  AB  construct  the  equilateral  triangle  AOB  (I.  1.), 
and  repeat  equal  triangles  about  the  vertex  O ;  these  tri- 
angles will  together  compose  the  hexagon  required. 

Because  AOB  is  an  equilateral  triangle^  each  of  its 
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angles  is  equal  to  the  third  part 

of  two  right  angles  (L  34.  cor. 

1.);  wherefore  the  vertical  angle 

AOB  is  the  sixth  part  of  four 

right  anglesj   or  six  of  such 

angles  may  be  placed  about  the 

point  O.    But  the  bases  of  the 

triangles  AOB,  AOC,    COD, 

DOE,  EOF,  and  BOF  are  all 

equal;  and  so  are  the  angles  at  the  bases,  and  whicb^ 

taken  by  pairs,  form  the  internal  angles  of  the  figure 

BACDSF.    This  figure  is,  ther^fore^  a  regular  hexagpiv 


PROP.  VII.    PROB. 

On  a  given  finite  straight  line,  to  describe  a  re- 
gular octagon, 


Let  AB  be  the  given  straight  line,  on  which  it  is  requi* 
red  to  describe  a  regular  octagon. 

Bisect  AB  by  the  perpendicular  CD  (I.  5.),  which  make 
equal  to  CA  or  CB,  join  DA  and  DB,  produce  CD  un^ 
til  DO  be  equal  to  DA  or  DB, 
draw  AO  and  BO,  thus  form- 
ing an  angle  equal  to  the  half  of 
ADB  (IV.  1),  and  about  the  ver- 
tex O  repeat  the  equal  triangles 
AOB,  AOE,  EOF,  FOG,  GOH, 
HOI,  lOK,  and  KOB  to  com- 
pose the  octagon. 

For  the  distances  AD,  BD  are  A~C 

evidently  equal ;    and   because 
CA^  CD,  aiid  CB  are  all  equal,  the  angle  ADB  is.  con* 
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tained  in  a  semicircle^  and  is,  therefore^  a  right  angle 
(III.  19.)  Consequently  AOB  is  equal  to  the  half  of  a 
right  angle,  an4  ei^t  such  angles  will  adapt  themselves 
about  the  poijit  O.  Whence  the  figure  BAEFGHIK^  ha* 
vipg  eight  eqtel  sides  and  equal  angles,  is  a  regular  octi^ 
gon. 


l^ROP.  VIIl.    PROB. 

On  ti  given  finite  straight  line,  to  describe  a  re^ 
gular  decagon. 


Let  AB  be  the  straight  lioe^  oh  whieh  it  is  required  to 
describe  a  regular  decagon. 

On  AB  construct  an  isosceles  triangle  having  each  of 
tihe  angles  at  its  base  double  of  the  vertical  angte  (IV.  4.)> 
iand  about  the  point  O  plade  a 
series  of  triangles  all  equal  to 
AOB :  A  regular  decagon  will 
resixW  fVom  this  composition. 

For  the  vertical  angle  AOB 
of  the  isosceles  triangle  is 
equal  to  the  fifth  part  of  two 
right  angles  (IV.  4.  tifor.),  or  to 
the  tenth  part  c^  four  right 
angles;  whence  ten  such  an^- 

gles  may  be  formed  about  the  point  O.  The  figure 
BACD£^6HIK^  having  therefore  ten  equal  sides  and 
^jital  aogles^  is  a  regular  decagon* 
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PROP.  IX.    PROB. 

On  a  givta  finite  stnught  line,  to  dtscrilM!  a  te- 
gular  dodecagon. 

Let  AB  be  the  itraight  tine  on  whiqb  it  is  required  to 
describe  a  regular  twelve»sided  figure. 

On  AB  coQstnict  the  equilateral  triangle  ACB  (I.  l.)> 
and  again  the  isosceles  triangle  AOB^  having  its  vertical 
angle  equal  to  the  half  of  ACB 
(IV.  1.)^  and  repeat  this  triangle 
AOB  about  the  point  O  ^  a  re- 
gular dodecagon  will  be  thus 
formed. 

For  ACB  being  an  equilatefal 
triangle,  each  of  its  angles  is  the 
third  part  of  two  right  angles  (L 
34.  cor.  I.);  consequently  the 
angle  AOB  is  the  sixth  part  of 
two  right  angles  or  the  twellkh  pait  of  fobr  riglkt  angles^ 
and  twelve  such  angles  can^  therefore^'be  placed  aboat  the 
vertex  O. 

Cor,  Hence  a  regular  tweoty-isided  figuiB  naty  be  de- 
scribed on  a  given  straight  line,  by  first  coostrilctikig  Ofti 
it  an  isosceles  having  each  of  the  angles  at  the  base 
double  of  the  vertical  angle,  and  then  erecting,  another 
isosceles  with  its  vertical  angle  equal  to  die  hiAF  6f  litis. 
And,  by  thus  changing  the  elementary  triai^gle^  a  mgalar 
polygon  may  be  always  described,  with  twice  the  number 
of  sides. 
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PROP.  X.    PROB. 

f 

In  a  given  triangle,  to  inscribe  a  circte. 

Let  ABC  be  a  triangle,  in  whicb  it  is  required  to  iii- 
scribe  a  circle. 

Draw  AD  and  CD  to  bisect  the  angles  CAB  and  ACB 
(I.  5.)^  and  from  their  point  of  concourse  D,  with  its  dis- 
tance DE  from  the  base,  describe  the  circle  EFG :  This 
fcirble  will  touch  the  triangle  internally. 

For  let  fall  the  perpendiculars  DG  and  DF  upon  the 
sides  AB  and  BC  (I.  6.)  The  tri- 
angles  ADE,  ADG,  having  the 
•angle  DAE  equal  to  DAG,  the 
right  angle  DEA  equal  to  DGA, 
and  the  interjacent  side  AD  com- 
mon, are  equal  (I.  23.),  and  there- 
fore the  side  DE  is  equal  to  DG. 
In  the  same  manner,  it  is  proved 

from  the  equality  of  the  triangles  CDfi,  CDF,  thiat  DE  is 
equal  to  DF;  consequently  DG  is  equal  to  DF,  and  the 
ekcle  p&s^es  tiirbugh  the  three  poihts  E,  G,  imd  F»  But 
it  also  touches  the  sides  of  the  triangle  in  those  points, 
for  the  angles  DEA,  DGA,  and  DFC  are  all  of  them 
right  angles  (III.  27*  cor.) 


PROP.  XL    PROB. 


In  a  given  circle,  to  inscrij^e  a  triangle  equiangu- 
lar to  a  given  triangle. 

Let  GDH  be  a  circle  in  which  it  is  required  to  inscribe 
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a  triangle  that  shall  have  its  angles  equal  to  those  of  the 
triangle  ABC. 

Assaminff  any  point  D  in  the  cijrcomference  of  the 
Arcle,  draw  the  tangent  EDF 
(L  38.  and  III.  27.)»  ^^^  uiBke 
the  angles  EDG^  FDH  equal 
to  BCA,BAC  (1. 4.),  and  join 
GH :  The  triangle  GDH  is 
equiangular  to  ABC. 

For  £F  being  a  tangent 
and  DG  drawn  from  the  point 
of  Cjdntact^  the  angle  EDG,  which  was  made  equal  ta 
BCA^  is  equal  to  the  angle  DHG  in  the  alternate  segment 
(III.  28.) ;  consequently  DHG  is  equal  to  BCA.  And  for 
the  same  reason^  the  angle  DGH  is  equal  to  BAC;  where- 
fore tlie  remaining  angle  GDH  of  the  triangle  GHD  is 
equal  to  the  remaining  angle  ABC  of  the  triangle  ACB 
(I.  34.  cor.)^  and  these  triangles  are  equiangular. 


PROP.  XII.    PROB. 

About  a  given  circle^  to  describe  a  triangle  equi* 
angular  to  a  given  triangle* 

* 

Let  GIH  be  a  circle^  about  which  it  is  required  to  de- 
scribe a  triangle  having  its  angles  equal  io  those  of  the  tri- 
angle ABC. 

Draw  any  radius  FG,  and  with  it  make  the  angles  GFl, 
GFH  equal  to  the  adjacent  angles  feAE,  BCD  (I.  4.) 
of  the  triangle  ABC,  and  from  the  points  G^  I,  and  H 
draw  the  tangents  KM>  KL,  and  LM  to  form  the  triangle 
KLM  :  This  triangle  is  equiangular  to  ABC. 
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for  all  the  angles  of  the  quadtilateral  figure  KIFG  b&- 
ing  equal  to  four  right 
angles  (L  34.  corO»  and  Xi 

the  angles  KIF  and  KGF 
being  each  a  right  aiigle 
(III.  27.)>  the  remaining 
angles  6K I  and  GFt  are 
together  equal  to  two 
right  angles^  and  are  con- 
sequently equal  to  the  anglefs  BAG  and  BAE  on  the  same 
side  of  the  straight  line  ED.  But  the  angle  GFI  wasr 
made  equal  to  BAE;  whentce  GKl  is  equal  to  CAB.  In 
like  manner^  it  is  proved  that  the  angle  GMH  is  equal  to 
ACB;  and  the  angles  at  K  and  M  being  thus  equal  to 
BAG  and  BCA^  the  remaining  angle  at  L  is  equal  to  that 
at  'B  {1. 34f.  cor.)j  and  the  two  triangles  are  therefore  equi- 
angular. 


PROP.  Xlil.    PROR 

In  and  about  a  given  circle,  to  inscribe  and  cir- 
cumscribe an  equilateral  triangle. 

Let  AEB  be  a  circle^  in  which  it  is  required  to  inscribe 
an  isosceles  triangle. 

Draw  the  diameter  AB^  describe  the  equilateral  triangle 
ADB  (L  l.)>  join  CD  meeting  the  circumference  in  £^ 
draw  EF,  EG  parallel  to  AD,  BD  (I.  26.),  and  join  FG : 
The  triangle  EFG  is  equilateral. 

For  the  triangles  ADC,  BDC  having  the  two  sides  DA, 
AC  equal  to  DB,  BC,  and  the  third  side  DC  common  to 
both,  are  equal  (I.  2.),  and  the  angle  DCA  is  equal  to 
DCB;  whence  the  arc  AE  is  equal  to  BE  (III.  15.);  and 
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the  triangle  ADB  being  likewise  equiangular  (L  8t  cor.  1.), 
the  angle  DBA  is  equal  to 
DAB,  and  the  arc  AEM  equal 
to  B£L  (III.  20.  cor.)  and  the 
remaining  arc  ME  equal  to  LE. 
Bnt  EF  and  £6  being  paral- 
lel to  LA  and  MB,  the  arcs 
AF  and  BG  are  equal  to  LE 
and  ME  (IIL  9A.),  and  conse- 
quently equal  to  each  other* 
Wherefore  the  whole  arcs  EAF 
and  EB6  are  equal,  and  the 
angles  EGF  and  EFG  which 

stand  on  these;  and  the  angle  FEG  being  equal  to  ADB 
(L  as.)  or  the  third  part  of  two  right  angles  (L  34.  cor.X 
each  of  the  equal  remaining  angles  EFG  and  EGF  muit 
also  be  the  third  part  of  two  right  angles ;  whence  the  in- 
scribed triangle  FEG  is  equilateral.  ^ 

Again,  let  it  be  required  to  describe  an  equilateral  tri« 
angle  about  the  circle  AEB. 

The  same  construction  remaining ;  at  the  points  F,  1^ 
and  G,  apply  the  tangents  HI,  HK,  and  KI,  to  form  the 
circumscribing  triangle  IHK:  This  triangle  is  equila- 
teral. 

For  because  IH  is  a  tangent  and  FG  is  inflected  from 
the  point  of  contact,  the  angle  IFG  is  equal  to  the  angle 
FEG  in  the  alternate  segment  (III.  dS.),  and  therefore  IH 
is  parallel  to  EG  (I.  25.  cor.)  In  like  manner  it  is  proved^ 
that  HK,  KI  are  parallel  to  GF,  FE,  and  consequently  the 
angles  of  the  triangle  IHK  are  equal  to  those  of  FBO  (I. 
33.),  and  therefore  equal  to  each  other. 

Cor.  Hence  the  circumscribing  equilateral  triangle  eoiiK 
tains  four  times  that  which  is  inscribed;  for  the  figures 
EFI6,  EHFG,  and  EFGK  are  evidently  equal  rhombuses, 
and  contain  equilateral  triangles  which  are  all  equal.  Henee 
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also  the  side  of  the  circmnscribing^  is  double  of  that  of  the 
inscribed^  equilateral  triangle. 


PROP4XIV.    THEOR, 

A  straight  line  drawn  from  the  vertex  of  aa 
equilateral  triangle  inscribed  in  a  circle  to  any  point 
in  the  opposite  circumference,  is  equal  to  the  two 
chords  inflected  from  the  same  point  to  the  extre- 
mities of  the  base. 

.  Let  ABC  be  an  equikteral  triangle  ingcribed  in  a 
circle,  and  BD,  AD,  and  Cl>  chords  drawn  from  it  to  a 
point  D  in  the  circumference ;  BD  is  equal  to  AD  ftnd  CD 
taken  together. 

Make  DE  equal  to  DA,  and  join  AR 
The  angle  ADB,  being  equal  to  ACB  in 
the  same  segment  (III.  20.),  i«  equal  to 
the  third  part  of  two  right  angles  (1. 34. 
cor.)  Bui  the  triangle  ADE  being  isos- 
celes  by  construction,  the  angles  DAE, 
DEA  at  its  base  are  equal  (I.  8.),  and 
each  of  them  k,  therefore,  equal  to  half  of  the  remaining 
two  thirds  of  two  right  Ungles,  or  to  the  third  part.  Con- 
sequently  ADE  is  an  equilateral  triangle  (I.  9.  cor.),  and 
^tbe  augie  DAE  equal  to  CAB;  take  CAE  from  both,  and 
there  remainir  the  angle  DAC  equal  to  EAB;  bqt  the 
angle  ABD  is  equal  to  ACD  in  the  same  segment.  And 
thus  the  triangles  ADC  and  AEB  have  the  angles  DAC, 
DCA  equal  to  EAB,  EBA,  and  the  inteijacent  side  AC 
«quari  to  AB;  thfejare  couseqoentfy  equHl  (I.  20.),  and  the 
side  DC  is  equal  to  EB.  But  DE  was  made  equal  ^o  DA ; 
wherefore  DA  and  DC  are  together  equal  to  DE  and  EB 
Of  to  DB. 


IM 


8LEMENT8  OF  crSOMETBr. 


PROP.   XV.     PROB. 

About  and  in  a  given  square,  to  circumscribe  and 
inscribe  a  circle. 


Let  ABCD  be  a  figure  about  which  it  is  required  to  cir- 
camscribe  a  circle. 

Draw  the  diagonals  AC^  DB  intersecting  each  other  in 
O^  and  from  that  point  with  the  distance  AO  describe 
the  circle  ABCD  :  Tbig  circle  will  circumscribe  the 
square. 

Because  the  diagonals  of  the  square  ABCD  are  eqtial 
and  bisect  each  other  (1. 3 1.  and 
itscor.)>  the  straight  lines  OA^ 
OB^  OC^  and  OD  are  all  equals 
and  consequently  the  circle  de- 
scribed through  A  passes  through 
the  other  points  Bj  C^  and  D. 

Again^  bet  it  be  required  to  in- 
scribe a  circle  in  the  square 
ABCD. 

From  O  the  intersection  of  the 
diagonals  and  with  its  distance  from  the  side  AD  describe 
the  circle  EGHF :  This  circle  will  touch  the  square  in- 
ternally. 

For  let  fall  the  perpendiculars  OG,  OH,  and  OF  (I.  6.) 
And  because  the  straight  lines  AB,  BC,  CD,  and  DE  are 
equal,  they  are  equally  distant  from  the  centre  O  of  the 
exterior  circle  (III.  12.);  wherefore  the  perpendiculars 
OE,  OG,  OH,  and  OF  are  all  equal,  and  the  interior 
circle  passes  through  the  points  G,  H,  and  F ;  but  it  like- 
wise touches  the  sides  of  the  square,  since  they  are  pel" 
pendicular  to  the  radii  drawn  from  O  (UL  27.) 

Cor.  Hence  an  octagon  may  be  inscribed  within  » 
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equare.  For  let  tangents  be  applied  at  the  points  I^  K^  L, 
and  M^  where  the  diagonals  cut  the  interior  circle.  It  is 
eyident^  that  the  triangle  A0£  is  equal  to  D0£>  lOP  to 
£OP^  and  EOZ  to  NOZ ;  whence  the  angles  PO£  and 
ZO£  are  equals  being  the  halves  of  £OA  and  EOD^  and 
consequently  the  triangles  P£0  and  Z£0  are  equal. 
Wherefore  PZ,  the  double  of  P£,  is  equal  to  PQ,  the 
double  of  PI ;  and  the  angle  £ZM  is^  for  a  like  reason^ 
equal  to  £PI.  And^  in  this  manner^  all  the  sides  and  aU 
the  angles  about  the  eight-sided  figure  PQRSTV YZ  are 
proved  to  he  equsd» 


PROP.  XVI.    PROB. 

In  and  about  a  given  circle,  to  inscribe  and  cir- 
cumscribe a  square. 

Let  £  AD6  be  a  circle  in  which  it  is  required  to  inscribe 
a  square. 

Draw  the  diameter  AB,  the  perpendicular  BD  (1.5. 
cor.),  and  join  AD,  DB,  B£,  and  EA :  The  inscribed  fi- 
gure AD  BE  is  a  square. 

The  angles  about  the  ceivtre.  C,  being  right  angles,  are 
equal  to  each  other,  and  are,  therefore,  subtended  by  equal 
chords  AD,  DB,  BE,  and  AE  (UL 
15.) ;  but  one  of  the  angles  ADB,  be- 
ing in  a  semicircle,  is  a  right  angle 
(III.  25.),  and  consequently  ADBE  is 
a  square. 

Next,  let  it  be  required  to  circum'^' 
scribe  a  square  about  the  circle. 

Apply  tangents  FG,  GH,  HI,  and 
FI  at  the  extremities  of  the  perpendicular  diameters: 
These  will  form  a  square. 

For  all  the  angles  of  the  quadrilateral  figure  CG  being 
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together  eqoal  to  four  right  angles  (I.  34.  cor«)i  and  thcM 
at  C,  A,  and  D  being  each  a  right  angle,  the  remaininip 
angle  at  G  b  also  a  right  angle,  CO  is  a  rectangle }  and 
AC  being  equal  to  CD,  it  is  likewise  a  square  (L  S7.  cor.) 
In  the  same  manner, "CH,  CI,  and  CF  are  proved  to  be 
squares;  the  sides  F6,6H,  HI,  and  IF  of  the  exterior 
figure,  being  therefore  the  doublet  of  equal  lines,  are  mu- 
tually equal,  and  the  angle  at  6  being  a  right  angle,  FH 
is  consequently  a  square. 

Cor.  Hence  the  circumscribing  square  is  double  of  the 
inscribed  square,  and  this  again  is  double  of  the  square  de» 
scribed  on  the  radius  of  the  circle. 


PROP.  XVII.    PROB. 

t 

To  inscribe  and  circumscribe  a  circle  in  and  about 

* 

a  given  regular  pentagon. 

Let  ABCDE  be  a  regular  pentagon,  in  which  it  is  requi- 
red to  inscribe  a  circle. 

Draw  AO  and  £0  to  bisect  the  angles  at  A  and  £  (L 
5.),  join  C  with  the  point  of  concourse  O  and  produce  it 
to  meet  AE  in  F,  and  from  O  as  a  centre,  with  the  dis« 
tance  OF,  describe  a  circle  F6HIK:  This  circle  will  touch 
the  pentagon  internally. 

For,  from  the  opposite  points  of  the  figure,  draw  straight 
lines  through  the  centre,  to  meet  the  opposite  sides.  The 
triangles  BOA,  EOA,  having  the  side  AB  equal  to  AE,  AO 
common,  and  the  angle  BAO  by  construction  equal  to 
EAO,  are  equal  (1. 3.)  In  like  manner,  are  EOD  and  EOA 
shown  to  be  equal ;  and  coiisequently,  by  pursuing  the  com* 
parison,  the  triangles  BOC,  COD  are  also  proted  equal  te 
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Aese.  The  veitical  angles  About  O  w,  therefore^  equal 
€ach  of  them  to  two  fifth 
parts  of  two  right  angles; 
and  hence  each  of  the  angles 
AOF,  EOF,  being  the  ex- 
cess of  two  right  angles 
above  the  double  angles 
COA,  COE,  is  equal  to  the 
fifth  part  of  two  right  angles. 
Wherefore  the  triangles 
AFO,  EFO,  having  the 
angles  OAF,  AOF  equal  to 
OEF,  EOF,  and  the  interja- 

cent  side  AO  equal  to  £0,  are  equal  (I.  0,3,)  In  the  same 
manner,  the  other  bisected  triangles  about  the,  centre  O 
are  all  proved  to  be  equal ;  consequently  the  perpendicu- 
lars OF,  06,  OH,  OI,  and  OK  are  equal,  and  the  circle 
touches  the  pentagon  in  the  points  F,  G,  H,  I,  and  K. 

Next,  let  it  be  required  to  describe  a  circle  about  the 
pentagon. 

From  the  same  centre  O,  with  the  distance  OA,  de- 
scribe a  circle ;  it  will  pass  through  the  points  B,  C,  D,  E« 
For  the  triangles  about  O  being  all  equal,  the  straight 
lines  OA,  OB^  OC,  OD,  and  0£  must  be  likewise  equaL 


PROP.  XVIII.    PROB. 

In  and  about  a  given  cird^  to  inscribe  and  cir* 
cumscribe  a  regular  pentagon. 


Let  ABCDE  be  a  circle  in  which  it  is  required  to  in- 
scribe a  regular  pentagon. ' 

Construct  an  isosceles  triangle  having  each  of  its  angles 
at  the  base  double  of  its  vertical  angle  (IV.  4.)>  ^^  ^V^^' 
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^iignlar  to  this,  inscribe  the  triangle  ACE  within  the  arc)« 
(IV.  11.),  draw  AD,  £B  bisecting  the  lutgles  CAE,  CEA 
(1. 5.),  and  join  AB,  BC,CD,  apd  DE:  The  figure  ABCDi; 
is  a  regular  peutagoa. 

For  the  angles  AEB,  BEC  are  each  the  half  of  CEA^ 
and  therefore  equal  to  ACE;  bnt  the  angles  EAD,  DAG 
are  likewise  equal  to  ACE>  Hence  these  angles,  being  all 
equal,  must  stand  on  equal  arcs  (111.20.  cor.)i  and  the 
chords  of  these  arcs,  or  the  sides  AB,  BC,  CD,  DE>  au4 
AE  are  equal  (III.  15.  cor.) 
And  because  the  segments 
EAB,  ABC,  BCD,  CDE,  and 
DEA  are  evidently  equal,  the 
interior  angles  of  the  figure 
are  all  equal  (IK.  £0.)^  and  it 
is,  therefore,  a  regular  penta* 
sop- 
Next,  let  it  be  required  to 
circumscribe  a  regular  penta- 
gon about  the  circle.  ' 

At  the  points.A,  B,  C,  D,  and  P.appljr  taogents;  these 
will  form  a  regular  pentagon. 

For  FAK  being  a  tangent,  the  angle  KAE  i^  equal  tq 
ACE  (III.  28.);  and  in  like  manner  it  is  shown  th^t  the 
angles  AEK,  DEI,  EDI,  CDH,  DCH,  BCG,  CBG,  ABF, 
BAF  are  all  equal  to  ACE.  The  isosceles  triangles  AKE, 
BFA,  having,  therefore,  the  angles  at  the  base  eqnal  and 
the  bases  themselves  AE,  AB,— are  equ^l  (I.  23.);  for  the 
same  reason,  the  triangles  BGC,  CHD,  DIE,  EKA,  are 
equal.  Whence  the  internal  angles  of  the  figure  are.eqtial, 
and  its  sides  being  double  of  those  of  accrescent  triuigles 
are  likewise  equal :  The  figure  is^  therefore,  a  regular  pen-r 
togon. 
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PROP.  XIX.    PROB. 

In  and  about  a  regular  hexagon,  to  inscribe  and 
circumscribe  a  circle. 


Let  ABCDEF  be  a  regular  hexagon^  in  which  it  is  re- 
(Quired  to  inscribe  a  circle. 

Draw  AO  and  FO^  bisecting  the  angles  BAF  and  AFE 
(I.  5.) ;  and  from  the  point  of  intersection  O^  with  its  dis- 
t»iee  from  the  side  AF^  describe  a  circle :  This  circle  will 
touch  the  hexagon  internally.  - 

For  let  fall  perpendiculars  frora'O  upon  the  sides  of  the 
£gure.  It  may  be  demonstrated^  as  in  Prop.  XVII.  that 
the  triangles  AOB,  BOC,  COD,  DOE,  aiid  JEOF  are  all 
equal  to  AOF;  and,  in  like  manner,  it  will  appear  that 
the  intermediate  bisected 
triangles  are  equal.  Hence 
Itbe  perpendiculars  OG,  0H> 
OI,  OK,  OL,  and  OM,  are 
all  equal,  and  a  circle  must 
touch  these  at  the  points 
G,  H,  I,  K,  L,  and  M. 

Ag^in,  let  it  .be; required 
to  describe  a  circle  ^bout 
the  hexagon. 
'  From  the  saine  point  O, 
as  8  centre,  with  the.  distance  OA,  describe  a  circle,  which 
must  pass  through  the  points  B,  C,  D,  E,  and  F;  for  the' 
straight  lines  OA,  OB,  OC,  OD,  OE,  and  OF  were  pro- 
ved  to  be  equal. 

Cor.  Hence,  in  any  regular  polygon,  the  centre  of  the 
inscribing  and  circumscribing  circle  is  the  same,  and  may- 
be determined  in  general,. by  drawing  lines  tobiJBect  the: 
^^cent  angles  of  the:  figure,  ^ 
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PROP.  XX.    PROB. 
To  inscribe  a  regular  hexagon  in  a  given  circle.  . 


Jjdt  it  be  required^  in  tbe  circle  FBD^  to  inscribe  a  hex- 
agon. 

Draw  the  radios  OA,  on  which  coostruct  the  equilate- 
ral triwgle  ABO  (I.  I.),  and  repeat  tbe  equ^  trianglet 
about  tbe  vertes^  O :  These  triangles  will  compose  a  hexa- 
gon. » 

For  the  triangle  ABO,  hcing  equilateral,  each  of  its 
angles,  AOB,  is  the  third  part  of  two  right  angles ;  and 
consequently  six  of  such  angles 
may  he  placed  about  the  centre 
O.  But  the  bases  of  the  tri* 
angles  AOB,  BOC,  COD,  DOE# 
and  EOF  form  the  sides  of  the 
figure,  and  the  angles  at  those 
bases  its  internal  angles;  where^ 
fore  it  is  a  regular  hexagon. 

Cor.  1.  Tangents  applied  at 
the  points  A,  B,  C,  D,  E,  and  F^  would  evidently  fonn  a 
regular  circumscribing  hexagon. 

Cor.  2.  An  equilateral  triangle  may  be  inscribed  by 
joining  the  alternate  points;  and  by  applying  tangents  at 
those  points  an  equilateral  triangle  will  be  made  to  di^ 
cumscribe  the  cirde.  The  side  AB  of  an  inscribed  hexa- 
gon is  equal  to  the  radius ;  and  since  ABD  is  a  right** 
angled  triangle,  and  the  squares  of  AB  and  BD  are  equal  to 
the  square  of  AD  or  to  four  times  the  square  of  AO,  the 
isqnare  of  BD  the  side  of  an  inscribed  equilateral  triangle 
is  triple  the  square  of  the  radius*. 

Cor.  9.  The  perimeter  of  the  inscribed  hexagon  is  equal 
^o  six  times  the  radius  or  three  times  the  diameter  of  the 
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circle.  The  circumference  of  the  circle,  therefore,  from 
its  perpetual  curvature^  being  greater^  any  intermediate 
sjrstem  of  straight  lines  (I.  18.)  ia  more  than  triple  in 
length  to  the  diameter. 


PROP,  XXL    THEOR, 

The  square  of  the  side  of  a  regular  octagon  in- 
scribed iu  a  circle,  is  equivalent  to  the  rectangle 
contained  by  the  radius  and  the  difference  between 
the  diameter  and  the  side  of  the  inscribed  square. 

Let  ABCD  be  a  square  inscribed  in  a  circle^  and 
AEBFCGDH  an  octagon,  which  is  formed  evidently  by 
the  bisection  of  the  quadrants  AB,  BC,  CD,  and  DA : 
The  square  of  AE  is  equivalent  to  the  rectangle  under 
AO  and  the  difference  between  A6  and  AC. 

For  draw  the  diameter  EG. 
It  is  manifest,  that  the  triangles 
AIO  and  BIO  are  right-angled 
and  isosceles ;  and  because  AO 
is  equal  to.  EO,  and  AI  perpendi- 
cular to  it,— the  square  of  A£  fs 
equivalent  %o  twice  the  rectangle 
under  EO,  and  EICII.3L  cor.)  or 
the  rectangle  under  AO  and 
twice  EL  But  EI  is  the  differ- 
ence of  EO  and  10,  and  twiee 

£1  is,  therefore,  equal  to  the  difference  of  twice  £0  or 
AC  and  twice  10  or  AB*  Whence  the  square  of  A£,  the 
ude  of  the  octagon,  is  equivalent  to  the  rectangle  under 
radius  and  the  difference  of  the  diameter  and  AB  the  side 
<»f  the  inscribed  square. 
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PROP.  XXn.    PROS. 


To  inscribe  a  regular  decagon  in  a  given  circle. 


Let  ADH  be  a  circle,  in  which  it  is  required  to  inscribe 
a  regular  decagon. 

Draw  the  radius  OA,  and  with  OA  as  its  side  describe 
the  isosceles  triangle  AOB^  having  each  of  its  angles  at 
the  base  double  of  its  vertical  angle  (IV.  4.)j  repeat  the 
equal  triangles  about  the  centre  O :  These  triangles  will 
compose  a  decagon. 

For  the  vertical  angle  AOB 
of  the  component  isosceles  tri- 
angle^ is  the  fifth  part  of  two 
right  angles  (IV.  4*  CQr.)^  and 
consequently  ten  such  angles 
can  be  planted  about  the  point 
A.  But  the  sides  and  angles  of 
the  resulting  figure,  are  all  evi- 
dently equal ;  it  is,  therefore,  a 
regular  decagon. 

Cor,  Hence  a  regular  pentagon  will  be  formed,  by  join- 
ing the  alternate  points  A,  C,  E,  6,  I,  and  A.  It  is  also 
manifest,  that  a  decagon  and  a  pentagon  mky  be  circum- 
scribed about  the  circle,  by  applying  tangents  at  their  se* 
veral  angular  points. 


PROP.  XXIII.    THEOR. 


The  square  of  the  side  of  a  pentagon  inscribed  ii 


na  4Attlej  is  equivalent  to  the  squares  of  the  sides  of 
the  inscribed  hexagon  and  decagon. 

Let  A6CDEF  be  a  portion  of  a  decagon  inscribed  in  a 
circle,  of  which  AF  is  the  diameter;  the  square  of  AC,  the 
side  of  the  inscribed  pentagon,  is  equivalent  to  the  square 
of  AB  the  side  of  the  inscribed  decagon  and  the  square  of 
the  radius  AO,  which  is  equal  to  the  side  of  the  inscribed 
hexagon. 

For  join  AD,  AE,  and  draw  OB,  OC,  OD,  and  OE. 
The  angle  FAD  at  the  circumference,  being  half  of  the 
angle  FOD  at  the  centre  (III.  IQ.)*  is  equal  to  the  angle 
AOB ;  and  for  the  same  reason^  the  angle  FAB,  being 
half  of  FOB,  is  equal  to  FOD  or  COA.  The  triangles 
ABO  and  AGO,  having,  therefore,  the  angles  AOB^  OAB 
equal  to  OAG,  AOG,  and  the  side  AO  common  to  both, 
are  equal  (I.  23.)  and  isosceles,  and  consequently  the  base 
AB  is  equal  to  OG,  But  the  angles  FAD  and  EAD^ 
standing  on  equal  arcs,  are 
equal  (III.  ao.  cor.) ;  where- 
fore the  triangles  OAH  and 
GAH,  having  the  side  AG 
equal  to  AO,  the  side  AH 
common,  and  the  contained 
angle  OAH  equal  to  GAH, 
are  equal  (I.  3>),  and  hence 

OH  is  equal  to  GH,  and  the  angles  AHO  and  AHG  are 
equal  and  right  angles.  And  because  AO  is  equal  to  CO 
and  AH  perpendicular  to  it,  the  square  of  AC  is  equiva- 
valent  to  twice  the  rectangle  under  OC  and  CH  (II.  31. 
cor.)  or  the  rectangle  under  OC  and  twice  CH,  that  is, 
the  sum  of  OC  and  CG.  The  square  of  AC  is,  therefore, 
equivalent  to  the  square  of  OC  and  the  rectangle  under 
OC  and  CG  ;  but  OG  being  equal  to  AB,  the  radius  OC 
is  divided  by  a  medial  section  in  G^  and  consequently  the 
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rectangle  OC^  CO  it  equundent  la  the  square  of  OGk  or 
AB.  Whence  the  square  of  AC  is  equivalent  to  the  two 
squares  of  AO  and  AB. 

Cor.  I.  The  triple  chord  AD  of  the  decagon^  is  equal  to 
4fae  sides  AO  and  AB  of  the  inscribed  hexn^on  and  deca- 
gon. For  AO  being  equal  to  DO,  the  angle  OAI>  is  equal 
to  ODA  (L  8.) ;  but  OAD>  or  ¥AD,  is  equal  to  the  angle 
DOC  (IIL  ig.X  and  consequently  the  angle  DOO  in  equal 
to  ODO,  and  the  side  OG  equal  lo  DO  (I.  9.)  Wherc^ 
fore  AD^  being  equal  to  AG  and  GD^  is  equal  to  AO  with 
OG  or  AB. 

Cor^  £.  Hence  the  sides  of  the  inscribed  decagon  and 
penlagon  may  be  found  by  a  single  construction.  For  draw 
the    perpendicular   diameters 
AC  and  £P^  bisect  OC  in    D, 
jdn/DE,  make  D6  eqoal  to 
it,  and  join  6E.     It  is  evi- 
dent, that  AO  is  cut  medially 
|n  G    (II.   £6.)>   and    conse* 
quently  that  OG  is  equal  to  a 
side  of  the  inscribed  decagon. 
But  GOE  being  a  right-angled 
triangle,  the  square  of  GE  is 

equivalent  to  the  squares  of  OO  and  OE  (IL  14.),  Of  the 
squares  of  the  sides  of  the  decagon  and  hexagon ;  whence 
G£  is  equal  to  the  side  of  tl;ie  inscribed  pentagon*  it  also 
follows  that  CG  is  equal  to  CI  or  CP,  the  triple  chords  of 
the  inscribed  decagon. 


PROP.  XXIV.    PROB. 


In  a  given  circle,  to  inscribe  regular  polygons  of 
fifteen  and  of  thirty  sides. 
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Lei  AB  and  BC  be  the  sides  of  aa  iBScribed  decagon, 
and  AD  the  side  of  a  hexi^on  inscribed ;  the  arc  BD  will 
be  the  fifteenth  part  of  the  circomference  of  the  circle, 
and  DC  the  thirtieth  part. 

For,  if  the  circumference  were  divided  into  thirty  equal 
portions^  the  arc  AB  would  be  equal  to  three  of  these  and 
the  arc  AD  to  five;  consequently 
the  excess  BD  is  equal  to  two  of 
these  portions,  or  it  is  the  fif- 
teenth part  of  the  whole  circum- 
ference.  Again,  the  double  arc 
ABC  being  equal  to  six  portions 
and  A6D  to  five,  the  defect  DC 

is  equal  to  one  portion,  or  to  the  thirtieth  part  of  the  cir^ 
cumference. 

Scholium.  From  the  inscription  of  the  square,  the  pentap 
gon,  and  the  hexagon, — ^maybe  derived  that  of  a  variety  of 
other  regular  polygons :  For,  by  continually  bisecting  the 
intercepted  arcs  and  inserting  new  chords,  the  inscribed 
figure  will,  at  each  successive  operation,  have  the  number 
of  its  sides  doubled.  Hence  polygons  will  arise  of  6,  8, 
and  10  sides;  then,  of  12,  16,  and  20;  next,  of  24,  32,  and 
40;  s^ain,  of  48,  64,  and  80;  and  so  forth  repeatedly. 
The  excess  of  the  arc  of  the  hexagon  and  above  that  of 
the  decagon,  gives  the  arc  of  a  fifteen-sided  figure ;  and 
the  continued  bisection  of  this  arc  will  mark  out  polygons 
with  SO,  60,  or  120  equal  sides,  in  perpetual  succession. 
The  same  results  might  also  be  obtained  from  the  differ- 
ences of  the  preceding  arcs. 

Of  the  regular  polygons,  three  only  are  susceptible  of 
perfect  adaptation,  .and  capable  therefore  of  covering,  by 
their  repeated  addition,  a  plane  surface.  These  are  the 
equilateral  triangle,  the  square,  and  the  hexagon.  The 
angles  of  an  equilateral  triangle  are  each  two  thirds  of  a 
right  angle,  those  of  a  square  are  right  angles,  and  the 
angles  of  a  hexagon  are  each  equal  to  four  third  parts  of 
a  right  angle.    Hence  there  may  be  constituted  about  a 
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pointy  six  equilateral  triangles^  four  squares,  and  thtee 
hexagons.  But  no  other  regular  polygon  can  admit  of  sc 
like  disposition.  The  pentagon,  for  instance,  having  each 
of  its  angles  equal  to  six-fifths  of  a  right  angle,  woidd  not 
fill  up  the  whole  space  about  a  point,  on  being  repeated 
three  times ;  yet  it  would  do  more  than  cover  that  space^ 
if  added  four  times.  On  the  other  baud,  since  each  angle 
of  a  polygon  which  has  more  than  six  sides  must  exceed 
four  third  parts  of  a  right  angle,  three  such  polygons  canr 
not  stand  round  a  point.  Nor  can  the  space  about  a  point 
ever  be  bisected  by  the  application  of  any  regular  poly- 
gons, of  whatever  number  of  sides ;  for  their  angles  are 
necessarily  each  less  than  two  right  angles. 
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GEOMETRY. 
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BOOK  Y. 
OF  PROPORTION. 


Thb  pteceding  Books  treat  of  magnilude  as 
idncretCf  or  having  mere  extension;  andthe'simplti- 
properties  of  lines,  of  angles,  and  of  surfaces,  wer^ 
deduced,  by  a  continuous  process  of  reasoning, 
grounded  originally  on  superposition.  But  this 
mode  of  inyestigation,  however  satisfactory  to  the 
mind,  is,' from  its  nature,  very  limited  and  laborious; 
By  introducing  the  idea  of  Number  into  geometry, 
a  new  scene  is  opened,  and  a  far  wider  prospect 
rises  into  view«  Magqitude,  being  considered  as 
discrete^  or  composed  of  integrant  parts,  becomes 
assimilated  to  multitude;  and  undgr  that  aspect,  it 


I 
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presents  a  vast  system  of  relations,  which  may  be 
traced  out  with  the  utmost  facility. 

Numbers  were  first  employed,  to  denote  the  col- 
lection of  distinct,  though  kindred,  objects ;  but  the 
subdivision  of  extent,  wbeth#r  actually  effected  or 
only  conceived,  bestowing  a  sort  of  individuality^ 
they  came  afterwards  to  acquire  a  more  compre- 
hensive application.  In  comparing  together  two 
quantities  of  the  same  kind,  the  one  may  contain 
the  other,  or  be  contained  by  it ;  that  is,  the  one 
may  result  from  the  rcpwited  acUition  of  the  other, 
or  it  may  in  its  turn  produce  this  other  by  a  suc- 
cessive composition.  The  one  quantity  is,  there- 
fore,  equal,  either  to  so  many  times  the  other,  or  to 
a  certain  aliquot  part  of  it. 

Such  seems  to  be  the  simplest  of  numerical  rela- 
tions. It  is  very  confined,,  however^  m  ita  af  pUca- 
ttoq,  afnd  is  evidently,  in  tfaatainpi^  ioDsufficiMt 
altogether  for  the  parpose  of  geseral  eonpamon* 
But  this  object  is  attained,  by  adopting  ^ome  icth 
termediate  reference.  Though  a  qnsntitf  tiwtbef 
contain  aniother  exactly,  nor  be  cantained  by  it; 
there  may  yet  exist  a  third  and  aaiallm  <|ttaiitity, 
which  is^  at  once  capable  af  tMOMriog  Uiem  h^tb* 
ThiQ  measure  conreaponda  to  the  arithmetical  m^t; 
and  as  number  denotes  the  ccdkctios  of  nnits^  sq 
fuanfky  may  be  viewed  as  the  aggn^te  of  it^  efxa" 
fK>nent  measure^. 


:  JBut  Diatbemitical  quantities  are  not  all  suscep- 
tible of  such  perfect  meosuration.  Two  quantities 
may  be  conceived  t«  br  sa  cooatit^ited,  as  not  to 
admit  another  which  will  measure  them  complcte- 
ij,  or  be  contained  in  both  iritbout  leaving  are- 
piainder.  Yet  this  apparent  imperfection,  wiilch 
proceeds  entirely  from  the  infinite  variety  ascribed 
to  possible  magnitude,  creates  no  real  obstacle  to 
the  progress  of  accurate  science.  The  measHre  or 
primary  element,  being  assumed  still  smaller  and 
nnkUer,  its  cozreipandaig  renlaiikder' must  be  per- 
petually dimipisbed.  This  continued  exhanstion 
will  hence  approach  its  absolute  term,  nearer  than 
any  asagnabte  diiference.    '. 

Quantities  in  general  can,  therefore,  either  ex- 
actly or  to  any  required  degree  of  precision,  be  re- 
presented abstractly  by  numbers;  and  tfays  the 
science  of  Geometcy  is  at  last  brought  wider,  .the 
dominion  of  Arithmetic. 

It  is  obvious,  that  quantities  of  any  kind  must 
hav*  the  same  confesMciii,  lAua  taeh  Mntmns  its 
measute  the  same  nnmber  of  times.  But  quantities, 
viewed  in  purs,  may  be  considered  as  having  a  si- 
milar compoution,  if  the  corresponding  terms  of 
each  pair  contain  its  measure  equally.  Two  pairs 
of  quantities  of  a  similar  composition,  bein^ 
formed  by  the-  same  distinct  aggregati^oa  tt 
elsnestMy  {bits,  eoaatitute  Apiyportm* 
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DEFINITIONS. 

1«  Quantities  are  homogentons  which  can  be  added. toge- 
ther. 

2,  One  quantity  is  said  to  contain  another  when  tfare 
subtraction  of  tihis^ — continued  if  necessary^ — leaves  no 
temainder. 


3.  A  Quantity  which  is  contained  in  another^  is  said  to 
nuatwe  it.  .      . 

4.  The  quantity  which  is  measured  by  another^  is  called 
its  muUipk;  and  that  which  measures  the  otber^  its  5t/5-^ 
multiple. 

5.  Like  taultiples  ahd  dubmultipfles  are  those  which  con* 
tain  their  measures  equally,  or  whidi  equally  measure  their 
corresponding  compounds. 

6*t  Quantities  Biecommenmrable  which  h^ve  a  finite  com* 
mon-measure ;  they  Bie  incommensurablej  if  theyWill  admii 
of  liQ  such  measure. 

7.  That  relation  which  one  quantity  is  conceived  to  bear 
to  another  in  regard  to  their  composition^  is  named  a  ratio. 

4 

8.  When  both  terms  bf  comparison  are  equal,  it  is 
called  a  ratio  of  equality;  if  the  first  of  Aene  be  greater 
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than  the  second^  it  is  a  latio  of  nu^&rify;  and  if  the- first 
be. less  than  the  second^  it  is  a  ratio  of  minority* 

9*  The  identity  of  ratios  constitutes  a  proportion  or  ana* 

10.  Four  quantities  are  said  to  be  propartianal,  when  a 
submultiple  of  the  first  is  contained  in  the  second  as  often 
as  a  like  submaltiple  of  the  third  is  contained  in  the  fourth* 

11.  Of  proportional  quanlities^  the  firtft  of  each  pair  is 
named  the^miecedeni^iBndiihe  second  the  consequents 

]£•  The  antecedents  are  homob^ous  terms ;  and  so  are 
•the  ccmsequents. 

15.  One  antecedent  is  said  to  be  to  its  consequent^  as 
another  antecedent  to  its  consequent. 

14.  The  first  and  last  texms  of:  a  proportion  are  called 
the  extremes,  and  the  intermediate,  ones^  the  m^tmsB 

:  Id.  A  ratiois  direct,  if  it  follows  the  order  of  the  terms 
compared )  jit  is  in^rse  or  reciprocal,  when  it  holds  a  revep^ 
sed  order. 

Thus,  if  thie  ratio  of  A  to  B  b^  dmct,  that  of  B  to  A  is  the  in- 
fftrse  or  reciprocal  ratie^ 

16.  Quantities  form  a  cofUinned proportion,  when  the  in- 
jtervening  terms  stand  in  the  double  relation  of  consequents 
AQd  antecedents^ 
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I7>  WhflB  a  profMvtioB  cotMote  of  tbne  tenu,  tlis 
middle  one  b  wid  to  b«  a  mtan  pnportimmi  between  the 
two  eztremet. 

18.  The  ratio  wbich  one  quantity  has  to  another  OMff 
be  conaideied  as  coaqmrndtd  of  all  the  coanectiog  ratios 
uMMig  aaijr  iaterpoaed  qunlilics. 

Thus,  the  ratio  of  A  to  D  n  viewed  at  compoviiei  of  Aat  of  A. 
to  B,  that  of  B  to  C,  and  that  of  C  to  D. 

19-  OK  qnantitiea  ia  a  eflndoHd  pmportion,  the  fint  is 
said  to  ban  to  tlM  third  a  ratio  the  A^kimte  ai  what  it 
has'to  the  second ;  to  have  to  the  fourth,  a  tr^lieate  ratio  ^ 
to  the  fifUij  a  fuadnfiietU  ratio;  and  so  forth,  aocordiog 
to  the  nnmber  of  eqnal  ratios  inserted  between  the  43- 
treme  terms.    ' 

SO.  If  quantities  be  oontinially  preportioBal,  the  ratio  of 
the  first  to  the  second  ia  called  the  tubdigtUcate  of  the  ra- 
tio of  the  fint  to  llie  third,  the  wMnp&eafe  of  tiieratioof 
the  first  to  the  fourth,  &e. 

CI.  A  straight  Hae  is  said  to  be  cut  in  extreme  aod 
new  latio,  when  Ibe  oae  s^ment  is  a  mean  propoitiona)' 
between  the  other  segment  and  the  whole  line. . 


To  facilitate  the  langUige  of  demoastratioR  relative  to 
mimbers  or  dbstfact  qmbtittCB,  it  is  expedient  to  lodf^  A 
clear  md  caneise  mode  <3f  notation. 

1.  Tbe  sign  a  expreuea  equaUty,  7^  moforiti/,  and  xd 
mmtrUyt  ThusA=B  denotes  that  A  ii  equal  to  B,  A'T'  B 
ugnifies  that  A  ii  greater  than  fi,  aod  A«:i£  jmpom  thai 
A  is  leea.l^ui  B. 

2.  TtieaigtiB-^  and  —  nark  tlie  addition  and  sabtracr 
tion  of  the  quaatities  to  which  they  are  prefixed :  Thu^ 
A-^fB  denotes  that  B  is  to  be  joined  to  A^  and  A — B  Mg- 
nifiea  that  B  is  to  be  taken  away  from  A.  Sometimeg 
these  two  aymbols  are  cowlaned  together  i  Tbiu,  A=^B 
represents  either  the  aom  of  A  and  B  or  the  excess  of  A 
above  B. 

3.  To  ex{H%M  moltiplication,  the  quantities  are  placed 
close  together;  or  they  may  be  connected  by  the  point  (.)>  or 
the  cross  X  :  Thus,  AB,  or  A.B,  or  AxB.  denotes  the  pro- 
duct  of  A  by  B ;  and  ABC  indicates  the  result  of  the  con- 
tinued multiplication  of  A  by  B^  and  of  this  product  again 
byC. 

4.  When  the  same  number  is  repeatedly  multiplied,  t^e 
product  is  termed  its  power;  and  the  number  itself^  in  re- 
ference to  that  power,  is  called  tlie  root.  The  notation  is 
here  still  farther  abridged,  by  retaining  only  a  singly  letter 
with  a  small  iigare  over  it,  to  mark  how  often  it  is  nndor- 
stood  to  be  repeated  :  Tiiis  figure  serves  also 
tinguiah  the  order  of  the  power.    Thus  AA,  or  A* 

fies  that  A  is  multiplied  by  A,  and  that  tbe  produc 
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iflooml  pomer  of  A ;  and  AAA^  or  A'j  in  like  manner^  im<p 
ports  that  AA  is  agaiQ  mulUplid  by  A,  and  that  the  resalt 
is  the  third  power  of  A. 

5.  The  roots  are  denoted  by  prefijcing  a  contracted 

r  or  the  .symbol  ^.  Thus  V^A  or  ^A  marks  the  tecond 
root  of  A|  or  that  number  of  whiph  A  is  the  second  power; 

j^A  signifies  the  tUrd  root  of  A^  or  the  number  which  has^ 
A  for  its  third  power. 

0.  To  represent  the  multiplication  of  complex  quantities, 
they  are  included  by  a  parenthesis.  Thus^  A(B-)-C — ^D) 
denotes  that  the  amount  of  B+C — ^D,  considered  as  a 
■bgle  quantity,  is  multiplied  into  A. 

7*  Ratios  and  analogies  are  expressed,  by  insertmg 
points  in  pairs  between  the  terms.  Thus  A :  B  denotes 
the  ratio  of  A  to  B,  and  the  compound  symbols  A :  B : : 
C  i  J),  signify  that  the  ratio  of  A  to  B  is  the  same  as  that 
of  C  to  B^  or  that  A  is  to  B  as  C  to  P. 
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PROP.  I.    THEOR. 

The  product  of  a  number  into  the  sum  or. differ^ 
CHce  of  two  numbers,  is  equal  to  the  sum  or  differ- 
ence  of  its  products  into  those  numbers. 

Let  A^  B^  and  C  be  three  numbers ;  the  product  of  the 
sum  or  difference  of  B  and  C  by  the  number  A^  is  equal 
to  the  sum  or  difference  of  the  products  AB  and  AC, 

For  the  product  AB  is  the  same  as  each  unit  contained 
in  B  t^peated  A  times^  and  the  producl  AC  is  the  same  as 
the  units  in  C  likewise  repeated  A  times;  whence  the  sum 
of  the  products  AB  and  AC,  is  equal  to  the  units  contained 
in  both  B  and  C,  all  repeated  A  times,  or  it  is  equal  to  the 
sum  of  the  numbers  B  and  C  multiplied  bj  A. 

Again,  for  the  same  reason,  the  difference  between  the 
products  AB  and  AC  must  be  equal  to  the  difference  be- 
tween the  units,  cpqtained  in  B  an4  in  C,  repeated  A 
times ;  that  is,  it  must  be  equal  to  the  difference  between 
|hf  nun^bers  B  find  C  multiplied  by  A. 

Cor.  1.  Hence  a  number  which  measures  any  two  num- 
bers, will  measure  also  their  sum  and  their  difference. 

Cor.  2.  It  is  hence  manifest,  that  the  first  part  of  the 
proposition  may  be  extended  to  more  numbers  than  two; 
or  that  AB+AC+AD+^  &c.?sA(B+C+D+,  &c-) 


PROP.  II.    THEOR.  I 

The  product  which  arises  from  the  continued 
inultiplication  of  any  numbers,  is  the  same,  in  whaV 
ever  order  that  operatipii  be  performed. 
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Let  A  and  B  be  two  namben ;  the  product  AB  is  eqnal 
toBA. 

For  the  product  AB  is  the  stmb  as  each  unit  iu  B  aid- 
ded  together  A  times,  that  is^  the  same  as  A  itself  repeat- 
ed B  times,  or  BA. 

Next,  let  there  be  three  aambers  A,  B,  and  C ;  the  pro* 
ducU  ABC,  ACB,  BAC^  BCA^  CAB,  and  CBA  are  all 
equal. 

For  put  D=AB=rBA  (V.  1.) ;  then  DC=CD,  that  is, 
ABCsCAB,  and  BACs:CBA. 

Again,  pat  EsACsCA;  then  EBssBE,  Oiat  is,  ACB 
sBACy  and  CABsBCA. 

liistly,  put  FsBCsCB;  then  FA&sAF,  thatv^BCA 
ssABC,  and  CBA=ACB. 

And  thus  the  several  products  ajne  all  mutually  equal* 

It  is  also  manifest,  that  the  same  mode  of  reasoning 
might  be  extended  to  the  products  of  aoy  multitude  ef 
numbers.  ^ 


PROP.  III.    THEOR. 

Homogeneous  quantities  are  proportional  to  their 
like  multiples  or  submultiples. 


Let  A,  B  be  two  quantities  of  the  same  kind,  and  pA, 
pB  their  like  multiples ;  A  :  B  :  :pA  :pB. 

For^  since  A  and  B  are  capable  of  beiog  measured  to 
any  required  degree  of  precision,  suppose  Azsma  and  B 
=iia ;  then  pA^^pma,  and  pBzzpna.  But  (V.  2.)  pma 
^mjpa,  and  pna^npa.  Wherefore  a  and  pa  are  like  sub- 
snultlpies  of  A  and  j?A,  which  contain  them  re^ectively  m 
times;  and  these  like  submultiples  are  both  contained 
equally,  or  n  times,  in  B  and  pB.    Consequently  (V.  def. 


ia»)  the  quantUies  A^  B,  and  j»Aj  j>B  are  ptoporlioiial;  and 
A,  pA  are  the  antecedentsj  and  B^  pB  the  consequents  of 
the  analogy. 

Again^  becaose  the  ratio  of  pA  to  pB  is  thus  the  same  as 
that  of  A  to  B^  vfaicb^  in  refeieiioe  to  pA  and  pB,  are  only 
lifae  BubmuUipleB*  it  foliows  that  faomogeneons  quantities 
are  dbo  pn>portioncd  4o  their  like  suhmnltipks. 


PROP.  IV.    THEOR. 

In  proportional  quantities,  according  as  the  first 
term  is  greater,  equal,  or  less  than  the  second, 
the  third  term  is  greater,  equal,  or  less  than  the 
fourth. 

LetA:B::C:D;  thenif  A-p^B,  Ct^^D;  ifA=B,  C 
=tD ;  «id  ff  A-tslB,  C^D. 

For^  if  A  be  greater  than  B,  A :  B  is  a  ratio  of  majority; 
whence  C  :  D,  being  the  same  with  it,  is  likewise  a  ratio 
of  majority,  and  consequently  C  is  greater  than  B. 

If  A  be  equal  to  B^  A :  B  must  be  a  ratio  of  equality, 
and  hence  C :  D  is  also  a  ratio  of  equality,  or  C  is  equal 
toD. 

But,  if  A  be  less  thto  B,  A :  B  is  a  ratio  of  minority,  and 
so  is^  therefore,  C :  D,  or  C  is  less  than  D. 


PROP.  V.    THEOR. 


Of  fottr  (iroportionals,  if  the  first  be  a  multiple  oi? 
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wbmultii^e  of  the  second,  the  third  is  a  like  mul- 
tiple or  submultiple  of  the  fourth. 

Let  A:B : :  C :  D;  it  AztpB,  then  CsspD. 

For,  suppose  the  approxiniate  measures  of  A  and  C  to 
be  a  and  c,  and  let  Asnq^M  and  Csn^i.e.  It  ig  evident 
thatj  A^pBzzmpM  or  B=m.a ;  but  the  consequents  B  and 
D  must  contain  their  measures  equally  (V.  def.  lOO^  and 
therefore  D=m.c.     W^hence  Cszmpx^pjnc^pD. 

Again,  if  ^AsB ;  then  will  {C=D. 

For,  let  Ass/ia,  and  Csnc ;  therefore  B=:gAsgiiii=fig^^ 
and  from  the  definition  of  proportion,  D=:im^«cs^jic=^. 


PROP.  VI.    THEOR. 


If  four  numbers  be  proportional,  the  product  of 
the  extremes  is  equal  to  that  of  tlie  mean^ ;  and  of 
two  equal  products,  the  factors  arc  convertible  into 
an  analogy,  of  which  the^e  form  severally  the  ex- 
treme and  the  meap  terms* 


IietA:B::C;D;  then  AD=BC. 

For,  if  A=mfl,  and  Csrwc,  their  copsequents^  B  and  D^ 
must  contain  those  measures,  a  and  c,  equally ;  or  B=iia, 
and  D^nci  whence  AD^ma.nc7s:mnMc,  and  BCs^naanc 
zzmnMc,  and  consequently  AD=BC. 

Again,  let  AD=BC ;  then  A :  B : :  C :  D. 

For,  suppose  A^xma,  B^na,  and  C=fmc.  Because  AD 
sBC,  it  follows  that  ma.D^na.mc^ma.nc,  and  conse- 
quently Dsswc,    Wherefore  the  terms  B  md  D  equally 
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cootaia  the  submultiples  a  and  c  of  A  and  B^  and  are 
thence  analogical. 

Cor.  1.  Hence  the  greatest  and  least  terms  of  a  propor- 
tion^ are  either  extremes  or  meansw' 

Cor*  2.  Hence  also  a  proportion  is  not  affected^  by  trans* 
posing  orlnterdianging  its  extreme  and  mean  termi.*  On 
this  pvociple^  is  founded  the  two  following  theorems*  - 


PROP.  VII.    THEOR. 

The  terms  of  an  analogy  are  proportional  b}^  in- 
version^  or  the  second  is  to  the  first  as  the  foutth  to 
the  third.    , 


Let  A :  B : :  C :  D;  then  iwoendy  B :  A : :  D  s  C. 

For  the  extreme  and  mean  terms  are  thus  only  mutually 
interchanged^  and  consequently  the  same  equality  of  pro- 
ducts AD  and  BC  still  obtains. 


PROP.  VIII.    THEOR. 

Numbers  are  likewise  proportional  by  alierndtion^ 
or  the  first  is  to  the  third  as  the  second  to  the 
fourth. 


Let  A :  B : :  C  :  D;  then  alternately  A :  C : :  B :  D. 

For  the  extreme  terms  are  here  dtill  retained^  and  the 
mean  terms  are  merely  transposed  with  respect  to  each^ 
other ;  the  same  equality^  therefore^  of  products  here  also 
subsists.  . 
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RROP.  IX.    THEOB. 

The  terms  of  ba  analogy  are  proportioiial  faj 
ampmticnt;  or  tbe  sum  of  the  first  and  second  is  to 
the  second,  as  the  sum  of  the  third  and  fourth  to 
the  fourth. 


Let  ArB::C:D}  then  by  eM^oiMM  A+B:B::C 

Because  A :  6 : :  C :  D,  the  product  ADsBC  (V.  &) ; 
add  to  each  of  these  the  product  BD,  and  AD^-BDrzBC 
+BD.  But  (V.  1.)  AD+BD=:D(A4.B),  and  BC+BD 
=!B(C4.I>);  wherefore  (V.  &)  aosoDikig  Uie  factors  of 
tbeae  equal  psodiicts  for  tbe  axtirema  aad  oieaa  terms^ 
A-|-B:B:tC4.D:D«. 


,    PROP.  X.   THEOR. 

The  terms  of  an  analogy  are  propoctioBal  by  divir 
siwi;  or  the  differeoce  of  the  &at  ai^d  seooi^  is  to 
the  second,  as  the  difference  of  the  third  and  fourth 
to  the  fourth. 

Let  A :  B  : :  C :  I) ;  suppose  A  to  be  greater  than  B, 
then  wiU  C  be  greater  than  D  (V.  4.)  r  It  is  to  be  prOf<»d 
that  A— 6 :  B : :  C— D :  B. 

For,  since  A :  B : :  C  :  D,  the  product  AD=BC  (V.  ft), 
and  taking  BD  from  both,  the  compound  product  AD 
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— ^B0fiyfiC— BDi  ^lAserefort  ^y  leftolattoii,  (A*^B)  DsB 
(C — D),  and  consequently  A — B  :  B : :  C— 1^  j  D* 

If  B  be  greater  than  A,  then  BD-*-AI>»BD~BC,  and 
by  lesolttfcion^  (Bi^A>])ecB(D— «0 ;  whence  Bh— A :  B : : 
D— C:D. 


PROP.  XL    THEOa. 

The  terais  of  an  analogy  are  proportional  by  con- 
version  ;  that  is,  the  first  is  to  the  sum  or  difference 
of  the  first  and  seoood,  ajs  tbe  third  to  the  sum  or 
difierence  of  the  third  and  fourth. 

Let  A :  B : :  C :  D^  and  suppose  A-^B;  then  A: ArtrBu 
C :  C=i=D. 

For^  since  the  product  ADcsBC  (  V.  6.)^  add  or  subtract, 
these  to  or  from  the  product  AC;  and  ACdb;AD=:;AC 
dfcBC.  Wherefore,  by  resolution,  A(CdtJ))=:C(A=l=B)^ 
and  consequently  A :  AdbB  : :  C :  CdbD. 

If  AjcCB,  then  AD— AC=:BC— AC,  and,  by  resolution, 
A(D— C)C(B~A),  whence  A :  B— A : :  C  :  D— C. 


PROP.  XIL    THEOR. 

The  terms  of  an  analogy  are  proportional  by  mis- 
ing;  or  the  sum  of  the  first  and  second  to  the  dif- 
ferexice;,  as  the  sum  of  the  third  and  foarth  to  their 
difierence. 


Let  A :  B : :  C :  D,  and  suppose  A'T'B  i  then  A^^B  8 
A— B::C+D;C— D, 
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For^  by  ccniTenion,  A :  A4.B : :  C :  C^D,  and  alternate- 
ly A  :C::A+B:  C+D. 

Agaiiii  by  conversion  A :  A — ^B : :  C :  C — D^  and  alter- 
nately A :  C : !  A— B :  C— D.  .  Whence^  by  identity  of 
vatiosy  A+B :  C+D : :  A— B  :  C— D,  and  alternately  A 
^B :  A— B  : :  C+D :  C— D 

The  same  reasoning  will  hold  if  A  be  less  than  B^  the 
order  of  these  terms  being  only  changed* 


PROP.  Xni.    THEOR. 

A  proportion  will  subsist,  if  the  homologous  tertns 
be  multiplied  by  the  same  numbers. 


Let  A:  B : :  C ;  D;  thenpA  :  qB  :  :pC  :  qD. 

It'or,  since  A :  B  : ;  C  :  D,  alternately  A :  C  : :  B  :  D ;  btit 
the  ratio  of  A  to  C  is  the  same  as  pA  :  pC  (V.  3.),  and  the 
ratio  of  B  to  D  is  the  same  as  96 :  qD.  Wherefore  pA  i 
pC : :  gB  :  qt),  and,  by  alternalion,  pA  :  gB  : :  pC  :  ^D. 

Cor.  The  Proposition  may  be  extended  likewise  to  the 
division  of  homologous  terms,  by.  employing  submul^ 
tiples. 


PROP.  XIV.  THEOR. 

The  greatest  and  least  terms  of  a  proportion  are 
together  greater  than  the  intermediate  ones. 

'  Let  A :  B  : :  C  :  D ;  and  A  being  supposed  to  be  the 

greatest  term,  the  other  extreme  D  is  the  least  (V.  5.  cor.) : 

u 
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the  sum  of  A  and  D  is  greater  than  the  sum  of  B  and 

C. 

Because  A :  B  :  :  C  :  D,  by  conversion  A :  A — ^B  : : 
C  :  C— D,  and  alternately  A :  C  : :  A— B  :  C— D ;  but  A, 
being  the  greatest  term,  is  therefore  greater  than  C,  and 
consequently  (V.  4.)  A — B  is  greater  than  C — D ;  to  each 
add  B+D,  and  A+D-::^B+C. 

The  same  mode  of  reasoning  is  applicable,  should  any 
other  term  of  the  analogy  be  supposed  to  be  the  greatest. 

Car.  Hence  the  mean  term  of  three  proportionals,  is  less 
than  half  the  sum  of  both  extremes. 


PROP.  XV.    THEOR. 

If  two  analogies  have  the  same  antecedents,  ano- 
ther analogy  may  be  formed,  having  the  consequents 
of  the  one  as  antecedents,  and  those  of  the  other  as 
consequents. 

Let  A:B::C:D  and  A:E::C:F;  then  B:E:: 
D:F. 

For,  alternating  the  first  analogy,  A :  C : :  B :  D,  and  al- 
ternating the  second,  A  :  C  : :  £ :  F ;  whence,  by  identity 
of  ratios,  B :  D : :  E :  F, — which  inference  is  named  a  direct 
equality. 


PROP.  XVI.    THEOR. 


If  the  consequents  of  one  analogy  be  antecedents 
in  another,  a  third  analogy  will  obtain,  having  the 
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tatne  antecedents  as  the  (brmer  and  tbfe  iinAt  edii«* 
se^uents  as  the  latter. 

Let  A:B::C:1)^  and   B:E::t>:f ;   thed  A:£:  : 

For,  alternating  both  analogies,  A  :  C : :  ]B :  t),  aiid 
B :  D : :  £  :  F;  whence,  by  identity  of  ratios,  A  :  C  : :  E  :  F^ 
-«>wbich  conclusion  is  also  named  a  direct  equaltty. 


PROP.  XVII.    THEOR. 

If  two  analogies  have  the  same  means,  the  ex^ 
tremes  of  the  one,  with  those  of  the  other  as  mean 
terms^  will  form  a  third  analogy. 


Let  A:B::C:D,  and  E:B::C:F;  *eti  A:E:: 
F:D. 

For,  since  A  :  B  : :  C  :  D,  AD=BC  (V.  6.);  and  because 
E:B::C:F,  £F=jBC.  Whence  AD=EF,  and  A:£:; 
F:D. 

Cor,  Hence  the  extreme  and  mean  terms  being  inter*- 
changeable,  it  likewise  follows,  that,  if  A :  B : ;  C  ;  P  and 
A :  E : :  F  :  D,  then  B :  E : :  F :  B, 


PHOP.  Kvm.    THEOR. 

If  the  extfett^fes  of  one  analogy  ^te  thfe  meau 
IteJfifts  in  another,  a  thifd  analogy  ^iM  subsist,  ha* 
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ving  the  means  of  the  former  as  its  extremes  and 
the  extremes  of  the  latter  as  its  means. 


Let  A:B::C:D,  and  E:A::D:F;  then  B:B:: 
F:C. 

For,  from  the  first  analogy  AD=BC,  and,  from  the  se- 
cond, EF=AP;  whence  BC=EF,  and  consequently 
B:E::F:C. 

Cor,  Hence  also,  if  A:B::C:D  and  B:E::F:C; 
then  E :  A : :  D :  F.  The  principle  of  this  and  the  preced- 
ing Proposition,  is  named  inverse,  or  perturj^ate,  equality. 


PROP.  XIX.    THEOR. 

If  there  be  any  number  of  proportionals,  as  one 
antecedent  is  to  its  consequent,  so  is  the  sum  of  all 
the  antecedents  to  the  sum  of  all  the  consequents. 

Let  ArB::C:D;:E:F;:G:H;  thej^  A;B::A<fC 
+E+G:B+P+F+H. 

Because  A :  B : :  C :  D,  AD=BC  ;  and  since  A  :  Q : ; 
£ :  F,  A¥^  BF^  aiid^  for  the  same  reason,  AH = BG.  Con 
sequeptly,  the  aggregate  products^  AB-jpAI)+ AF-h  AHs^ 
BA+BC+BE+BG,  and,  by  resolution,  A(B+  l)+F+H) 
ssB(A  +  C  +  E  +  G),  whence  A  :  B  : :  A  +  C  + t+G  : 
B+D+F+H. 

Cor.  1.  It  is  obvious,  that  the  Proposition  will  extend 
likewise  to  the  difference  of  the  homologous  terms,  and 
may,  therefore,  be  more  generally  expressed  thus :  A :  B : : 
AdbC=tE=±=G :  B=±=D=4=F=fcH. 

Cor.  2.  Hence,  if  A:B::C:D,  and  A:E::C:F;  then 
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A :  C : :  BdbE :  D=t=T.  For^  by  alteraatioQ^  the  two  ana* 
logics  become  A:  C  :  :B:  D^  and  A:C::E:F;  wherefore 
the  proposition  applies  to  them. 

Car.  S.  If  A :  B  :  :  C  :  D,  and  E :  B  : :  F :  D ;  then 
A^E :  B : :  C^=F :  D.  For,  alternating  the  analogies^ 
A :  C : :  B :  D,  and  E :  F : :  B :  D ;  whence  B :  D : :  A  =*=£ : 
CdbF,  and^  by  alternation  and  inversion^  AdbE :  B : : 
C=1=F;D, 


PROP.  XX.    THEOR. 

In  continued  proportionalsy  the  difference  be- 
tween the  first  and  second  is  to  the  second,  as  the 
difference  between  the  first  and  last  terms  to  the 
sum  of  all  the  terms^  excepting  the  first. 

Let  A  :  B  : :  B :  C : :  C :  D : :  D :  E  ;  then  if  A-r^^B, 
A— B :  B : :  A— E :  B+C+D+E. 

For,  by  the  last  Proposition^  A:B : :  A+B+C+D: 
B+C+D+E,  and  consequently,  by  division,  A — B :  B : : 
(A+B+C+D)— (B+C+D+E):  B+C+D+E;  that  is, 
omitting  B+C+D  in  the  third  term,  A — ^B  :  B : :  A— E : 
B+C+D+E.  , 

If  A^B,  then  B— A:B::(B+C+D+E>-(A+B+ 
C+D):B+C+D+E;thatisyB— A:B::E— A:B+C+ 
D+E. 

The  same  reasoning,  it  is  evident,  will  hold  for  any  num- 
ber of  terms. 
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PROP.  XXL    THEOR. 

The  products  of  the  similar  terms  of  any  numeri- 
cal proportions,  are  themselves  proportional. 


Let  A :  B : :  C :  D 
E:F::G:H 
I:K::L:M; 
then  AEI :  BFK : :  CGL :  DHM. 

For  (V.  6.),  from  the  first  analogy  AD=BC,  from  the  se- 
cond  analogy  E  H= FG,  and  from  the  third  analogy  IM=s KL; 
whence  the  compound  product  AD.EH.IM=BC.FG.KL. 
But  AD.EH.IM=AELDHM  (V.  2.),  and  BC.FG-KL 
=BFK.CGL;  wherefore  AELDHM  =:BFK.CGL,  and 
consequently  (V,  6.)  AEI :  BFK : :  CGL  :  DHM. 

The  same  reasonings  it  is  obvious^  applies  to  any  num- 
ber of  proportionals. 

Cor.  1.  Hence  the  powers  of  the  successive  terms  of  nu- 
merical proportions^  are  likewise  proportional.  For^  if 
A :  B  : :  C  :  D,  and,  repeating  the  analogy^  A  :  B  : :  C  :  D ; 
then,  by  multiplication,  AA :  BB : :  CC :  DD,  or  A* :  B* : : 

c* :  jy. 

Again,  let  A :  B  : :  C  :  D,  and,  repeating  the  analogy, 
A :  B  : :  C  :  D, 
and  A :  B : :  C  :  D  ;  whence,  by  multiplying  the 
corresponding  terms, 

A3:B3::'C3:D^ 
And  so  the  induction  may  be  pursued  generally. 

Cor.  2.  Hence  also  the  roots  of  the  terms  of  a  nu- 
merical proportion,  are  proportional.  If  A :  B : :  C  :  D, 
then  v^A :  V'B : : -/C : ^D.  For  let ^A:^B::^C: ^E, 
and,  by  the  last  corollary,    A :  B : :  C :  E  ;  --but  A :  B : : 
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C  :  D9  whence  C  :  E  :  :  C  :  D,  and  consequently  EsDj 
or  \/A :  ^B : :  ^C :  ^D,    In  the  same  manner^  it  may 

be  shown  in  general  that^  if  A :  B : :  C :  D^  ^A :  v^B  : : 

PROP.  XXII.    THEOIL 

The  ratio  which  is  conceived  to  be  compounded 
of  other  ratios,  is  the  same  as  that  of  the  products 
of  their  corresponding  numerical  expressions. 

Suppose  the  ratio  of  A :  D  is  compounded  of  A  :  B,  of 
B :  C,  and  of  C  :  D,  and  let  A  :  B  : :  K  :  L,  B :  C  : :  M  : 
N,  andC:D::0:P;  then  will  A :  D : :  KMO :  LNP. 
For^  since  A  :  B : :  K  :  L^ 
B:C::M:M, 
and  C :  D : :  O :  P, 
the  products  of  the  similar  terms  are  proportional  (V.  41.), 
or  ABC: BCD::  KMO:  LNP.    But  A:  D::  ABC: BCD 
(V.  S.\  and  consequently  A :  D : :  KMO :  LN P. 

The  same  mode  of  reasoning  is  applicable  to  any  num- 
ber of  component  ratios. 


PROP.  XXIII.    THEOR. 


A  duplicate  ratio  is  the  $ama  as  the  ratio  of  the 
second  powers  of  the  terms  of  its  numerical  expres- 
sion, and  a  triplicate  ratio  is  the  same  as  the  third 
powers  of  those  terms. 
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The  duplicate  ratio  of  A ;  B  if  denoted  by  A^ :  B%  and 
die  tripliqi^te  ratio  by  A' :  B^ 

For  the  duplicate  ratio  of  A :  B*  beitis:  the  double  com-» 
pound  of  A :  B  and  of  A :  B^  i$  (V.  9^  )  the  same  as  that  of 
the  corresponding  products  A.A  :  B-B>  or  A* :  6*. 

Again,  the  triplicate  ratip  of  A  :  B,  being  the  triple 
pooipound  of  4  -  B,  of  A :  B,  of  A :  B^  is  the  same  as  that 
of  the  porresponding  products  AAA :  B8B,  or  A^ :  B'. 

Cor.  flepce'the  subdupJicate  ratio  of  A :  B,  is  v^A :  j/B^ 

and  the  subtriplicate  ratio  of  A :  B^  is  v  A :  v^B. 


PROP-  XXIV.    THEOR, 

The  product  of  the  numbers  expressing  the  sides 
of  a  rectangle,  will  represent  its  quantity  of  surface, 
as  measured  by  a  square  described  on  the  linear 
unit. 


o\ li 


Let  ABCD  be  a  rectangle  and  OP  the  linear  measure ; 
aod  suppose  the  side  AB  contains  OPj  m  times^  and  thf 
side  BC  contains  it,,  n  times. 
Pivide  ^hese  sjides  accord- 
ingly (f-  4().)i  and,  through 
the  points  of  section,  draw 
straight  lines  (J.  26.)  paral* 
}el  to  AD  and  DC :  the  whole 
rectangle  wjll  thus  be  divided 
■ii|to  cellsi  eapb  of  them  equal 

to  th(B  sqn^r^  pf  OP.  It  is  evident^  tfaat  there  stand  on 
BC^  n  columnsi  and  that  each  of  these  columns  contains^  m 
cells;  consequently  the  entire  sj)ace  includes^  mx^  ceUf, 
f^r  is  equal  to  the  square  of  OF  repeated,  mn  times. 


-A 

» 

, 
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Cor.  1.  If  m=:n,  then  AB=rBC,  and  the  rectangle  be- 
comes a  square ;  but  mn  is  in  that  case  equal  to  nn,  or  it*. 
Whence  the  surface  of  a  square  is  equal  to  the  second 
power  of  the  number  denoting  its  side. 

Cor,  £•  Rectangles  which  have  the  same  altitude  m  are 
as  their  bases  n  and  p ;  for  mnimpzin  :p  (V.  S.) 

Cor.  3.  If  two  rectangles  be  equals  their  respective  sides 
are  reciprocally  proportional^  or  form  the  extremes  and 
means  of  an  analogy.  For  if  fnn:=pq,  then  minizpiq 
(V.  6.) 


PROP.  XXV.    PROB. 

Given  two  homogeneous  quantities,  to  find,  if 
possible,  their  greatest  common  measure. 

Let  it  be  required  to  find  the  greatest  common  mea-» 
sure,  that  two  quantities  A  and  B,  of  the  same  kind,  will 
admit. 

Supposing  A  to  be  greater  than  B,  take  B  out  of  A,  till 
the  remainder  C  be  less  than  it;  again,  take  C  out  of  B% 
till  there  remain  only  D ;  and  continue  this  alternate  ope- 
ration, till  the  last  divisor,  suppose  E^  leave  no  remainder 
whatever :  E  is  the  greatest  common  measure  of  the  quan- 
tities proposed. 

For,  that  which  measures  B  will  measure  its  multiple ; 
and  being  a  common  measure,  it  also  measures  A,  and 
measures,  therefore,  the  difference  between  the  multiple 
of  B  and  A  (V.  1.  cor.  !•),  that  is,  C ;  the  required  mea- 
sure, hence,  measures  the  multiple  of  C,  and  consequently 
the  difference  of  this  multiple  and  B,  which  it  measured, — 
that  is  D :  And  lastly,  this  measure,  as  it  meiasures  the 
multiple  of  D,  must  consequently  measure  the  difference 
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of  this  from  C^  or  it  must  measure  £•  Here  the  decom- 
position is  supposed  to  terminate.  Wherefore^  the  com* 
mon  measure  of  A  and  B^  since  it  measures  £^  may  be  E 
itself;  and  it  is  also  the  greatest  possible  measure^  for  no- 
thing greater  than  E  can  be  contained  in  this  quantity. 

By  retracing  the  steps  likewise,  it  might  be  shown,  that 
£  measures,  in  succession^  all  the  preceding  terms  D,  C, 
B, and  A. 

If  the  process  of  decomposition  should  never  come  to  a 
close,  the  quantities  A  and  B  do  not  admit  a  common 
measure,'-^or  they  are  incommensurable.  But,  as  the  residue 
of  the  subdivision  is  necessarily  diminished  at  each  step  of 
this  operation,  it  is  evident  that  an  element  may  be  always 
discovered^  which  will  measure  A  and  B  nearer  than  any 
assignable  difference  whatever. 


PROP.  XXVI.    PROB. 

To  express  by  numbers,  either  exactly  or  ap- 
proximately, the  ratio  of  two  given  homogeneous 
quantities. 


Let  A  and  B  be  two  quantities  of  the  same  kind,  whose 
numerical  ratio  it  is  required  to  discover. 

Find,  by  the  last  Proposition,  the  greatest  common  mea- 
sure £  of  the  two  quantities ;  and  let  A  contain  this  measure 
K  times,  and  B  contain  it  L  times :  Then  will  the  ratio 
K :  L  express  the  ratio  of  A :  B. 

For  the  numbers  K  and  L  severally  consist  of  as  many 
units,  as  the  quantities  A  and  B  contain  their  measure  £• 
It  is  also  manifest,  since  E  is  the  greatest  possible  divisor^ 
that  K  and  L  are  the  smallest  numbers  capable  of  expres- 
sing the  ratio  of  A  to  B.  v 
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If  Aaftd  BbeineoiBineo^urftble  qqaotities^  tbeird^cooH 
position  is  capable  al  least  of  being  pushed  to  an  unlimitis^ 
extent;  and»  consequently,  a  divisor  i  an  always  be  found 
■o  extremely  minute^  as  to  nieasure  them  bplb  tp  any  ^ 
gree  of  precision. 

Otherwise  thus. 

But  the  numerical  expression  of  the  ratio  A  :  B,  maybe 
deduced  indirectly^  from  the  series  of  quotients  obtained  in 
the  operation  for  discovering  their  common  measure. 

Let  A  contain  B^  m  times,  with  a  remainder  C ;  C  contain 
B«  It  times,  with  a  remainder  U;  and,  lastly,  suppose  D  to 
contain  C,p  times,  with  a  remainder  E,  and  which  is  con- 
tained in  D9  q  times  exactly.  Then  DasqE,  C3;;^P4.E, 
B=:iiC-|-D,  and  As=mB4.C}  whence  the  terms  P,  C,  B, 
and  A,  are  successively  computed^as  multiplesof  E; — A  and 
B  will,  therefore,  be  fouud  to  contain  their  common  mea- 
sure K  and  L  times,  or  the  numerical  expression  for  the 
ratio  of  those  quantities,  19  K :  L. 

Or  thtti* 

It  is  more  donvenient,  however,  to  derive  the  numerical 
ratio,  from  the  quotients  of  subdivision  in  their  natural  or- 
der; and  this  method  has  besides  the  peculiar  advantage 
of  exhibiting  a  succession  of  elegant  approximations. 

The  quantities  A,  B,  C,  D,  Bcc.  are  determined,  as 
before,  by  these  conditions :  AsmB+C,  BsnC+D, 
Cs=pD-|-E,  D=9E+P,  &c.  But  other  expressions  will 
arise  from  substitution :  For, 

l.A=mB+C=m(nC+D)+C=(in«+l)C+mD,or,pnt- 
ting  m.n+  ]=zm',  A=m'C+mD. 

«.  A=w'C+ml)=:m'(pD+E)+mD=(f»'/i+m)D+m'E, 
or,  putting  m'.p+mis:m''f  AzsmfD+m'E. 

8  A=m*'D+m'E=m''(?E+F)+m'E=(m''j+mOE+in''F^ 
or,  putting  9nrq+m's:m'%  Asm^'E+OT^F. 
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AgfiOi  the  succesBiTC  valaes  of  B  are  developed  in  the 
«ame  manner : 

1.  B=xiiC+D=rii(pD+E)4.Da5(i»p+l)D+»E,  or,  pmt- 
tiog  «.p+ 1  csw',  Bsrn'  13-f.ii.E. 

€•  B3sii'D+iiE3«'(?E+F)+»E3=(n'5f+»)E+if'F,  or, 
putting  nf^+N^n",  BsifE+n'P. 

These  results  wilt  be  more  apparent  in  a  tabular  form  c 


A=/»B+C, 

=m"'E+/«''F, 
The  substitutions  are  thus  arranged : 


B=«C+0, 
=//D+wE, 
=«''E+/*'F, 

Sec. 


n.p+\zzn'. 


&c. 

Whence  the  law  of  the  formatioa  of  the  successive 
quantities^  is  easily  perceived. 

But^  to  find  the  ratio  of  A  to  B,  it  is  not  requisite  to 
know  the  values  of  the  remainders  C,  D,  E>  Sec.  Suppose 
the  subdivision  to  terminate  at  B ;  then  A=:mB,  and  con- 
aequently  A :  B,  as  mB :  B,  or  m :  1 .  If  the  subdivision  ex-y 
teiiid  to  Cp  then  A=m'C^  and  BcnC ;  whence  A :  B,  as 
«i':i}.  In  geQeral,  therefore,  the  second  term,  in  the  ex- 
pressions for  A  and  B,  may  be  rejected,  and  the  letter  which 
precedes  it  considered  as  the  ultimate  measure,  and  cor- 
respondiiig  to  the  arithmetical  unit.  Hence,  resuming  the 
substitutioDs  and  combining  the  whole  m  one  view,  it  foU 
lows  .that,  the  ratio  of  A  to  B  may  thus  be  successiyelf 
represented ; 

1.  mi  1. 

fi»  mn^  1 :  fi,  or  tn' :  9t« 

d.  m'pJ^m :  np-f- 1,  or  m" :  nf. 

4,  wPq^s^ni :  liq^n,  ox  m'^ :  «", 
&c.        &c.  8ic« 
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The  formation  of  these  numbers  will  evidently  stop, 
when  the  corresponding  subdivision  terminates.  But  even 
though  the  successive  decomposition  should  never  termi- 
nate,  as  in  the  case  of  incommensurable  quantities^ — yet 
the  expression  thus  obtained  must  constantly  appi:oach  to 
the  ratio  of  A :  B^  since  they  suppose  only  the  omission  of 
the  remainder  of  the  last  division^  and  which  is  perpetu- 
ally diminishing. 


-I. 


PROP.  XXVII.    THEOK. 

A  straight  line  is  incommensurable  with  its  seg- 
ments formed  by  medial  section. 

If  the  straight  line  AB  be  cut  in  C^  such  that  the  rect- 
angle AB^  BC  is  equal  to 
the  square  of  AC ;  no  part       a    Y'K  13        c 
ofAB^  however  small^  will 
measure  the  segments  AC^  BC. 

For  (V.  25.)  take  AC  out  of  AB,  and  again  the  remain- 
der BC  out  of  AC.  But  AD,  being  made  equal  to  BC, 
the  straight  line  AC  is  likewise  divided  in  D,  by  a  medial 
section  fll.  26.  cor.  1.);  and,  for  the  same  reason,  taking 
away  the  successive  remainders  CD,  or  AE,  from  AD,  and 
DE  or  AF  from  AE,  the  subordinate  lines  AD  and  AE  are 
also  divided  medially  in  the  points  E  and  F.  This  opera- 
tion produces,  therefore,  a  series  of  decreasing  lines,  all  of 
them  divided  by  medial  section :  Nor  can  the  process  of 
decomposition  ever  terminate ;  for  though  the  remainders 
BC,  CD,  DE,  and  EF  thus  continually  diminish,  they  still 
must  constitute  the  segments  of  a  similar  division.  Con- 
sequently there  exists  no  final  quantity  which  would  mea- 
sure both  AB  and  AC. 
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PROP.  XXVIIL    THEOR. 

The  side  of  a  square  is  incommensurable  with  its 
diagonal. 


Let  ABCD  be  a  square  and  AC  its  diagonal ;  AC  and 
AB  are  incommensurable. 

For  make  CE  equal  to  AB  or  BCj  draw  the  perpendi- 
cular EF  (I.  5.  cor.  2.),  and  join  BE. 

Because  CE  is  equal  to  BC^  the  angle  CEB  is  equal 
to  CBE  (I.  8.)  ;  and  since  CEF  and  CBF  are  right 
angles^  the  remaining  angle 
BEF  is  equal  to  EBF,  and  the 
side  EF  equal  to  BF  (I.  g.) ;  but 
£F  is  also  equal  to  AE^  for  the 
angles  EAF  and  EFA  of  the 
triangle  AEF  are  evidently  each 
half  a  right  angle.  Whence, 
making  FH  equal  to  FB,  FE 
or  AE, — the  excess  AE  of  the 
diagonal  AC  above  the  side  AB^ 

is  contained  twice  in  AB^  with  a  remainder  AH ;  and  AH 
again,  heing  the  excess  of  the  diagonal  AF  of  the  square 
GE  ahove  the  side  AE,  must,  for  the  same  reason,  be  con« 
tained  twice  in  AG,  with  a  new  remainder  AL ;  and  this 
remainder  will  likewise  be  contained  twice  in  AH,  the  side 
of  the  square  KH.  This  process  of  suhdivision  is,  there- 
fore, interminable^  and  the  same  relations  are  continually 
reproduced. 
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The  doctrine  of  Proportion,  grounded  on  the 
simplest  theory  of  numbers,  furni&hes  a  most  power* 
ful  instrument,  for  abridging  and  extending  mathe* 
matical  investigations.     It  easily  unfolds  the  pri- 
mary relations  of  figures,  and  the  sections  of  lines 
and  circles;  but  it  also  discloses  with  admirable  fe- 
licity that  vast  concatenation  of  general  properties, 
not  less  tmpoTtant  than  remote,  which,  without 
such  aid,  might  for  ever  have  escaped  the  penetra- 
tion of  the  geometer.    He  is  thus  placed  on  a  com- 
manding eminence;  from  which  he  views  the  bear- 
ings of  the  objects  beiow>  surveys  the  cocrtours  of 
the  distant  amphitheatre^  and  descries  the  fading 
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verge  of  a  boundless  horizon.    The  application  of 
Arithmetic  to  Geometry  forms,  therefore,  one  of 
those  grand  epochs  which  occur,  in  the  lapse  of 
ages,  to  mark  and  accelerate  the  progress  of  scien- 
tific discovery. 


DEFINITIONS. 

1.  Straight  lines  which  proceed  from  the  same  point,  are 
termed  diverging  lines. 

2.  Straight  lines  are  divided  timilarfy,  when  their  cor- 
respoading  segments  have  all  the  same  ratio. 

3.  A  straight  line  is  said  to  be  cut  harmomcalhff  if  it 
consist  of  three  segments,  such  that  the  whole  line  is  to 
one  extreme^  as  the  other  extreme  to  the  middle  part. 

4.  The  area  of  a  figure  is  its'  surface^  or  the  quantity  of 
space  which  it  occupies. 

5.  Similar  figures  are  such  as  have  their  angles  respec- 
tively equal,  and  the  containing  sides  proportional. 

6.  If  two  sides  of  a  rectilineal  figure  be  the  extremes  of 
an  analogy,  of  which  the  means  are  two  sides  containing 
an  equal  angle  in  another  rectilineal  figure ;  these  sides 
are  said  to  be  reciprocally  proportional. 
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PROP.  I.    THEOR. 

Parallels  cat  diverging  lines  proportionally. 

The  parallels  DE  and  BC  cut  the  diverging  lines  AB  and 
AC  into  proportional  segments. 

Those  parallels  may  lie  on  the  same  side  of  the  vertex^ 
<x  on  opposite  sides ;  and  they  may  consist  of  two^  or  of 
more  lines. 

1.  Let  the  two  parallels  DE  and  BC  intersect  the  di- 
verging lines  AB  and  AC^  on  the  same  side  of  the  vertex 
A;  then  are  AB  and  AC  cut  proportionally^  in  the  points 
D  and  E,— or  AD :  AB  : :  AE  :  AC- 

For  if  AD  be  commensurable  with  AB^  find  (V.  25.) 
their  common  measure  M^  and^  from  the  corresponding 
points  of  section  in  AD  and  AB,  draw  (L  £6.)  the  parallel^ 
ri,  GK,  and  HL,  It  is  evident, 
from  Book  I.  Prop.  40,  that  these 
parallels  will  also  divide  the  straight 
lines  AE  and  AC  equally.  Where- 
fore  the  measure  M,  or  AF  the  8ub« 
multiple  of  AD,  is  contained  in  AR, 
as  often  as  AI,  the  like  submultiple  ^  *'  ^  ^  ^  ^ 
of  AE,  is  contained  in  AC ;  conse-  ' 
quently  (V.  def.  10^  the  ratio  of  AD  to  AB  is  the  same 
with  that  of  AE  to  AC. 

But,  should  the  segments  AD  and  AB  be  incommensur« 
able,  they  may  still  be  expressed  numerically,  and  that  to 
any  required  degree  of  precision.  AD  being  divided  intp 
equal  parts  (1. 40.),  these  parts,  continued  towards  B,  will, 
together  with  a  subsidiary  portion,  compose  the  whole  of 
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AB.    Let  this  division  of  AD  extend  in  DB  to  b,  and 
draw  the  paraUel  be.    If  the  parts  of  AD  and  AB   be 
again  subdivided^  the  corresponding  residue  will  evidently 
be  diminished ;   and  thiis^   at  eaoh  successive  subdivi- 
sion,    the  terminating   parallel    be 
must  approximate  perpetually  to  BC. 
Wherefore^  by  continuing  this  pro- 
cess of  exhaustion^  the  divided  lines 
Ab  and  A^  will  aptytx»ai!h  the  limits 
AB  and  AC^  nearer  than  any  Ittile 
or  iisignable  inlefvaL   CidnseqvteM- 
ly,    fit>m  tile  pt^eteding  d(&nioiMtiaito&>  AD  :  AB  : : 
AE :  AC. 

Attd  sittoe  Al) :  AB : :  AB :  AC,  it  follows,  by  <^nver- 
niOfa  Of.  1  h%  that  AD  t  DB : :  Afi :  EC,  and  agaon^  by 
evHnpositton  <V.  9.),  tbat  AB  t  DB : :  AG :  EC. 

£.  Let  the  two  paralMs  D£  and  BC  ^ut  the  dit^g*- 
ing  lines  D6  unci  EC,  on  opposite  sides  of  A ;  the  seg- 
ments AB,  AD  have  the  sane  rstio  with  AG,  AEj'^^-or 
AB:AD::AC:A& 

For,  make  AO  equal  to  AD,  AP  to  AE,  and  join  OP. 
The  triangles  APO  and 
AED,  having  the  sides 
AO,  AP  equal  to  AD,  AE, 
and  the  contained  vertical 
angle  OAP  equal  to  DAE, 
are  equal  (I.  3.),  and  con« 
sequently  the  angle  AOP 
in  equal  to  ADB;  but  these 
being  alternate  angles,  the 
straight  line  OP  (1.  «5.)  is 

parallel  to  D£>  and  hence^  ftoaik  what  was  already  demon- 
stmted,  AB :  AO  or  AD: :  AC :  AP  or  AE. 

And  siiice  AB  :  AD  :  :  AC  ^  AE,  by  conversion 
BB :  DA : :  EC :  £A,  and,  by  conTerBtou^  and  inversion 
DB  :  AB  : :  EC  :  AC. 


10 
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i.  tiOstly^  let  more  than  two  parallels^  BC,  DE>  f  H>  and 
GI,  intersect  the  diverging  lines  AB  and  AC  i  tha  seg-* 
ments  DA,  AF,  FG,  and  GB^ 
in  BB,  are  proportional  re-^ 
spectively  to  EA,  AH,  HI,  and 
IC,  the  corresponding  seg^ 
ments  in  EC. 

For,  from  the  second  case^       j^  

DA  :  AF  :  :  EA  :  AH  ;   and,         ^^^-^         ^^    ^  * 
from  the  first  case>  AF :  FG  :  t 
AH :  HI. ,  But  from  ijbe  same 

cMe,AG:FG::AI:HI,  a«dAa:GB:sAI:IC;  whenee 
(V.  15.)FG:6B:tHI:IC. 

Cor.  1.  Hence  the  converse  o£  the  proposition  is  also 
true,  or  that  straight  lines  which  cpt  diverging  lines  pro* 
portionally  are  parallel;  for  ii  would  otherwise  follow,  that 
a  new  division  of  the  same  Uoie  would  not  alter  the  lela* 
tion  among  th^  segments,  which  is  evidently  absurd. 

Cor^  2.  Hence,  if  the  segments  of  one  diverging  line 
be  equal  to  those  of  another,  the  straight  lines  whlcli  join 
them  are  parallel. 


PROP,  U.    THBOR. 

Divefging  lines  are  proportio&al  to  the  corre- 
sponding «gment$  into  which  they  divide  parallels. 


Let  two  diverging  lines  AB  and 
AC  cut  the  parallels  BC  and  DE ; 
thenAB:AD::ifeC:DE. 

For  draw  DF  parallel  to  AC.  And, 
by  the  last  Proposition,  the  partdlels 
AC  and  DF  must  cut  the  straight 
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lines  AB  and  BC  proportion* 
ally,  or  AB :  AD : :  BC  :  CF. 
But  CF  i8  equal  (I.  £9.) 
to  the  opposite  side  DE  of 
the  paraUelogram  DECF ; 
and  consequently  AB :  AD ; : 
BC:DE. 


Next,  let  more  than  two  diverging  lines  AB,  AF,  and 
AC  intersect  the  parallels  BC  and  DE;  the  segmeots 
BF  and  FC  have  respective* 
ly  to  DG  and  G£  the  same 
ratio  as  AB  has  to  AD. 

From  what  has  been  already 
demonstrated,  it  appears,  that 
AB:AD::BF:DG,andalso 
that  AF  :  AG  :  :  FC  :  GE. 
But  by  the  last  Proposition, 
AB:AD::AF:AG;  where- 
fore AB :  AD : :  FC :  GE.  The  same  mode  of  reasoning,  it  is 
obvious,  might  be  extended  to  any  number  of  sections. 
Whence  AB  :  AD : :  BF :  DG  : :  FC :  GE. 

Cor.  1.  Hence  straight  lines  which  cut  diverging  lines 
equally,  being  parallel  (VL  1.  cor.  !•)>  are  themselves  pro- 
portional to  the  segments  intercepted  from  the  vertex. 

Cor.  a.  Hence  parallels  are  cut  proportionally  by  diverg- 
ing lines. 


PROP.  m.    PROS. 


To  find  a  fourth  proportional  to  three  given 
straight  lines. 
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Let  A,  B,  and  C  be  three  straight  lines^  to  which  it  is 
required  to  find  a  fourth  proportional. 

Draw  the  diverging  lines 
D6  and  DH^  make  DE  equal 
to  A^  DF  to  B,  and  DG  to  C, 
join  £F^  and  through  6  draw 
(I.  £6.)  6H  parallel  to  EP,  and 
meeting  DH  in  H ;  DH  is  a 
fourth  proportional  to  the 
straight  lines  A^  B^  and  C. 

For  the  diverging  lines  DG 
and  DH  are  cut  proportion- 
ally by  the  parallels  EF  and  GH  (VI.  1.),  or  DE :  DF  : ; 
DG  :  DH,  that  is,  A  :  B  ; :  C  :  DH. 

Cor.  If  the  mean  terms  B  and  C  be  equals  it  is  obvious, 
that  DG  will  become  equal  to  DF^  and  that  DH  will  be 
found  a  third  proportional  to  the  two  given  tenxis  A  and 
B. 


PROP.  IV.    PROB. 

To  cut  a  given  straight  line  into  segments  which 
shall  be  proportional  to  those  of  a  divided  straight 
line. 

Let  AB  be  a  straight  line,  which  it  is  required  to  cut 
into  segments  proportional  to  those  of  a  given  divided 
straight  line. 

Draw  the  diverging  line  AC, 
and  make  AD,  DE,  and  EC, 
equal  respectively  to  the  seg- 
ments of  the  divided  line,  join 
CB,  and  draw  EG  and  DF  pa- 
rallel  to  it  (I.  26.)  and  meeting 
AB  in  F  and  G ;  AB  is  cut  in 
those  points  proportionally  to  the  segments  of  AC. 
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For  (VL  e.)  the  pamllelt  DF,  BO^  and  CB  mnat  cvt  th^ 
diverging  lines  AB  and  AO  proportionally  (VL  h\  of 
AF:FG::AD:DE,  and  FO^OBt ;  DE:  EC, 


PROP.  V.    PHOB, 

To  cut  off  the  sucpessive  parts  of  a  given  straight 
line. 

Let  AB  be  a  straight  line  from  which  it  is  f  equired  to 
cut  oiF  succeMively  the  half>  the  third,  the  fourtb«  the  fifths 
&c. 

Tbibugh  B  draw  the  direrging  straight  line  CBG  con^ 
linucd  both  ways,  take  in  it  any  point  C,  and  make  BD, 
DE,  Ef,  ¥G,  8cc«  each  equal  to  BC,  coniplete  the  panU«* 
lelogram  ABCf,  and  join  ID,  {E,  IF,  (G,  IScq.  cutting 
AB  in  the  points  K,L,M, 

N,&c.;  then  is  the  segr  /fO 

ment  AK  the  half  of  ABj 
Ah  the  third,  AM  the 
fourth,  and  AN  the  fifth 
part,  of  the  sc^me  given 
line. 

For  the  segments  of  the 
straight  line  AB  must  be 
proportional  to  the  seg- 
ments of  the  parallels  AI 
and  BG,  intercepted  by 
the  diverging  lines  ID, 
IE,  IF,  IG,  &c,  Thus,  AK  :  KB  ! :  AI :  BD ;  but,  by 
construction,  BC  qr  AI=BD,  whence  <V.  4.)  AKsaKB, 
and  therefore  AK  is  the  half  of  AB.  Again,  AL :  LB : : 
AI:BE;  and  since  BE=eAI,  it  ftrftews,  thAt  LBc^AL, 
or  AL  is  the  third  part  of  AB.  fn  the  same  -nlantter, 
AM  :  MB : :  AI ;  BF;  but  BF?;3AI,  whelioe  MB:c3AM', 
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er  AM  is  the  fourth  part  of  AB.  And^  by  a  like  process, 
it  may  be  shown  that  AN  is  the  fifth  part  of  AB. 

Oiiierwise  thus, ' 

On  AB  describe  the  rhdmboid  ABCD;,  and  through  £> 
the  intersection  of  its  diagonals  AC  and  BD^  draw  EF  pa- 
rallel to  AD  (I.  fi6.)>  join  DF,  and  through  G,  where  it 
cuts  AC,  draw  6H  likewise  parallel  to  AD,  again  join  DH 
and  draw  Ifie  parallel  \YL,  aad  so  i^pf»bt  tW  CO^ration : 
Then  will  AF  be  the  half  of  AB/  AH  tbfi  tUwd^  AKtb?  ^ 
foHftb,  aqd  A&C  the  fifth  part  of  it« 

BeeaiieQ  AD  and  EF  ase  parallel,  PS:  Si6  s ;  AF ;  F9 
(VI.  1.);  but  DE=EB  (1. 31.),  w^reforq  AF;i:F»,  ^  AF 
is  the  half  of  AB.  And  AD  and  EF  being  lAterQ^pted  pa- 
rallels, AD :  EF : :  AB :  BF  (VI.  «,) ;  <xwi9^qVQn%  Wfie 
AB  is  double  of  BF,  AD 
is  likewise  double  of  EF 
(V.  6.) — ^Again,  the  diverg- 
ing lines  AGE  and  DGF 
are  proportional  to  the  in- 
tercepted parallels  AD  and 
EF  (VI.  2.),  or  AD  :  EF : :  _____ 
AG:GE;  and  GH  being  A  Mia^  jr 
parallel  to  EF,  AG:GE:: 

AH  :  HF  (VI.  1.),  whence  AD :  EF : :  AH :  HFj  bflt  AD 
was  shown  to  be  dophk  ^f  EIF,  wtverefqie  AH[  is  ^p^bje  pf 
HF  (V.  5.),  or  AH  is  tvOrOw f d^  <>f  AF^  ffK  of  tb^h^^f  qf  AB, 
and  is  coBsequ^ntly  the  thi«i|  part  of  th^  -wh^tey  AP,  Ajpid 
since  AF :  HF : :  AD  J  QS,  aud  AF  is  triple  .of  fjf,  it  is 
evident  that  AD  is  triple   pf  QB,\    hut  AP;  iJtH ;  : 

Al2lG:;AK5liH,  wd.AP  MPg  tri|?Ie  pf  p4  A^ 
nust  also  }^  %nfk  9i  KH ;  pr  AJK  \^  tbr^ftnir^^.pf  Alf, 
which  was  proired  tP  h^  th^  third  of  AS,  wh$jt»<?fi4}ie  s^- 
sMBft  AK  it  Ibe  fourth  pf^iftof  th^  whol^  lin«  A6«  3y  ja 
like  process,  it  is  shown  that  AM  is.  the  fiftji  jiark  of  A^^ 
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PROP.  VI.     PROB. 


To  divide  a  straight  line  hannonicaHy,  in  a  given 


ratio. 


Let  AB  h€  a  straight  line^  which  it  is  required  to  cut 
harmonicaUy^  in  the  ratio  of  K  to  L. 

Through  A  draw  the  divergiog  line  AC>  and  produce  it 
both  ways  till  AC  and  AD  be  each  equal  to  K^  make  A£ 
equal  to  L,  join  CB^ 
draw  EF  parallel  to 
AB^  and  F6  parallel  to 
CA^  and  join  DF ;  the 
fitraight  line  AB  is  di- 
yided  harmonically  in 
thepotntsH  and  6,  such 
thatK:L::AB:B6:: 
AH :  HG. 

For  the  parallels  AC 
and  6F^  being  inter- 
cepted by  the  direrg- 
ing  lines  AB  and  CB^ 

AC  :  GF : :  AB  :  BG  (VI.  2.)  Again^  the  diverging  lines 
AG  and  DF  are  cut  by  the  parallels  AD  and  FG,  whence 
(VI.  1.)  AD :  GF  :^  AH  ;  HG.  Wherefore,  AB:BG:: 
AH :  HG ;  and  each  of  these  ratios  is  the  same  as  that  of 
AC  or  AD  to  GF,  or  that  of  K  to  L. 

Cor.  Hence  AG  is  divided,  'internally  in  H  and  exter- 
nally in  B,  in  the  same  ratio.  In  like  manner,  BH  is  di« 
vided  proportionally,  by  an  external  and  internal  secUon 
in  A  and  G ;  for  AB :  BG  : :  AH ;  HG,  and  alternately 
AB:AH::BG:HG. 
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PROP.  VIL    THEOR. 

If  a  straight  line  be  divided  internally  and  exter- 
nally in  the  same  ratio,  half  the  line  is  a  mean  pro- 
portional between  the  distances  of  the  middle  from 
the  two  points  of  unequal  section. 

Let  the  straight  line  AB  be 'divided  in  the  same  ratio, 
internally  and  externally  in  C  and  J),  and  also  be  bisect* 
ed  in  E;  the  half  EB  is  a 
mean  proportional  between      a  e  C     b  B 

EC  and  ED,  or  EC :  EB : :        » "—^ — ' ' 

EB:ED. 

For  since  AC :  CB : :  AD :  DB,  by  mixing,  and  inver- 
sion AC— CB :  AC+CB : :  AD— DB :  AD+DB,  that  is, 
^EC :  AB : :  AEf :  2ED,  and  halving  all  the  terms  of  the 
analogy  (V.  3,)  EC :  EB : ;  EB :  ED. 


PROP-  Vm.    THEOR. 

If  diverging  lines  divide  a  straight  line  harmoni- 
cally, they  will  cut  every  intercepted  straight  line 
also  in  harmonic  proportion. 


Let  the  diverging  lines  EA^  EC,  EB^  and  ED  terminate 
in  the  harmonic  section  of  the  straight  line  AD ;  any  in- 
tercepted straight  line  F6  will  be  lijsewise  cut  by  them 
harmonically,  or  FG  :  GI : :  FH  :  HI. 
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For^  through  the  points  B  and  I^  draw  (1. 26.)  KL  and 
MN  parallel  to  AE. 

Because  the  parallels  AE  and  BL  are  intercepted  by 
the  diverging  lines  DA  and  DE,  AD :  DB : :  AE :  BL  (VI. 
2.);  and  for  the  same  reason^  the  parallels  A£  and  BK 
being  intercepted  by  the 
diverging   lines  AB  and  ;^. 

EK,  AC:CB::AE:BK. 
And  since  AD  is  divided 

harmonically,  AD :  DB : :  y      I  \   \^ 

AC :  CB ;  wherefore  AE ;  /       M  Ag 

BL::AE:BK^  and  con- 
sequently BL=BK.  But, 
KL  being  parallel  to  MN, 
BL:BK::IN:IM  (L  2. 
cor.  £.);  consequently,  BL 
being  equal  to  BK,  IN 
must  also  be  equal  to  IM 
(V.  4.) :  whence  FE :  IN  s : 

FE :  IM.  Again,  FE :  IN  : :  FG :  GI,  for  the  parallels  FE 
and  IN  are  cut  by  the  diverging  lines  GF  and  G£ ;  $nd 
FE :  IM  : :  FH  :  HI,  since  the  parallels  F£  and  IM  are 
cut  by  the  diverging  lines  FI  and  EM,  Wherefore,  by 
identity  of  ratios,  FG  :  GI : :  FH  :  HI ;  or  the  intercept- 
ed straight  line  FG^  is  cut  harmonically  in  the  points  H 
and  I. 


PROP.  IX.    THEOR. 

If  from  any  point  in  the  circumference  of  a 
circle,  straight  lines  be  drawn  to  the  extremities  of 
a  chord  and  meeting  the  perpendicular  diameter, 
they  will  divide  that  diwieter,  interpally  and  exter- 
nally, in  the  same  ratio. 
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Lei  die  chdr^  KF  be  perpendicular  to  the  diameter  AB 
of  a  circle,  and  from  its  extremities  F  and  £  straight  lines 
FG  and  EG  be  inflected  to  a  point  G  in  the  circumfe- 
rence, and  cutting  the  diameter  internally  and  externally 
in  C  and  D;  thenirill  AC :  CB  : :  AD :  DB. 

For  join  AG  and  BG,  and  draw  HBI  parallel  to 
AG. 

Because  AEGB  is  a  semicircle,  the  angle  AGB  is  a  right 
angle  (III.  26.);  wherefore  AG  and  HI  being  parallel,  the 
alternate  angle  GBI  is  right  (1.25.),  and  likewise  ite  adja* 
cent  angle  GBH.  But  the  diameter  AB,  being  perpendicular 
to  the  chord  EF,  must  bisect  the  arc  FAE  (III,'5.);  and 
therefore  the  angle  EGA  19  equal  to  AGFor  its  supplement 
<III.  15.  cor.)  And  since 
AG  is  parallel  to  HI,  the  E 

angle  £Q  A  is  equal  to  the 
angle  GIB  or  its  supple* 
ment  (1. 25.) ;  and  for  the 
«ame  reason,  the  angle 
AGF  is  equal  tx>  the  al^ 
tefnate  angle  GHB. 
Whence  the  angle  GIB 
is  equal  to  GHB;  but 
the  angles  GBI  and 
GBH  being,  both  right 
angles,  are  equal,  and 
the  side  GB  is  common 
to  the  two  triangles  BIG 
aqd  BHG,   which  are, 

therefore,  equal  (T.  230,  and  consequently  BH  is  equal  to 
BI,  and  AG ;  BH : :  AG :  BI.  Now,  because  the  parallels 
AG  and  BH  are  intercepted  by  the  diverging  lines  AB 
and  GH,  AG :  BH : :  AC :  CB ;  and  since  the  parallels  AG 
jEUid  BI  are  intercepted  by  the  diverging  lines  GD  and 
AD,AG:BI::AD:PB.  Wherefore  AC :  CB ;:  AD :  DB, 
jthat  is^  the  straight  line  AB  is  cut  in  the  same  ratio,  inter* 
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nally  and  eztemaliy,  or  the  whole  line  AD  is  divided  har- 
monically in  the  points  C  and  B. 

Cor.  1.  As  the  points  E  and  6  come  nearer  each  other^ 
it  is  obvious  that  the  straight  line  EGD  will  approach  con- 
tinually to  the  position  of  the  tangent,  which  is  its  ulti- 
mate limit  Hence  the  tangent  and  the  perpendicular^ 
from  the  point  of  contact  or  mutual  coincidence^  out. 
the  diameter  proportionally,  or 
AC:CB:;AD:DB.  Itis, there- 
fore, evident  (VI.  7.)  that,  O 
being  the  centre,  OC  :  OB  : : 
OB :  OD. 

Con  2«  Because  OB  is  a  mean 
proportional  between  OC   and  < 

OD,  it  follows  that  OB'=OD.OC;  and  since  OED  is  a 
right-angled  triangle  (III.  28.),  the  squares  of  OE  or  OB 
and  of  ED  (II.  14.)  are  together  equivalent  to  the  square  of 
OD,  wherefore  OD*=OD.OC+ED*.  Now  0D*=0D-OC 
4-OD.CD,  and  consequently,  taking  OD.OC  away  from 
both,  the  rectangle  OD.CD  is  equivalent  to  the  square  of 
ED,  which  again  is  equivalent  to  the  rectangle  AD.BD. 
But  CD  :  OD  :  :  CD* :  OD.CD,  and,  by  substitution, 
CD :  OD : :  CD* :  AD.BD ;  and  this  analogy  must  hence 
apply  in  the  case  of  any  straight  line.  AB,  which  is  bisect- 
ed in  O  and  cut  in  the  same  ratio  internally  and  external- 
ly at  C  and  D. 


PROP.  X.    THEOR. 


A  straight  line  drawn  from  the  concourse  of  two 
tangents  to  the  concave  circumference  of  a  circle, 
is  divided  harmonically,  by  the .  convex  circumfe- 
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rence  and  the  chord  which  joins  the  points  of  con- 
tact 


Let  ED  and  FD  be  two  tangents  applied  to  the  circle 
AEBF;  th(B  secant  DA  drawn  from  their  point  of  con- 
course will  be  cut,  in  harmonic  proportion,  by  the  convex 
circumference  EBF  and  the  chord  EF  which  joins  the 
points  of  contact,  or  AD :  DB  : :  AC :  CB. 

For  the  tapgents  ED  and  FD  are  equal  (III.  S6.  cor. 
2.),  and  EDF,  being  thus  an  isosceles  triangle,  DE*=DC* 
+EC.CF  (II.  27.) ;  but  (III. 
36.)  DE*  is  also  equal  to 
AD.DB,  and  the  chords  AB 
and  £F,  by  th^ir  mutual  in- 
tersection, .  make  the  rect^ 
angle  EC.CF  equal  to  AC.CB. 
Whence  AD.DB  =  DC  + 
AC.CB ;  but  DC»=DC.CB 
+ DC.DB  (II.  20.),  and  there- 
fore collectively  AD.DB  =:  DC.CB  +  AC.CB  +  DC.DB, 
that  isi  AD.DB=CB(DC+AC,  or  AD)+DC.DB.  And 
since  AD.DBs:AC.DB+DC,DB,  it  follows  thatAC.DB 

+DCDB=CB,AD+DC.DB;  and  taking  away  the  com- 
mon    rectangle  DC.DB,    there    remains  the    rectangle 

AC.DB=CB.AD.  Wherefore  (V.  6.)  the  sideq  of  these 
equal  rectangles  are  the  mean  and  extreme  terms  of  a  pro- 
portion, or  AD  :  DB : :  AC  :  CB, 
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PROP.  XL    THEOR. 

A  straight  line  which  bisectSi  either  internally  of 
externally,  the  vertical  angle  of  a  triangle,  will  di- 
vide its  base  into  segments^  internal  or  external^ 
that  are  proportional  to  the  adjacent  sides  of  the 
triangle. 


i 


Let  the  straight  liae  BD  bisect  the  vertical  angle  of  the 
triangle  ABC;  it  will  cut  the  bate  AC  into  segments 
which  have  the  same  ratio  as  the  adjacent  sides^  or 
AD:DC::AB:BC. 

For  through  C  draw  CE  parallel  to  DB  (L  i^.),  and  meet- 
ing the  production  of  A  B  in  E. 

Because  DB  and  CE  are  parallel^  the  exterior  on^ 
ABD  is  ^ual  to  BEC^  and  the 
alternate  angle  DBC  -equal  to 
BCE  (I.  25.);  wherefore  the 
angle  ABD  being  equal  by  hy- 
pothesis to  DBC,  the  angle  BEC 
is  equal  to  BCE,  and  conse- 
quently (I.  9.)  the  triangle  CBE 
is  isosceles,  or  BE  is  equal  to 
BC.  But  the  parallels  DB  and 
CE  cut  the  diverging  lines  AC 
and  AE  proportionally  (VI.  1.), 

or   AD  :  DC  :  :  AB  :  BE;    that   is,    since    BE=BC, 
AD:DC::AB:BC. 

Again,  let  the  vertical  line  BD  Bisect  the  exterior  angle 
CBG  of  the  triangle;  it  will  divide  the  base  into  external 
segments  AD  and  DC,  which  are  also  proportional  to  the 
adjacent  sides  AB  and  BC. 


^-^W^^-^V« 
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LFor  through  C  draw  C£  parallel  to  DB^  and  meeting  AB 
inE. 

The  equal  angles 
^BD  and  DBC  are, 
rom  the  properties 
of  parallels,  straight 
s,  rfeHpectiyely  e- 
qual  to  B£C  and 
BCE,.  and  conse- 
quetktiy  the  triangle 
CB£  \%  iiOficeles,  or 
the  side  BC  is  equal  to  BE.  And  since  the  diverging  lines 
AD  and  AB  cut  the  parallels  DB  and  C£  proportionally^ 
AD:DC::AB:B£orBC. 

Cor*  ^lenc^'the  converse  of  the  Proposition  is  likewise 
true,  or  if  a  straight  line  be  drawn  from  the  vertex  of  a 
triangle  to  cut  the  base  in  the  ratio  of  the*  adjacent  sides, 
it  will  bidect  4be  vertical  angle ;  for  it  is  evident  from 
VI.  6.  cor.,  that  a  straight  line  is  only  capable  of  a  single 
49ectian,  whether  internal  or  external,  in  a  given  proportion. 

Scholium.  The  vertical  line  BJ)  mast  bisect  the  base  AC 
of  the  triangle^  when  the  sides  AB  and  BC  are  equal.  In 
the  case  where  BD  bisects  thf  exterior  anglei  CB6,  if  AB 
be  supposed  to  approach  to  an  equality  with  BC,  the 
straight  line  EC  will  come  neaner  to  AC^  and  consequent* 
ly  the  incidence  D  of  the  parallel  BD  with  AC  will  be 
thrown  continually  more  remote.  But  when  the  side  AB 
is  equal  to  BC,  the  straight  line  BD,  being  now  parallel  to 
AC,  will  never  meet  it.  or  there  can  be  no  equality  of  ex* 
temal  section ;  for  though  the  ratio  of  AD  to  CD  tends 
towards  the  ratio  of  equality  as  the  point  D  retires,  yet  tlie 
constant  difference  AC  between  those  distances  must  al- 
ways* bear  a  sensible  relation  to  them.  After  BD,  in  turn- 
ing about  the  point  B,  has  passed  the  limits  of  distance 
beyond  C,  it  re-appears  in  an  opposite  direction  beyond 
A,  when  AB,  receding  from  equality,  has  become  less 
than  BC. 


igt  BLBMBNTS  or  GBOMBTKT. 


PROP-  XII.    THEOR. 


If  two  straight  lines  be  inflected  from  the  ex« 
tremities  of  the  base  of  a  triangle  to  cut  the  oppo* 
site  sides  proportionally,  another  straight  line,  draw^n 
from  the  vertex  through  their  point  of  concourse, 
will  bisect  the  base. 


In  the  triangle  ABC>  let  AE  and  CD,  drawn  from  the 
extremities  of  the  base  to  cut  the  opposite  sides  propoi*- 
tionally,  intersect  each  other  in  F^  join  BF^  which  pro- 
duce if  necessary  to  meet  the  base  in  the  point  6 ;  A6 
will  be  equal  to  GC. 

For  join  DE*  And  because  the  sides  AB  and  BC  are 
cut  proportionally,  DE  is  parallel 
to  AC  (VL  !•  cor.),  whence 
BD : BA : :  BH  :  BG  (VL  1.);  but 
BD :  BA : :  DE :  AC  (VL  2.),  and 
therefore  BH  :  BG  :  :  DE  ;  AC. 
Again,  the  parallels  DE  and  AC 
being  cut  by  the  diverging  lines 
AE  and  CD,  DE:AC::DF:FC 
(VL  2.)>  and  DF:FC::FH:FG 
(VL  1.) ;  wherefore  BH  :  BG  :  : 
FH :  FG,  or  BF  is  cut  internally  and  externally  in  the 
same  ratio.  But,  DH  being  parallel  to  AG,  BH  :  BG  :  r 
DH :  AG ;  and  srace  DH  is  also  parallel  to  GC,  HF :  F(J[: : 
DH:GC;  whence  DH  :  AG  : :  DH  :  GC,  and  conse^ 
quently  AG  is  equal  to  CrC. 
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'  fJor.'If  tlie  infleclted  lines' AE  and  CD  bisect  thfe  oppo- 
site feid^s^bf' the  triangle,  BG' will  be  double  of  BH,  and' 
cohsetjuebtlyTOthedonble  of  FH;  FGjs  rtierefore  equal 
to  two  third  flarts'of  Gb;  oris  one  third  part  of  the  whole 
B6.  If  3AI>=:  AB,  thk  SGH  ^  feG,  hrid  stH  =  tO ; 
whence  4fO=r3G^;  dJ-  PG  is  tbe  fourth' "part  of  BG. 
Again,  if  4ADi=AB/'th6n  4GH-BO,'  ^tid  4Ftt=FG; 
consequently  5GH=4GH,  or  GH  is  the  fi^h  part  of  BG. 
In  general,  it  will  appear  that  the  portion  FG  is  what 
would  result  from  dividing  BG  into  a  greater  humbeif  of 
parts,  by  one,  than  AB. 


PROP.  XIII.    THEOR. 

Triangles  are  similar,   which  have  their  corre- 
sponding angles  equal. 


Let  the  triangles  ABC  and  DEF,  have  the  angle  CAB 
equal  to.FDE,  CBA  to  FED,  and  consequently  (1.34.) 
the  remaining  angle  BC A  equal  to  EFD ;  these  triangles 
are  similar,  or  the  sides  in  both  which  contain  equal  angles" 
are  proportional. 

For  make  BG  equal  to  ED,  apd  draw  GH  parallel  to 

Ac!       •    ;      '        \      '/ ' 

Because  GH  is  par&llM  '     '  ' 
to  AC,  the  exterior  angle*'/  '  ^ 
BGH*  id  equal  (I.  25.)  to     ' 
BAC,  that  is,  to  EDF ;  and 
the  angle  atB  is  by  hypo-'     '   g, 
thesis  equal  to  that  at  E,  arid  •       / 
the  inteijadent  i^'ide  BG  was  '  •  /  *  '  • 
made  equal  to  ED ;  where- 
fore   (I.  23.)  the  triangle 
GBH  is  equal  to  DEF.    But  the  diverging  lines  BA  and 
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BC  being  cot  proportiooally  by  the  paratteb  AC  and  OH 
(VI.  l.)f  AB  18  to  BC  as  BO  to  BH,  or  as  ED  to  £F« 
Again,  those  diverging  lines  being  proportional  to  tbe 
intercepted  segments  AC  and  GH  of  the  parallels  (VI« 
«.)  AB  is  to  BG  as  AC  is  to  GH,  and  alternately  AB 
is  to  AC  as  BG  is  to  GH,  or  as  ED  to  DF.  In  tbe 
same  manner,  as  BC  is  to  BH  so  is  AC  to  GH,  and  al-> 
temately,  as  BC  is  to  AC  so  is  BH  or  £F  to  GH  or 
DP.  And  thus,  tbe  sides  opposite  to  equal  angles  in  tbe 
triangles  ABC  and  DEF,  are  the  bomologoos  terms  of  s^ 
proportion. 

Car.  Isosceles  triangles  are  similar  which  have  their 
vertical  angles  equal.  For  the  supplementary  angles  at 
the  base  must  be  together  equal  (L  34-),  and  consequently 
they  are  equal  to  each  other. 


PROP.  XIV,  THEOR. 

Triangles  which  have  the  sides  about  two  of  their 
angles  proportional,  are  similar* 


In  the  triangles  ABC  and  DEF,  let  AB :  AC : :  DE :  Df 
and  BC :  AC  : :  £F :  DF;  then  is  the  angle  BAC  equal  to 
EDF,  and  the  angle  BCA  to  EFD. 

For  (I.  4.)  draw  DG  and  FG,  making  angles  FDG  and 
DFG  equal  to  CAB  and  ACB. 

By  the  last  Proposition,  the  triangle  ABC  is  similar  ta 
DGF,  ftnd  cbnsequently  AB  :  AC  : :  DG  :  DF ;  but,  by 
hypothesis,  AB  ;  AC : ;  DE  :  DF,  and  hence,  from  idea* 
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iity  of  ratibs,  DG :  DF  t : 

DE  :  DF,    or   DG    is 

equal  to  DE.    In  the 

same  manner^BC :  AC : : 

EF:DF,andBC:AC:: 

GF :  DF ;  whence  EF : 

DF::GF:DF,  and  EF 

is  equal  to  FG.  Where- 

ford  the  triangles  DEF 

and  DGF,  having  thus  the  sides  DE  and  EF  equal  to 

DG  &nd  FG^  and  the  ^ide  DF  common  to  both^  are 

(L  2.)  equiil;  consequently  the  angle  EpF  is   equal  to 

FDG  or  BAC,  and  the  angle  EFD  is  equal  to  DFG  or 

BCA* 

Cor.  Hence  isosceles  triangles  which  have  either  sid^ 
proportional  to  the  base^  are  similar. 


PROP.  XV.    THEOR. 

Triangles  are  similar,  if  each  have  an  equal  angle 
and  its  containing  sides  proportional. 


In  the  triatigles  BAC  and  EDF^  let  the  angle  ABC  be 
eqiiial  to  DEF,  and  let- the  sides  which  cohtain  the  one 
be  proportional  to  those  which  contain  the  other,  or 
AB :  BC  : :  DE :  EF ;  the  triangles  BAC  and  EDF  are  si- 
milar. 

For,  from  the  points  E  and  F,  draw  EG  and  FG,  making 
the  angles  FEG  and  EFG  equal  to  CBA  and  BCA. 

The  triangles  BAC  and  EGF,  having  thus  their  corre* 
sponding  angles  equal^  are  similar  (VI.  13.),  and  therefore 
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AB  :  BC  : :  EG  :  ER    Bat,  by  hypoth^k,  AB  :  BC  : : 
£D:£F;  wh^e- 
fore    EG  :  £F  :  :  b 

ED :  EF^  and  con- 
sequently EG  is  e- 
qualtoED.  Hence 
the  triangles  GEE 
and  D¥E,  having 
the  side  EG  equal 

to  ED,  EF  common  to  both,  and  the  contained  angle  GEF 
equal  to  ABC  or  DEF,  are  equal  (I.  9.),  and  therefore  the 
angle  EFG  or  BC  A  is  equal  to  EFD ;  consequently  the  re^ 
maining  angles  BAC  und  £DF  of  the  triangles  ABC  and 
DEF,  are  equal  (L  34.)>  and  these  triangles  are  (VI.  13.) 
similar. 


C   D 


same 


PROP.  XVI.    THEOR. 

Triangles  are  similar,  which,  being  of  the  «»«*w 
affection,  have  each  an  eqa&l  angle,  and  the  sides 

containing  another  angje  proportional. 

■  • 

Let  the  triangles  ABC  and  DEF,  which  are  of  the  same 
affection,  have  the  angle  ABC  equal  to  DEF  and  the 
sides  that  contain  the  angles  at  C  and  F  proportional,  or 
BC  :  AC  : :  EF :  FD ;  the  triangles  ABC  and  DEF  are  si- 
milar. ' 

For,  from  the 
points  £  and  F 
draiJirEGandFG, 
making  the  an- 
gles FEG  and  - 
EFG  equal  to  . 
ABC  and  BCA. 


I 
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The  triangle  ABC  is  evidently  similar  to  GEF,  and  j 

BC:CA::EF:FG;but,byhypothesi8,BC:CA::EF:FD,  ' 

and  therefore  EF :  FG : :  EF :  FD,  and  FG  is  equal  to  FD, 
Whence  the  triangles  EGF  and  EDF,  having  the  side  FG 
equal  to  FD  and  the  side  EF  common^  and  being  both 
of  the  game  affection  with  CAB,  are  equal  (I.  25.) ;  con- 
sequently the  angle  GEF  is  equal  to  DEF  or  ABC,  and 
therefore  (VI.  13.)  the  triangles  ABC  and  DEF  are  simi- 
lar. 


PROP.  XVII.    THEOR. 


A  perpendicular  let  fall  upon  the  hypotenuse  of 
a  right-angled  triangle  from  the  opposite  Vertex, 
will  divide  it  into  two  triangles  which  are  similar 
to. the  whole  and  to  each  other.    - 


Let  the  triangle  ABC  be  right-angled  at  B,  from  which 
the  perpendicular  BD  is  let  fall  upon  the  hypotenuse  AC ; 
the  triangles  ABD  and  DBC,  thus  formed,  are  similar  to 
each  other  and  to  the  whole  triangle  ACB. 

For  the  triangles  ABD  and  ACB,  having  the  angle 
BAC  common,  and  the  right  an^le  ADB  equal  to  ABC, 
are  similar  (VI.  IS.)  Again,  the 
triangles  DBC  and  ACB  are  si*- 
milar,  since  they  have  the  angle 
BCD  common,  and  the  right 
angle  BDC  equal  to  ABC.  The 
triangles  ABD  and  DBC  being, 
therefore,   both  similar  to  the 

same  triangle  ABC,  are  evidently  similar  to  each  other 
(VI.  13.) 

Cor.  1.  Hence  the  side  of  a  right-angled  triangle  is  a 
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mean  proportional  between  the  bypotenase  and  the  adja* 
cent  segment,  formed  by  a  perpendicular  let  fall  upon  it 
from  the  opposite  vertex;  and  the  perpendicular  itself  ia  a 
mean  proportional  belween  those  segments  of  the  bypotc^ 
nuse.  For  the  triangles  ABC  and  ADB  beiog  similar, 
AC :  AB : :  AB :  AD ;  and  the  triangles  ABC  and  BDC 
being  similar^  AC  :  BC : :  BC  :  CD ;  again,  the  triangles 
ADB  and  BDC  are  similar^  and  therefore  AD :  DB  t : 
DB :  DC. 

Cor.  2.  If  the  hypotenuse  and  the  sides  of  a  right-angled 
triangle  form  a  continued  proportion,  the  hypotenuse  wilt 
be  divided  into  extreme  and  mean  ratio,  by  the  perpendi- 
cular let  fall  upon  it  from  the  opposite  vertex.  For,  by 
the  last  Corollary,  AC:  AB  ::  AB:  AD,  and  therefore 
AB*  =  ACjVD  (V.  6.);  in  like  manner,  AC  :  BC :  : 
BC  :  CD.  But,  by  hypothesis,  AC  :  BC  : :  BC  :  AB  ; 
whence  BC  :  CD  : :  BC :  AB,  and  consequently  AB=:DC, 
and  AB»=s ACADsbCD*.  Wherefore  (V,  6.)  AC  :  CD : : 
CD :  AD. 


PROP.  XVIII.    PROB. 

To  find  the  mean  proportional  between  two  given 
straight  lines. 


Let  it  be  required  to  find  the  mean 
proportional  between  the  straight 
lines  A  and  B. 

Find  (III.  37.)  the  side  of  a 
square  which  is  equivalent  to  the 
rectangle  contained  by  A  and  B; 

C  is  the  mean  proportional  requi- 
red. 

For  since  C'cAB,  it  follows  (V.  6.)  that  A  :  B 
B:C. 
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Orthm. 

Make  DF=sA  and  DE=B,  on  DE  describe  the  semi- 
circle JKJE,  draw  FG  perpendicular  to  the  diameter  DE, 
and  join  DG ;  the  chord  DG  is  the  mean  proportional  re- 
quired. 

For  join  GE.  The  triangle  DGE,  being  contained  in 
a  semicircle,  is  right  angled,  and  therefore  (VL  17)  DQ 
is  a  mean  proportional  between  DF  and  DE,  that  is,  be- 
tween the  given  straight  lines  A  and  B. 

Car.  If  another  perpendicular  IH  be  drawn,  the  chords 
DG,  DH  will  be  in  the  subduplicate  ratio  of  their  adja- 
cent segments  DF,  DI.  For  DG*=rDF.DE  and  DH*= 
DLDE ;  whence  DG* :  DH* : :  DF :  DI,  and  consequent- 
ljDG:DH:VDF:^DI. 


PROP,  XIX.    PROB. 

To  divide  a  straight  line,  such  that  its  segments 
shall  have  the  subduplicate  ratio  of  those  formed 
by  another  section  of  the  same  kind* 

Let  it  be  required  to  divide  the  straight  line  AB  in  D, 
such  that  the  segments  AD,  DB  shall  be  in  the  subdupli- 
cate ratio  of  other  like  segments  AC,  CB. 

First,  let  both  sections  be  internal.     On  AB  describe 
the  semicircle  AEB^  erect  the  perpen- 
dicular C£,  join  AE,  £B,  and  draw 
(I.  5.)  ED  bisecting  the  angle  AEB ; 
then  AD :  DB : :  •AC :  ^/CB. 

For,  by  the  corollary  to  the  last  Pro- 
position, AE :  EB : :  -/AC :  •CB ;  but 
since  the  vertical  angle  AEB  is  bisected,  AE :  EB ; : 
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AD  :  DB  (VI.  ll.),  and  consequently  AD  :  DB  :  i 
•AC:^CB, 

Next,  let  both  sections  oF  AB  be  ezteraal. 

Find«  by  the  last  Proposition,  a  mean  proportional  to 
CA  and  CB,  and  let  this  be 

CD,  a  production  of  BC;      •- *; — * -r^ 

then,  as  before,  AD :  DB  : : 
V'AC :  •CB. 

For  AC :  CD : :  CD :  CB,  whence,  by  conversion  and  al- 
ternation, AC:CD::AC+CD  or  AD:CD+CB  or  DB. 
But  since  AC.CD-.-.CDiCB,  it  follows  ^VI.  23.  cor.) 
that  AC :  CD : :  -/AC :  -|/CB,  and  consequently  AD :  DB :  : 

v'Acvce. 

■  4  1  ^^ 

.  Cor.  Hencfc,  conversely,  if  the  internal  section  D  be 
given,  the  corresponding  poia^  C  may  be  found.  For,  bar 
ving  completed  the  opposite  semicircupiference,  draw 
from  its  point  of  bisection  a  straight  line  through  D  to  £, 
and  let  fall  the  perpendicular  EC ;  then,  since  the  angle 
AEB  is  thus  bisected,  AD» :  DB» : :  AC :  CB. 


PROP,  XX.    PROB. 

To  divide  a, straight  line,  whether  internally  or 
externally,  so  that  the  rectangle  under  the  seg- 
ments: shall  be  equivalent  to  a  given  rectangle. 

Lei  AB  be  a  straight  line,  which  it  is  required  to  cut,  so 
that  the  rectangle  under  its  segments  shall  be  equivalent 
to  a  given  rectangle. 

For,  on  AB  describe  the  semicircle  AFB,  apply  the  tan- 
gents AD,  BE  equal  to  the  sides  of  the  given  rectangle, 
join  D£,  and  from  the  point  F,  where  this  meets  the  cir- 
cumference, draw  the  perpendicular  FC,  which  will  divide 
AB  into  the  given  segments. 
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.  For  join  AF  and  BF.  And 
because  AD  is  a  tangent  and 
AF  a  straight  line  inflected  to 
the  circumference^  the  exte- 
rior angle  DAF  is  equal  to 
CBF  which  stands  in  the  al- 
ternate segment  (III.  2g.); 
and  for  the  same  reason^  the 
exterior  angle  EBF  is  equal 
to  CAF.  But  the  opposite  . 
angles  .DAC  and  DFC  of  the 
quadrilateral  figiife.  ADFC 
are^  in  the  first.^ase,  two  right 
angle?!  a|id^  therefore^  (III. 
21.)  the  angle  ADF  js  equal 

to  the  supplement  of  ACF  or  its  adjacent  angle  BCF;  and^ 
in  the  second  case^  the  angles  DAC  and  DFC  being  both 
right  angles,  the  figure  DAFC  is  contained  in  a  semicircle, 
consequently  (III.  20.)  the  angle  ADF  is  equal  to  BCF. 
In  the  same  manner,  it  is  proved,  that  the  angle  BEF  is 
equal  to  ACF ;  wherefore  the  triangles  DAF  and  AFC 
are  similar  to  BCF  and  BFE;  and  hence  AD:AF:: 
CB  :  BF,  and  AF :  AC  : :  BF :  BE ;  consequently  (V.  1&) 
AD  :  AC  : :  CB :  BE,  and  (V,  6.)  AD.BE=AC.Cp. 

Cor.  If  the  sides  of  the  given  rectangle  be  equal,  the 
construction  of  the  problem  will  become  materially  sim- 
plified. 

First,  in  the  case  of  internal  section :  The  tangents  AD, 
BE  being  equal,  it  is  evident  that 
D£  must  be  parallel  to  AB  and  the 
perpendicular  FC  parallel  to  EB. 
Whence,  employing  this  construe* 
tion,  the  rectangle  under  the  seg- 
ments AC  and  CB  as  equivalent  to 
the  square  of  B^;  whicl;  also  follows  from.  Prop.'  S6^ 
Book  III. 
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Nexti  in  tbe  case  of  external*  section :  The  opposite 
tangents  AD,  BE  being 
equal,  the  triangles  A6D 
and  BGE  are  evidently 
equal,  and  therefore  DE 
passes  through  the  centre. 
Hence  the  triangles  BGE 
and  FGC  are  also  equal, 
and  6C  equal  to  GEi  This 
construction  being  effected, 

the  rectangle  AC,  CB  will  be  equal  to  the  square  of  BE ; 
which  is  also  deduced  from  Prop.  86,  Book  III.,  since  CP 
is  now  a  tangent  and  AC.CBsCP  or  BE*. 

If  AB  be  equal  to  BE,  the  construction  will  exacdy  cor- 
respond  with  what  was  before  given. 


PROP.  XXL    PROS. 

To  cut  a  given  straight  line,  such  that  the 
square  of  one  part  shall  be  equivalent  to  the  rect* 
angle  under  the  remainder  and  another  given 
straight  line. 

Let  AB  be  a  straight  line,  from  which  it  is  required  to 
cut  off  a  segment  whose  square  shall  be  equivalent  to 
the  rectangle  under  the  remainder  and  the  straight  line 
C. 

Produce  BA  till  AD  be  equal  to  C,  on  BD  describe  a 
semicircle  and  erect  the  perpendicular  AF,  bisect  AD  in 
E,  join  EF  and  make  EG  equal  to  it;  the  square  of  tbe 
segment  AG  thus  formed  is  equivalent  to  the  rectangle 
under  the  remaining  part  GB  and  DA  or  Or 
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For  EFA  being  a  rightr«ogled 
triangle,  EPs:EA*+AP  (H. 
14.)^  and  consequently  APssEF* 
— EA»,  or  EG*— EA*;  and  since 
(II.  «d.)  EG»— EA»=(EG+EA) 
(EG— EA),  or  DGJlG,  there- 
fore APs=DG. AG.  But  (III.  36.  cor.  1.)  AF»srDA*AB ; 
whence  DG.AG  =:  DA.AB,  and  AG  :  AB  : :  DA  :  D6 
(VI.  6.);  wherefore  (V,  11.  and  V.  8.)  AB— AG,  or 
GB  :  AG  :  :  DG— DA,  or  AG  :  DG,  whence  (V.  6.) 
AG^sGB.DA 

Cor.  If  DA,  or  C,  be  equal  to  AB,  then  AG^sABJSG, 
or  AB :  AG : :  AG :  BG,  and,  therefore,  the  line  AB  is  now 
divided  in  extreme  and  mean  ratio*  at  the  point  G.  The 
construction  also  becomes  evidently  the  same  with  that 
which  was  given  Book  II.  Prop.  28,  for  the  medial  sec- 
tion of  a  line^  and  which  is  really  a  simple  case  of  the  same 
problem. 


PROP-  XXn.    THEOR. 

The  rectangle  under  any  two  sides  of  a  trianglei 
is  equivalent  to  the  rectangle  under  the  perpendi- 
cular drawn  to  the  base  and  the  diameter  of  the 
circumscribing  circle. 


Let  ABC  be  a  triangle,  about  which  is  described  a 
circle  having  the  diameter  BE ;  the  rectangle  under  the 
sides  AB  and  BC  is  equivalent  to  the  rectangle  under  BE 
and  the  perpendicular  BD  let  fall  from  the  vertex  of  the 
triangle  upon  the  base  ACt 
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For  join  C£.  And  the  angle 
BAD  is  eqaal  to  BEC  (III.  20.), 
since  they  both  stand  upon  the 
same  arc  BC;  and  the  angle  ADB^ 
being  a  right  angle^  is  equal  to 
ECB^  which  is  contained  in  a  semi- 
circle (III.  26.)  Wherefore  the 
triangles  ABD  and  EBC^  being  thus  similar  (VI.  13), 
AB :  BD  : ;  £B :  BC,  and  consequendy  (V.  6.)  AB.BC=r 
EBJBD. 


PROP.  XXIII.    THEOR. 

• 

The  rectangle  under. any  two  sides  of  a  triangle, 
is  equivalent  to  the  square  of  a  straight  line  bisect- 
ing their  contained  angle,  together  with  the  rect- 
angle under  the  segments  into  which  it  divides  the 
base. 

Let  the  triangle  ABC  have  its  vertical  angle  bisected  by 
BE;  then  AB.BC=BE*+AE.EC. 

For,  about  the  triangle  describe  a  circle  (III.  11.  cor.), 
produce  BE  to  the  circumference,  and  join  CD. 

The  angles  BAE  and  BDC,  stand- 
ing upon  the  same  arc  BC,  are  (III. 
15.  cor.)  equal,  and  the  angle  ABE 
is,  by  hypothesis,  equal  to  DBC  ; 
wherefore  (VI.  J  3.)  the  triangles  AEB 
and  DCB  are  similar,  and  AB :  BE : : 
DB  :  BC.  Consequently  ARBC= 
BE.BD,  (V.  6.)  ;  but  BE.BD= 
BE*+BE.ED,  and  BE.ED=:AE-EC  (111.36.);  wherefore, 
by  substitution,  AB.BC=BE*+AE.EC. 
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PROP.  XXIV.    THEOR.^ 

'  The  rectangles  under  the  opposite  sides  of  a. qua- 
drilateral figure  inscribed  in  a  circle,  are  tog^her 
equivalent  to  the  rectangle  under  the  diagoiials. 


In  the  circle  ABGD,  let  a  quadrilateral  figure  be  inscri- 
bed^ and  join  the  diagonals  AQ  BD ;  the  rectangles  AB, 
CD  and  BC,  AD,  are  together  equivalent.to  the  rectangle 

AC,BD.        •       '  ; 

For  (I.  4.)  draw  BE  leaking  an  angle  A^E,  ec^iial  to 
CBD.  )  . 

The  triangles  AEB  and  DCB 
having  thus  the  angle  ABE  equal 
to  DBC,  and  the  angle  BAE,  or 
BAG,  equal  to  BDC  (III.  W.), 
are  similar  (VI.  13.)^  and  there^ 
fore  AB  :  AE  :  :  BD  :  CD  ; 
whence  (V,6.)  AB.CDrr  AE.BD, 
Again,  because  the  angle  ABE  is 
equal  to  DBC,  add  EBD  to'  each, 'and  the  whole. angle 
ABD  is  equal  to  EBC ;  and  the  angle  ADB  ii  equal  to 
ECB  (III.  20.) ;  wherefore  the  triangles  DAB  and  CEB 
are  similar  (VI..  130,  arid  AD  :  BD  :  :  EC  :  BC,  and 
consequently  BC.AD— EC!.BD.  Whence  the.  rec^tangles 
AB,  CD  and  BC,  AD  are  together  equal  to  the  rectangles 
AE,  BD  and  EC,  BD^  that  is,  to,  the  whole  rectangle  AC, 
BD.  *  ' 
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PROP.  XXV.    THEOR; 

A  perpendiGular  to  the  diameter  of  a  circle  and 
limited  by  the  circumference,  is  a  mean  propor- 
tional between  its  s^ments,  formed  by  straight 
lines  drawn  from  the  extremities  of  the  diameter 
through  any  point  in  the  circumference. 


Let  the  straight  lines  AEC  and  BCG^  drawn  from  the 
extremities  of  the  diameter  of  a. 
circle  through  a  point  C  in  the 
circamference^  cut  the  perpendi- 
cular DG  ;  the  part  DF  within 
jthe  circle  is  a  mean  proportional 
between  the  segments  D£  and 
DG. 

For  the  angle  ACB^  being  in  a 
semicircle,  is  a  right  angle  (lU. 
S6.)>  aud  the  angle  ABG  is  com- 
VBi^n  to  the  two  triangles  ABC 
and  6BD,  which  are,  therefore, 
similar  (VL  13»)  Hence  the  re- 
maining angle  BAG  is  equal  to 
BGl),  and  consequently  the  tri«  . 
angles  ADE  and  6DB  are  simi- 
milar ;  wherefore  AD  :  DE  :  : 
DG :  DB,  and  AD.DBsDB.Da 
But  (III.  S6.  con),  the  rectangle 
under  AD  and  DB  is  equivalent 
to  the  square  of  DF;  whence  DE.DGsDF^  and  (V.  R) 
D£:DF::DF:D6. 
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PROP.  XXVI.    THEOR. 

A  chord  of  a  circle  is  divided  in  continued  pro- 
portion^  by  straight  lines  inflected  to  any  point  in 
the  opposite  ciircumference  from  the  extremities  of 
a  parallel  tangent,  which  is  limited  by  another  tan- 
gent applied  at  the  origin  of  the  chord. 


Let  AB^  AC  be  two  tangents  applied  to  a  circle>  CD  a 
chord  drawn  parallel  to  AH,  and  AE,  BE  straight  lines  in- 
flected to  a  point  E  in  the  opposite  circumference ;  then 
will  the  chord  CD  be  cat  in  continued  proportion  at  the 
points  F  and  Q,  or  CF :  C6 : :  CG :  CD. 

For  join  BD»  BC,  AC^  and  CE.  Because  the  tangent 
AB  ift  equal  to  AC  (III.  36.  cor.  a.),  the  angle  ABC  is 
equal  to  ACB  (L  8.);  but  ABC  is  equal  to  the  angle  BCD 
(I.  U,),  and  to  the  angle 
BDC  (III.  ^g.)i  whence 
(VI.  15.)  the  Uiangles 
BAC  and  BDC  are  si- 
milar^  and  AB  :  BC  : : 
BC  :  CD,  and  conse- 
iiuently  (V.  6.)  EC's 
AB.CD.  Again,  the  tri- 
angles CB6  and  CBE  are  similar,  for  they  have  a  ebrnmon 
angle  CBE,  and  the  angle  BC6,  or  BCD,  is  equal  to  BDC, 
or  BEC  (HI.  20.) :  Wherefore  BG :  BC  : :  BC  :  BE,  and 
BC^s  BG.BE.  Hence  AB.CD=:  BG.BE,  and  AB :  BE :  s 
BG :  CD;  but  FG  being  parallel  to  AB,  AB :  BE : :  FG :  GE 
(VI.  £*),  and  consequently  FG :  GE : :  BG :  CD;  therefore 
FaCDs6G.G£  (V.  6);  and  since  BGwGEsCG.GD 
(III.  56.),  it  follows  that  CG.GDssFG.CD,  and  FG: 
CG;:6D:CD,aadheaoe(V.S0.)CF:CG]:C6:CD* 
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PROP.  XXVII.    THEOR. 

s 
I 

If  a  semicircle  be  deacribed  on  the  side  of  a  rect* 
angle,  and  through  ita  extremities  two  straight 
lines  be  drawn  from  any  point  in  the  circimiference 
to  meet  the  opposite  side  produced  both'  ways ;  the 
altitude  of  the  rectangle  will  be  a  mean  propor- 
tional  between  the  segments  thus  intercepted. 


Let  ABED  be  a  rectangle^  which  hm  a  semicircle  ACB 
described  on  the  side  Afi,  ttud  the-  strliight  fines  CA  and 
CB  drawn  from  a  point  C  in  the-  circuAiFe/ence  ta  meet 
the  extension  of  the  opposite  side  D£ ;  the  altitude  AD  of 
the  rectangle  wiU  be  a  mean  proportional  between  the  ex- 
terior segments  FD  and  £6. 

For,  the  angle  ADF,  being  evidently  a  right  angle^  k 
equal  to  the 
angle  ACB, 
which  stands 
in  a  semi- 
circle (III. 
26.)^  and  the 
angle  DPA 
is.  equal'  to 
the  exterior  3^ 
angle    BAC 

(L  25.);  wherefore  <VL  IS.)  the  triangle  PAD  is  simi- 
lar to  ABC*  •  Ih  the  same  manner  it  is  proved  th^t  the 
triangle  BGE^is  similar  to  ABC;  whence  the  tSangles 
DFA  and  B6E  ape  similar  to  each  other,  and  consequent- 
ly (VI;  13.)  FD VAD : :  BE  or  AD :  EG. 
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CoTk  1.  If  the  straight  lines  CD  and  CB  be  drawd^  they 
will  (VI.  2.)  divide  the  diameter  AR  into  segments  AH, 
HI4  and  IB^  which  are  respectively  proportional  to  the  8eg« 
ments  FD^  D£,  and  £6  of  the  extended  side  DE.  Con- 
sequently when  ABED  is  a  square,  and  therefore  DE  a 
mean  proportional  between  FD  and  £G,  it  must  follow 
that  HI  is  likewise  a  mean  proportional  between  AH  and 
IB. 

Cop.  %.  If  the  rectangle  AB£D  have  its  altitude  AD 
equal  to  the  side  of  a  square  inscribed  within  the  circle, 
the  square  of  the  diameter  AB  is  equivalent  to  the  squares 
of  the  two  segments  AI  and  BH.  For  FD :  AD : : 
AD:  EG,  whence  (V.  6.)  FD.EG=-AI>,  or  2FD-EG=3 
SAD*;  but  (IV.  18.  cor.)  aAD»=iAB»  or  DE%  and  conse- 
quently  2FD.£G=DE«;  wherefore  (VI. 2.)  aAH.IB=HP, 
and  hence  (U.28.  cor.)  the  segments  AI,  BH  are  the  sides 
of  a  right-angled  triangle,  of  which  AB  is  the  hypotenuse, 
«AB*=AP+BH». 


PROP.  XXVIit.   THEOk 


If,  from  the  vertex  of  a  triangle,  two  straight 
lines  be  drawn,  making  equal  aagles  with  the  sides 
and  cutting  the  base ;  the  squares  of  the  sides  arc 
proportional  to  the  rectangles  under  the  adjacqnt 
segments  of  the  base. 


In  the  triangle  ABG^  lei  the 
straight  lines  BD  and  BE  make 
the  angle  ABD  equal  to  CBE; 
then  AB*  :  BC«  :  :  DAxAE  : 
ECxCD. 

For  (Hi.  11.   cor.)  through 
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the  poiota  B,  D,  *aod  B 
describe  a  circle^  meeting 
the  sides  AB  and  BC  of 
the  triangle  io  F  and  6, 
and  join  F6» 

Because  the  angles 
DBF  and  EBG  are  equal, 
they  stand  (HI.  15.)  on 
equal  arcs  DF  and  EQ, 
and  consequently  (HI.  £2. 
cor.)  FG  is  parallel  to  D  E. 

Whence  (VL  l.)  AB :  BC : :  AF :  CG,  and  therefore  (V. 
18.)  AB* :  BC* ; :  AB.AF :  BC.CG;  but  (III.  860  ABAF 
=:DA.A£^  and  BC.CG»£C.CD.  Wherefore  AB» :  BC» : : 
DA.AE :  EC.CD, 

Cor,  |.  If  the  triangle  ABC  be  right^ngled  at  C,  and 
the  vertical  lines  BD  and  BE  cut  the  base  internally ;  ttien 
BC»+AC.CE :  BC* : :  AE :  CD.  For  make  AH  equal  t» 
EC.  Because  AB* :  BC* : :  DA.AE :  EC.CD  and  (11.  14.) 
AB*=AC*+BC%  therefore  AC»+BC» : 
BC* : :  DA.AE  :  EC.CD,  and,  by  divi- 
sion, AC* :  BC* :  :  DA.AE— BCCD  : 
EC.CD.  But,  by  successive  decompo- 
sition, DA-AE— EC.CD =D  A.AC— 
DA.EC— EC.CD=:DA.AC— EC.AC- 
AC.HD ;  whence  AC* :  BC* : :  AC.HlT: 
EC.CD,  and  (V.  IS.  and  cor.)  AC.EC  :  BC* : :  EC.HD : 
EC.CD,  or  (V.  Si)  HD  :  CD;  consequently  (V.  9.)  BC*+ 
AC.EC  :  BC* : :  HC  :  CD;  but,  AH  beii^  ^qual  to  EC, 
HC  is  equal  to  AE;  wherefore  BC*+AC  EC  •  BC*  •  • 
AE:CD. 

Car.  45.  If  the  vertical  lines  BD,  BE  cut.  the  base 
AC  of  a  right-angled  triangle  ACB  externally ;  then  will 
BC*-AC.EC  :  BC* : :  AE :  CD.  For  make  AH=  EC.  It 
IS  demonstrated  as  before,  that  AC* :  BC* : ;  DA.AE— 
EC.CP:  EC.CD;   but  DA.AE  — EC.CD  =  DA. AC  + 
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DA.EC*-r£C.CD3s 
DA^C^ECACcr 
AC.HD  ;  where- 
fore AC*  :  BC*  :  : 
ACHD  :  EC.CD, 
aiidAC.EC:BC*:: 
EC.HD :  EC.CD :  j 

HD :  CD,  and  conseqaently  BC*— AC.EC  :  BC« : :  HG  or 
AE :  CD. 


PROP.  XXIX.    THEOR. 

Triangles  which  have  a  common  angle,  are  to 
each  other  in  the  compound  ratio  of  the  containing' 
sides. 


Let  ABC  and  DBE  be  two  triangles,  having  the  same 
or  an  equal  angle  at  B ;  ABC 
is  to  DBE  in  the  ratio  com-  B 

pounded  of  that  of  BA  to  BD 
and  of  BC  to  BE. 

For  join  AE  and  CD.  The 
ratio  of  the  triangle  ABC  to 
DBE  may  be  conceived  as  com- 
pounded of  that  of  ABC  to 
DBC,  and  of  DBC  to  DBE. 
But  (V.  24.  cor.  £.  and  V.  3.)  the  triangle  ABC  is  to  DBC, 
as  the  base  BA  to  BD ;  and,  for  the  same  reason,  the  tri- 
angle DBC  is  to  D]A£,  as  the.  base  BC  to  BE;  conse- 
quently the  triangle  ABC  is  to  DBE  in  the  ratio  com- 
pounded of  that  of  BA-to  BD,  and  of  BC  to  BE,  or  (V. 
32.)  in  the  ratio  of  the  rectangle  under  BA  and  BC  to  the 
rectangle  under  BD  and  BE. 
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Car.  I.  Hence  similar  triangles  are  in  the  dapUcieile  m^ 
tio  of  their  homologous  sides.  For^  if  the  angle  at  B  6c^ 
equal  to  that  at  3 

E,  the  triangle 
ABCistoDEF 
in  the  ratio 
compounded  of 
thai  of  AB  to 
DE,andofCB 
to  FE;  but, 
these  triangles  being  similar,  the  ratio  of  AB  to  DE  is 
the  same  as  that  of  CB  to  FE  (VL  13.)^  and  conse- 
quently the  triangle  ABC  is  to  DEF  in  the  duplicate  ratio 
of  AB  to  DE,  or  (V.  23.)  as  the  square  of  AB  to  the  square 
of  DE, 

Cor»  2.  Hence  triangles  which  have  the  sides  that  con- 
tain an  equal  angle  re- 
ciprocally proportional,  ^  ^ 
are  equivalent.  For,  the 
angle  at  B  being  equal 
to  that  at  £,  the  triangle 
ABC    is   to  DEF,  as 
AB.CB  to  DE.FE ;  but 
AB  :  DE  :  :  FE  :  CB, 
and  (V.  6.)  AB.CB= 
DE.FE ;  consequently 
(V.  4.)  the  third  and  foarth  terms  of  the  analogy  being 
equal,  the  first  and  second  must  also  be  equal. 


PROP.  XXX.    THEOR. 


Similar  rectilineal  figures  may  be  divided  int# 

*  t 

correspouding  similar  triangles. 
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Let  ABCDE  and  F6HIK  be  similar  rectilineal  figures^ 

of  which  A  and  F  are  corresponding'points;  these  figures 
may  be  resolved  into  a  like  number  of  triangles  respec<» 

tii^ly  similar. 

For,  from  the  point  A  in  the  one  figure  draw  the 
straight  lines  AC^  AD,  and  from  F  in  the  other  draw  FH^ 
Fl ;  the  triangles  BAC>  C ADj  and  DAE  are  similar  to 
GFH,  HFI,  and  IFK. 

Because  the  polygon  ABCDE  is  similar  to  FGHIK^  the 
angle  ABC  is  equal  to 
FGH,  and  AB :  BC  : :  C 

FG  :  GH I  wherefore 
(VI.  15.)  the  trian- 
gle BAC  is  similar 
to  GFH.  Hence  the 
angle  BCA  is. equal  to 
GHF ;  and  the  whole 
angle  BCD  being  equal  to  GHI,  the  remaining  angle 
ACD  must  be  equal  to  FHI.  But  BC  :  AC  ;  :GH  :  FH, 
and  BC  :  CD  : :  GH :  HI ;  consequently  (V.  15,)  AC :  CD  : : 
FH :  HI,  and  the  triangles  CAD  and  HFI  (VI.  15.)  ure 
similar.  Whence  the  angle  CDA  being  equal  to  HIF  and 
the  angle  CDE  to  HIK,  the  angle  ADE  is  equal  to  FIK ; 
^nd  since  CD  :  DA  : :  HI :  IF,  and  CD  :  DE : :  HI :  IK, 
therefore  (V.  15.)  DA :  DE:;IF:IK,  and  the  triangles 
DAE  and  IFK  are  similar. 

The  same  train  of  reasoning,  it  is  obvious,  would  apply 
to  polygons  of  ^ny  number  of  sides. 


PROP.  XXXI.    PROB, 

On  a  given  straight  line,  to  construct  a  rectili- 
»eal  figure  similar  tp  a  given  rectilineal  figure* 
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Let  FK  be  a  stitigbt  line,  on  Which  it  i%  I'equifed 
to  ooDstnict  a  recUlineal  figure  BimilUr  to  th^  figate 
ABCDE. 

JoiQ  AC  and  AD^  dividing  the  given  rediliiieAl  figtnre 
into  its  comfionent  triangleB :  From  the  tk)ititft  F  and  K 
draw  FI  and  KI,  making  the  angles  KFl  and  FKt  «qnal  to 
BAD  and  AED ;  ffom  F  and  I  draw  PH  and  IH  mltkifig 
the  angles  IFH  and  FIH  equal  to  DAC  and  ADC;  ^id 
lastly  from  F  and  H  draw  F6  and  H6  making  the  angles 
HF6  and  FH6  equal  to  CAB  and  ACB.  The  figure 
FGHIK  is  similar  to  ABCDE. 

For  the  several  triangles  KPI,  IFH,  and  HFOi  ^ich 
compose  the  figure  F6HIK,  are^  by  the  constlmtitioin^  ^vi-* 
dently  similar  to  the  triangles  EAD^  DAC^  and  CAfi^  into 
which    the   figure 

ABCDE  was  resol-  D 

ved.  Whence  FK:     B 
KI  :  :  AE  :  ED;      V"^^--CL.'-^>^  /    ^  X 

al8oKI:IF!:ED: 
DA,andIF:IH:: 
DA :  DC^  and  con- 
sequently (V.  150 

KI :  IH  : :  ED :  DC.  Again,  IH  :  HF  :  :  DC :  CA,  and 
HF:HG::CA:Cb,  and  hence  IH  :  HG  : :  DC  :  CB. 
BatHG:6F::CB:BA;  and  the  ratio  of^ GF  to  FK  be- 
ing compounded  of  that  of  GF  to  FH,  of  FH  to  FI,  and 
of  FI  to  FK,i8  the  same  with  the  ratio  of  BA  to  AE,  which 
is  compounded  of  the  like  ratios  of  BA  to  AC,  of  AC  to 
AD,  and  of  AD  to  AE.  Wherefore  all  the  sides  about  the 
figure  FGHIK  are  proportional  to  those  about  ABCDE; 
but  the  several  angles  of  the  former,  having  a  like  com- 
position, are  respectively  equal  to  those  of  the  latter: 
Whence  the  figure  FGHIK  is  similar  to  the  given  figure. 

The  same  reasoning,  it  is  manifest^  would  extend  to 
polygons  of  any  number  of  sides. 

Scholium*  The  general  solution  of  this  problem  is  deri- 
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ved  from  the  priDciple^  that  umilar  triangleSj  by  their 
composition,  form  similar  polygons.  The  mode  of  conr* 
strnction,  however,  admits  of  sopie  variatioilv  For  in* 
stance,  if  the  straight  line  FK  be  parallel  to  AE,  or  in  the 
same  extension  with  that  homologous  side, — ^the  several 
triangles  FIK,  FHI,  and  FGH  may  be  more  easily  con- 
stituted in  succession,  by  drawing  the  straight  lines  FI  and 
KI,  FH  and  [ft,  and  F6  and  GH  parallel  to  the  cone- 
sponding  sides  in  the  original  figure  ABCDE;  because 
(I.  £5.)  a  coitespotiding  equality  of  adgles  will  be  thus  pro- 
duced. 

But,  if  FK  have  no  determinate  position,  the  construe- 
lioki  may  be  still  fartlier  simpli-  ' 

fied  :  For,  having  made  AE 
equcd  to  that  base  and  joined 
AD  and  AC,  draw  KI,  IH,  and 
HG  parallel  to  ED,,  DC,  and 
CB.  The  figure  AKIHG  is 
evidently  similar  to  AEDCB, 
since  its  component  triangles 

have  the  same  vertical  angles  as  those  of  the  original  fi* 
gate,  and  the  angles  at  the  base  are  equal,  on  account  of 
the  parallelism. 

'  If  the  given  base  FK  be  parallel  to  the  corresponding 
side  AE  of  the  original  figure,  a  more  general  construction 
will  result.  Join  AF,  EK  and  produce  them  to  meet  in 
O ;  join  OB,  OC,  and  OD,  and  dmw  FG,  GH,  HI,  and 
therefore  IK,  parallel  to  AB,  BC,  CD,  and  D£ :  The  fi- 
gure FCarHiK  thus  formed  is  similar  to  ABCDE.  For  the 
triangles  KOF,  FOG,  GOH, 
HOI,  and  lOK  are  evidently 
similar  to  the  triangles  EOA, 
AOB,  BOC,  COD,  and  DOE. 
But  these  triangles  compose 
severally  the  two  polygons, 
when  the  point  O  lies  within  the 
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origioal  figure; 
and  when  that 
point  of  con* 
currence  lies 
without  the  fi- 
gure ABCDE, 
the  similar  tri* 
angles  lOK  and  DOE  heing  taken  away  from  the  similar 
compoond  polygons  FGHIOK  and  ABCDOE,  there  re-^ 
mains  the  figure  FGHIK  similar  to  the  original  one. 

It  farther  appears,  from  these  investigations,  that. a  re<s» 
tilineal  figure  may  have  its  sides  reduced  or  enlarged  in  a 
given  ratio,  by  assuming  any  point  O  and  cutting  the  di-r 
verging  lines  O^  OA,  OB,  OC,  and  OD  in  that  ratio  ; 
the  corresponding  points  of  section  being  joined^  wiU  ex-i 
)iibit  the  figure  required. 


PROP.  XXXII.    THEORt 

Of  similar  figures,  the  perimeters  are  proportional 
to  the  corresponding  sides,  and  the  areas  are  in  the 
(duplicate  ratio  pf  t^Qse  homologous  terms. 

Let  ABCDE  and  FGHIK  be  similar  polygons,  which 
have  the  corresponding  sides  AB  and  FG ;  the  perimeter, 
or  linear  boundary,  ABCDE  is  to  the  perimeter  FGHIKj, 
as  AB  to  FG,  PC  to  GH,  CD  to  HI,  DE  to  JK,  or  EA  tp 
KF;  but  the  area  of  ABCDE  or  the  contained  surface  is 
to  the  area  of  FGHIK  in  the  duplicate  rjitip  of  AB  to  FG^ 
pf  BC  to  GH,  of  CD  to  HI,  of  DE  to  IK,  or  of  EA  to 

For,  by  drawing  the  diagopals  AC,  AD  in  the  onC;,  aq4 
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FH^  IF  in  tbe  oiher^ 

these  polygons  will  be 

resolved   into    similar 

triangles.  Whence  the 

several  analogies  AB : 

AC  :  :  FG :  FH,  AC  : 

AD  :  :  FH  :  FI,   and 

AD  :  AE  :  :  FI  :  FK  ; 

therefore,  by  alternaUon,  AB :  FG : ;  AC :  FH : :  AD  :  FI :  r 

AE  :  FK,  and  consequently  (V.  19.)  as  one  of  the  antece^ 

dents  AB,  BC,  CD,  DE  or  AE,  is  to  its  corresponding 

consequent,  so  is  the  amount  of  all  those  antecedents,  or  the 

perimeter  ABCDE,  to  the  amount  of  all  the  consequents^ 

or  the  perimeter  FGHIK. 

Again,  the  triangle  CAB  is  to  the  triangle  HFG  (VJ. 
49.  cor.  1.)  in  the  duplicate  ratio  of  AB  to  FG, — the  tri- 
angle DAC  is  to  the  triangle  IFH  in  the  duplicate  ratio  of 
AC  to  FH,  or  of  AB  to  FG,— and  the  triangle  EAD  h  to 
KFI  in  the  duplicate  ratio  of  AD  to  FI  or  of  AB  to  FG ; 
■wherefore  (V.  19-)  the  aggregate  of  the  triangles  CAB, 
DAC,  and  EAD,  or  the  area  of  the  polygon  ABCDE,  is 
to  the  aggregate  of  the  triangles  HFG,  IFH,  and  KFI,  or 
the  area  of  the  polygon  FGHIK,  in  the  duplicate  ratio  of 
AB  to  FG,  of  BC  to  GH,  of  CD  to  HI,  or  of  DE  to 
IK. 

Cor.  Hence  also  the  perimeter  ABCDE  is  to  the  peri- 
meter FGHIK,  as  any  diagonal  AD  to  the  correspond-* 
ing  diagonal  FI,  and  the  area  ABCDE  is  to  the  area 
FGHIK  in  the  dMplicate  ratio  of  AD  to  FL 


PROP.  XXXIII.    PROS. 

To  construct  a  rectilineal  figure  that  shall  be  si- 
milar to  one,  ^nd  equivalent  to  another,  giv^n  r^c^ 
tilineal  figure^ 


> 
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Let  it  be  required  to  describe  a  rectiliiied  figure  similar 
to  A^  and  equivalent  to  B. 

On  CD  a  side  of  A^  and  equivalent  to  that  figure,  describe 
(II.  II.)  the  rectangle  CDFE,  and  on  DF  describe  tfie 
rectangle  DGHF  equivalent  to  the  figtiTe  B^  find  (VL  18.) 
IK  a  mean  propor- 
tional between  CD 
and  D6,  and  on  IK 
construct     in     the 
same  position  a  fi- 
gure X  similar  to 
the  rectilineal  figure 
A;  it  will  be  like- 
wise   equivalent  to 
B. 

For  the  figures  A  and  X,  being  sinular,  must  (VL  89.) 
be  in  the  duplicate  ratio  of  their  homologous  ndes  CD  and 
IK ;  and  since  IK  is  a  meim  proportional  between  CD 
and  D6,  the  duplicate  ratio  of  CD  to  IK  is  the  same  as 
the  ratio  of  CD  to  D6  (V.  «S.> ;  consequently  the  figure 
A  is  to  the  figure  X  as  CD  to  BG,  or  (VI.  32.)  as  die 
rectangle  CF  to  the  rectangle  DH ;  but  the  figure  A  is 
equivalent  to  the  rectangle  CF,  and  therefore  (V.  4^)  the 
figure  X  is  equivalent  to  the  rectangle  DH,  that  is,  to  die 
figure  B. 


PROP.  XXXIV.    THEOR. 

A  rectilineal  figure  described  on  the  hypotenuse 
of  a  right-angled  triangle,  is  equivalent  to  similar 
figures  described  on  the  two  sides. 

Let  ABC  be  a  right-angled  triangle ;  the  figure  ACFE 
described  on  the  hypotenuse^  is  equivalent  to  die  similar 


^ 
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figares  AGHB  aod  BIKC,  described  en  tbe  sides  AB  and 

BC. 

For  draw  BD  perpendicular  to  the  bypotennse.    And 

since  (IV.  17.)  AC  :  AB : : 
AB  :  AD,  therefore  AC  is 
to  AD  in  the  duplicate  ra- 
tio of  Ac  to  AB,  that  is, 
(VI.  32.)  as  the  figure  on  AC 
to  the  figure  on  AB.  For 
the  same  reason,  AC  is  to 
CD  in  the  duplicate  ratio  of 
AC  to  BC,  or  as  the  figure 
on  AC  to  the  figure  on  BC. 
Whence  (V.  l9.^or.  2.)  AC  is 

to  the  two  segments  AD  and  CD  taken  together,  as  the 
figure  on  AC  to  both  the  figures  on  AB  and  BC ;  and  the 
first  term  of  the  analogy  being  thus  equal  to  the  second, 
the  third  must  be  equal  to  the  fourth  (V.  4.),  or  the  figure 
described  on  the  hypotenuse  is  equivalent  to  the  similar 
figures  described  on  the  two  sides. 


PROP.  XXXV.    THEOR. 

The  arcs  of  a  circle  are  proportional  to  the  angles 
which  they  subtend  at  the  centre. 


Let  the  radii  CA,  CB,  and  CD  intercept  arcs  AB  and 
BD;  the  arc  AB  is  to  BD,  as  the  angle  ACB  to  BCD. 

For  (I.  5.)  bisect  the  angle  ACB,  bisect  again  each 
of  its  halves,  and  repeat  the  operation  indefinitely.  An 
angle  ACa  will  thus  be  obtained  less  than  any  assign- 
able angle.  Let  thid  angle  ACa  or  BC&  (I.  4.)  be  re- 
peatedly applied  about  the  point  C  fzom  BC  towards 


J 


£90 


ELEMENTS  OV  OSOMETBT. 


DC ;  it  niiitt  thus,  by  its  multiplication^  fill  up  the  an* 

gle  BCD  nearer  than  any  possible 

difference.     But  the  elementary 

angle  ACa  being  equal  to  BC6,  . 

the  corresponding  arc  ha  is  (III. 

15.)  eqoal  to  B&.    Consequently 

this  arc  Aa  and  its  angle  ACa,  are 

like  measures  of  the  arc  AB  and 

the  angle  ACB,  and  they  are  both 

contained  equally  in  the  arc  BD 

and  its  corresponding  angle  BCD* 

Wherefore  AB  :  BD  : :  ACB  :  BCD. 

Cor.  Hence  the  arc  A  B  is  also  to  BDj  as  the  sector  ACB 
to  the  sector  BCD ;  for  these  sectors  may  be  vieired  aa 
alike  composed  of  the  elementary  sector  ACa* 


PROP.  XXXVL    THEOR. 

The  circumference  of  a  circle  is  proportional  to 
the  diameter,  and  its  area  to  the  square  of  that 
diameter. 


Let  AB  and  CD  be  the  diameters  of  two  circles; — the 
circumference  AFQ  is  to  the  circumference  CKL>  as  AB 
to  CD;  and  the  area  contained  by  AFG  is  to  the  area  con* 
tained  by  CKL,  as  the  square  of  AB  to  the  square  of 
CD. 

For  inscribe  the  regular  hexagons  AEFBGH  and 
CIKDLM.  Because  these  polygons  are  equilateral  aud 
equiangular,  they  are  similar;  and  consequently  (VI. 
32.)  the  diagonal  AB  is  to  the  corresponding  diago^ 
pal  CP,  as  the  perimeter  AE^^BGH  to  the  pwmete^ 
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CIKDLM..  But  ibis.  proporiioD  must  subiiat^  whatever  be 
the  number  of  chords  inscribed  in  either  semicircumfe* 
rence.  Insert  a  dodecagon  in  each  circle  between  the 
hexagon  and  the  circumference^  and  its  perimeter  wilt 
evidently  (1. 18.) 

approach  nearer  X,r^?^^-"==^K 
to  the  length  of           ^^ 
that    circumfer- 
ence.   Proceed*    'js]k JBC 

ing.  thus,  by  re- 
peated .  duplica- 
tions^— the  peri- 
meters of  the  se- 

ries  of  polygons  which  emerge  in  succession^  will  con.-, 
tinually  approximate  to. the  curvilineal  boundary,  which 
forms  their  ultimate  limiU  Wherefore  this  extxeme  termj 
or  the  circumference  AEFB6H,  is  to  the  circumference 
CIKDIM,  as  the  diameter  AB  to  the  diameter  €D. 
^  Again,  the  hexagon  AEFBGH  is  (VL  32.)  to  the  hex^ 
agon  CIKDLM  in  the  duplicate  ratio  of  the  diagonal 
AB  to  the  corresponding  diagonal  CD,  or  (V.  23.)  as 
the  square  of  AB  to  the  square  of  CD.  Wherefore  the 
successive  polygons,  which  arise  from  a  repeated  bisection 
of  the  intermediate  arcs,  an4  which  approach  continually 
to  the  areas  of  their  containing  circles,  must  have  still  that 
same  ratio.  Consequently  the  limiting  space,  or  the  circle 
AEFBGH,  IS  to  the  circle  CIKDLM,  as  the  square  of  AB 
to  the  square  of  CD. 

Cot.  1 .  It  hence  follows,  that  if  semicircles  be  described 
on  the  sides  AB,  BC  of  a  right-angled  triangle,  and  on  the 
hypotenuse  AC  another  semicircle  be  described,  passing 
(lU.  26.)  through  the  vertex  B,  the  crescents  AFBD 
and  BGCE  are  together- equivalent  to  the  triangle  ABC. 
For,  by  the  Proposition,  the  square  of  AC  is  to  the  square 
of  AB,  as  the  circle  on  AC  to  the  circle  on  AB,  or  (V. 
3.)  as  the  semicircle  ADBEC  to  the  semicircle  AFB ; 
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and,  for  the  Bame  icMon,  the  Kpure  of  AC  is  to  the 
•qnare  of  BC,  as  the  semicir- 
cle ADBEC  to  the  senicticle 
BGC.  Whence  (V.  }9.  cor. 
2.)  the  square  of  AC  is  to  the 
sqnaret  of  AB  and  BC,  as  the 
■emicircle  ADBEC  to  the  ae- 
micirclea  AFB  and  BGC.  Bnt 
(II.  14.)  the  square  of  AC  is  equivalent  to  Ibe  sqaarea 
of  AB  and  BC,  and  therefore  (V.  4.)  the  semioirclo 
ADB£C  is  equivalent  to  the  two  semicircles  AFB  ui4 
BGC}  take  away  the  common  segments  ADB  and  BBC, 
and  tbere  remains  the  triangle  ABC  eqairaleat  to  the  two 
orescenU  AFBU  and  BGCE. 

Cor.  S.  Hence  the  method  of  dindiog  a  cirde  into 
equal  portions,  \>y  meam  of  coneeatrie  oireles.  I^  it  be 
required,  for  instance,  to  trisect  tiie  circle  erf  which  AB  is 
a  diameter.  Divide  the  radius  AC  into  three  eqnal  parts, 
from  the  poinU  of  section  draw  perpendionUn  DF,  £G- 
neeting  the  circumference  of 
a  semicircle  described  oa  AC, 
join  CF,  CG,  and  from  C  as  a 
centre,  witbthedistftDceaCF, 
CG,  describe  the  circles  FHI, 
6KL:  The  circle  on  ABwiU 
be  divided  into  three  equal  por- 
Uoas,  bj  tiiose  ioterior  circles. 
Forjoin  AFand  AG :  Because 
AFC,  being  in  a  semicircle,  is 
«  right  angle  (III.  26.),  AC  is  to  CD  (VI.  17.  and  V.  23.), 
as  the  square  of  AC  to  the  square  of  CP,  that  is,  as 
the  circle  on  AB  to  the  circle  FHl ;  but  CD  is  the 
third  part  of  AC;  wherefore  (V.  5.)  the  circle  FHI  is 
the  third  part  of  ^e  circle  on  AB.  In  like  manner,  it  is 
proved,  that  the  circle  GKL  is  two  third  parts  of  the  circle 
on  AB.  Consequently,  the  intervening  annular  spaces^ 
and  the  circle  FHI,  are  all  equal. 
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Got*  3f  Honoe  alio  is  derived  a  mode  of  Avidiog  a 
given  circle  into  equal  portions  and  contained  within 
equal  circular  bonndaaries.   For  example^  let  it  b^  required 
(0  cut  the  circle  APBQ  into  five  equal  spaces :  Divide  the 
diameter  AB  into  five  equal  parts  ^t  the  points  C^  D,  E^ 
and  F;  on  AC,  AD,  A£,  and  AF  desqribe  the  semicircles 
AGC,  AID^  ALE,  and  ANF,  and  on  BC,  BD,  BE,  and 
BF,  towards  the  opposite  side,  describe  the  semicircles 
BHC,  BKD,  B]^£,  and  BOF;  the  circle  APBQ  will 
be  divided  into  five  equal  por** 
tions,  by  the  equal  compound 
semicircumferences  AGCHB, 
AIDKB,     ALEMB,     and 
ANFOB. 

For  the  diameter  AB  is  to 
the  diameter  AD,  as  the  cir- 
cumference of  AB  to  the  cir- 
cumference of  AD,  or  (V.  3.)^ 
as  the  semicircumference  APB 
to  the  semicircumference  AID; 

and  AB  is  to  6D,  as  the  semicircumference  APB  to  the 
semicircuinferenee  BKD.  Wherefore  (V.  IQ.  cor.  £.)  AB 
ifi  to  AD  ai^d  BP  {together  as  the  semicircuqiference  APB 
to  the  compound  boundary  AIDKB;  and  consequently 
these  interior  boundaries  AGCHB,  AIDKB,  ALEMB, 
and  ANFOB,  are  all  equal  to  the  semicircumference  of  the 
original  circle. 

Again,  the  circle  on  AB  is  to  the  circles  on  AE  and  A7> 
as  the  square  of  AB  to  the  squares  of  AE  and  AF ;  and 
consequently  (V.  19*  cor.  2.)  the  circle  on  AB  is  to  the  dif- 
ference between  the  circles  on  AE  and  AF,  as  the  squpure 
of  AB  to  the  differepce  betwejen  the  3quares  of  AE  and 
AF,  tl^t  is  (IL  fS.),  the  rect^qgle  undejr  the  ^upi  aoji 
differepf  e  of  AE  and  AF,  or  twice  the  rectapgle  under 
EF  and  AS,  the  distance  of  A  from  the  middle  point  of 
EF.  Whence  the  circle  APBQ  is  to  ikp  difier^ce  pf  th^ 
semicircles  ALE  and  ANF,  or  the  space  ALEFN,  as  the 
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square  of  AB  to  the  rectangle  under  AS  and  EF;  atid, 
for  the  tame  reaadn,  the  circle  APBQ  is  to  the  space 
POBMJB^  as  the  square  of  AB  is  to  the  rectangle  under  BS 
and  EF;  consequently  (V.  19*  cor.  2.)  the  circle  APBQ 
h  to  the  compound  space  ALEMBOFN^  as  the  square  of 
AB  to  the  rectangles  under  AS  and  £F  and  BS  and  EF, 
or  the  reclangle  under  AB  and  EF ;  bitf  the  square  of  AB 
is  to  the  rectangle  under  AB  and  EF  (V.  £4.  cor.  2.)  as 
AB  to  EF,  which  is  the  fifth  part  of  AB;  wherefore  (V.  5.) 
any  of  the  intermediate  spaces,  such  as  ALEMBOFN,  is 
the  fifth  part  of  the  whole  circle* 


PROP.  XXXVIL    THEOR. 

The  area  of  any  triangle  is  a  mean  proportional 
between  the  rectangle  under  the  semiperimeter  and 
its  excess  above  the  base,  and  the  rectangle  under 
the  separate  excesses  of  that  semiperimeter  above 
the  two  remaining  sides. 


The  area  of  the  triangle  ABC  is  a  mean  proportional 
between  the  rectangle  under  half  the  sum  of  all  the  sides 
and  its  excess  above  AC,  and  the  rectangle  under  the  ejf- 
ces9  of  that  semiperimeter  above  AB  and  its  excess  above 
BC. 

For  produce  the  sides  BA  and  BC,  draw  the  straight 
lines  BE,  AD,  and  AE  bisecting  the  angles  CBA,  BAC, 
and  CAI,  and  let  fall  the  perpendiculars  DF,  DG,  and 
DH  within  the  triangle,  and  the  perpendiculars  EI,  EK, 
and  EL  without  it»  ^ 

11 
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The  triangles  ADF  and  ADG^  having  the  angle  DAF 
equal  to  DAG^  the  angles  F  and  6  right  angles,  imd  the 
common  side  AD, — are  equal ;  for  the  sam^  reason,  the  trU 
angles  BDG  and  BDH  are  equal.  In  like  manner,  it  is 
proved,  that  the  triangles  AEI  and  AEK  are  equals  and  the 
triangles  BEI  and  BEL.  Whence  the  triangles  CDH  and 
CDF,  having  the.  side  DH  equal  to  DF,  the  side  DC  com- 
mon, and  the  right  angle  CHD  equal  to  CFD, — are  (L 
S4.)  equal;  and,  for  the  same  reason,  the  triai^les  C£K 
and  C£L  are  equal.  The 
perimeter  of  the  triangle 
ABC  is,  therefore,  equal  to 
twice  the  segments  AF,  FC, 
and  B6 ;  consequently  BG 
is  the  excess  of  the  semi* 
perimeter  above  the  base 
AC,  and  AG  is  the  excess 
of  that  semiperimeter,  or  of 
the  segments  BH,  HC,  and 
AG, — above  the  side  BC. 
But  the  sides  AB  and  BC, 
with  the  segments  AK  and 
CK,  or  AI  and  CI^  also 

form  the  perimeter ;  whence,  BI  being  equal  to  BL,  the 
part  AI  is  the  excess  of  the  perimeter  above  the  side  AB. 

Now,  because  DG  and  £1,  being  perpendicular  to 
BI,  are  parallel,  BG  :  DG  : :  BI :  EI  (VI.  2.),  and  con- 
sequently (V.  24.  eor.  2.)  BI  x  BG :  BI  X  DG  : :  DG  x  BI : 
DG  X  EI.  But  since  AD  and  AE  bisect  the  angle  BAG 
and  its  adjacent  angle  CAI,  the  angles  GAD  and  EAI 
are  together  equal  to  a  right  angle,  and  equals  therefore, 
to  lEA  and  EAI ;  whence  the  angle  GAD  is  equal  to  lEA, 
and  the  rjght-angled  triangles  DGA  and  AIE  are  similar. 
Wherefore  (VI.  13.)  DG :  AG : :  AI :  EI,  and  (V.  6.)  DG  X 
EI=AGxAI;  consequently  BIxBG  :  DGxBI : :  DGx 
BI :  AG  x  AI.  But  the  triangle  ABC  is  composed  of 
three  triangles  ADB,  BDC,  and  CDA,  which  have  the 


MS  BLEMBNT8  09  OftOMBTRY. 

flame  allitade;  and  therefaie  ito  area  is ^qval to  ihe  rect- 
angle tuiHler  DG  aad  half  their  bases  Ah,  2C,  Md  AC, 
or  the  senuperkBeter  BI.  Whetice  the  area  of  <Jbe  tiHMi^ 
ABC  is  a  mean  pnyportkMMA  between  BI  aad  its  4»tceflBi 
aibcyre  AC^  and  the  reetaagle  under  its  excess  abcnre  BC 
and  tihat  abofe  AB. 

Cor.  If  IJhe  area  of  a  tnaii]^  be  expressed  by  A^  ks 
sides  by  a,  b,  and  c^  and  the  settiperiBieter  by «;  theft 
s(s*--a) :  A : :  A :  <i-^)(«— c),  and  consequen%  A*ttt<s-^ 

(•-*X»-<),  and  A=^(<s-aX»-6X»-<)). 


PROP.  XXXVm,    PROB. 

Given  the  area  of  an  inscribed,  and  tliat  of  a  cir- 
dunscribed,  regular  polygon;  to  find  the  axeas  of 
inscribed  and  circumscribed  regular  pdiygona^  ha- 
ving double  the  number  of  sides. 


LetTKNQ  and  HBDF  be  given  similar  mscribed  and 
circumscribed  rectilineal  figures ;  it  is  required  thence  to 
determine  the  surfaces  of  the  con^sponding  inscribed  and 
circumscribed  polygons  AKCNEQGT  and  VIlAfOPRS, 
which  have  twice  the  number  of  sides. 

From  the  centre  of  the  circle,  draw  radiating  lines  to 
all  the  an^jJar  points.  It  is  evident  that,  the  triangles 
ZXK  and  ^AB  ;are  lite  portions  of  the  given  inscribed 
and  circumscribed  figures  TKNQ  and  HBJ)F;  and  that, 
the  triangle  ZAK,  and  the  quadrilateral  figure  ZAIK  axe 
falso  like  portions  of  the  derivative  polygons  AKCNEQGfT 
and  VILMOPRS.  Ajid  since  XK  is  parallel  to  AB, 
ZX  :  ZA  : :  ZK  :  ZB,(VL  «.);  bufZX  is  to  ZA  as  the 
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uiBasleZXKiB  to  die  Mngk  ZAK<V.  U.  cof.fi.  Mi  V. 
8.^«aM^  j»r  die  one  raaaon,  ZK  iitaZB  itt  l^triM^ 
KAK  b  to  the  tnangle  ZAB  ;  wbenx  ZXK  :  ZAX  :  t 
£A.K:£AB,  and  ■maattfomdy  dK  ideriuatiw  inscbbed  pow 
Ifgon  AirciMeQGT  is  »  mean  pniportiMid  bcftween  the 
iMcribed  and  circMmcrt- 
hBd  %Bres  IKKQ  nd 
HBDF. 

^jsiov  beoawe  Zi  bi- 
MCte  «be  wt^  AIM,  ZA 
H  to  ZB,  4ir  ZX  H  to  Z£, 
AsAI  toiB(VMl.}«ml 
«enseyttendy(V.fl4.csr.3.  - 
•ndV^.^  the  tKungle  XZK 
ia  ts  die  tiiwigle  AZ3£,  «9 
'dielrntDgie  AZI  to  the  tri- 
able IZB.  ilnce  die  is. 

acnbed  figure  TKN-Q  is  to  ks  deriwtfve  JBBcribed  figure 
iUKGNEQGT  m  the  triangle  AZI  to  ihe.  triragle  IZB; 
wherefore (V.  11.  and  lS.)TKNQandjUKCNEQGT toge- 
ther are  to  twice  TKNQ,  as  the  triangles  AZI  and  IZB,  or 
AZB,  to  twice  the  triangle  AZT,  or  llie  space  AlKZ,— that 
ig>as  HBDF  to  VIUaOPQRS.  And  thos,  the  two  inscribed 
polygoHB  areto  ("price  tke  simple  iascrihed  polygon,  as  the 
snrface  of-  ike  ciFCumscribit^  |iolygofi  to  t^e  surface  of 
the  derivative  ciecvmscribiqg  folygaa  with  double  the 
number  of  sides. 

Cor.  HeHce  Ae  area  ctf  a  circle  is  equivalent  to  the 
rectangle  onder  its  raditis  and  a  straight  line  equal  to  half 
ila  circumference.  For  the  tuiface  of  any  regular  circam- 
Bcribing  polygon,  such  as  VILMOPRS,  being  composed 
of  a  number  of  thaagles  AZI,  n4iic^  have  alt  the  same  al- 
titude ZA,  is  equivalent  (II.  V-)  to  the  redaogle  under 
ZA  and  half  die  sum  of  their  bases^  or  the  semiperimeler 
of  the  polygon.  But  the  drcle  itself,'  as  it  foims  the  ulti- 
mate huitctfthe  polygon,  must  have  its.  area,  thereforej 
eqnival^t  to  the  rectangle  under  the  radius  ZA,  and  the 
semicircumierence  AC£. 


«fi8 
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SekoSunu  This  PropoBition  famishes  the  best  elemeat* 
aiy  method  of  approximating  to  the  numerical  expression 
for  the  area  of  a  circle.  Suppose  the  radius  of  a  circle  to 
be  denoted  by  unit :  The  surface  of  the  circumscribing 
square  will  be  expressed  by  4,  and  consequently  (IV.  16. 
cor.)  that  of  its  inscribed  square  by  2.     Wherefore  die 

surface  of  the  inscribed  octagon  iss v^2  x  4=2|828427 1 ; 
and  the  surface  of  the  circumscribing  octagon  is  found  by 
the  analogy,  24-2^284271 :  2X2 ; :  4  :  3^187085.  Again^ 
4/(2^^B4271  X  8^8187085)3  8^14674,  which  expresses 
the  area  of  the  inscribed  polygon  of  i6  sides  ;  and 
2,82i4271+3,0Gl4674  :  2  X  2^28427  Ij  or  5,8898945  : 
5,6566542  : :  8,3187085  :  8,1825979^  which  denotes  the 
area  of  the  circamscribing  polygon  of  l6  sides.  Punning 
this  mode  of  calculation,  by  alternately  extracting  a  square 
root  and  finding  a  fourth  proportional,  the  following  Table 
will  be  formed;  in  which  the  numbers  expressing  the  sur- 
faces of  the  inscribed  and  circumscribed  polygons  con- 
tinual)y  approach  to  each  other,  and  consequently  to  the 
measure  of  their  intermediate  circle. 


Area  of  the 

Area  of  the 

MaiDbief  of 

inscribed 

circnmscribiiig 

Sides. 

PolygoB. 

Polygon. 

4 

2,0000000 

4,0000000 

8 

2,8284271 

8,3187085 

16 

8/)6 14674 

8,1825979 

82 

.    8,1214451 

3,1517249 

64 

8,1865485 

3,1441184 

128 

8,1403311 

8,1422236 

256 

8,1412772 

8,1417504 

512 

8,1415138 

8,1416821 

1024 

8,1415729 

8,1416025 

2048 

3,1415877 

8,1415951 

4096 

8,1415914 

8,1415933 

8192 

8,1415923 

3,1415928 

16384 

8,1415925 

8,1415927 

82768 

1 

3,1415926 

1 

8,1415926 
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Hence '3>14159d6  is  the  nearest  expression^  consisting 
of  7  decimal  places^  for  the  area  of  a  circle  whose  radius 
is  1.  But  the  semicircumference  in  thb  case  denoU 
ing  also  the  surface^. the  same  number  must  represent 
the  circumference  of  a  circle  whose  diameter  is  1. 
Consequently^  if  D  denote  the  diameter  of  any  circle, 
the  circumference  will  be  expressed  approximately,  by 
3,1415926x0;  whence  the  area  will  be  tD*X 3^1415926, 
or  D*.X  7,8539815. 

Since  the  four  last  decimals  59^6  come  so  near  to  6000, 
it  will,  in  most  cases,  be  sufficiently  accurate  to  reckon  the 
circumference  equal  to  D  x  3^1416,  and  its  area  equal 
to  D*X>  7854.  But  other  approximations,  expressed  in 
lower'numbers,  may  be  found,  by  help  of  Prop.  ^«  Book 
V.  For  mss5,  iis7>  ps  16,  and  qsli;  whence  the  ratio 
of  the  diameter  to  the  circumference  of  a  circle,  is  denoted 
successively,  by  1  :  3 — by  7  :  22 — by  113  :  355— and  by 
1250  ^  3927*  Hence  also  the  circle  is  to  its  circumscri* 
bing  square  nearly— as  1 1  to  14^  or  still  more  nearly—as 
^5  to  452. 
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The  constnictions  used  in  Elementary  Geome- 
tryy  were  effected,  by  the  combination  of  straight 
lines  and  circles.  Many  problems,  however,  can 
be  resolved,  by  the  single  application  of  the  straight 
line  or  the  circle ;  and  such  solutions  are  not  only 
interesting,  from  the  ingenuity  and  resources  which 
they  display,  but  may»  in  a  variety  of  instances,  be 
employed  with  manifest  advantage.  This  Appen- 
dix  is  intended  to  exhibit  a  choice  collection  of 
Geometrical  Problems,  resolved  by  either  of  those 
methods  singly.  It  is  accordingly  divided  into 
Two  Parts,  corresponding  to  the  rectilineal  and  the 
circular  cdnstructions. 
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PART  I. 


Proilems  resohed  by  help  of  the  Ruler, 
or  fy  StrmgTa  Lines' okly^ 

PROP.  I.    PROB. 
To  bisect  a  given  angle. 


£et9AC  betm^»g)ey  wlfiM^'it  ii»Teiit^^      bMeei^  bj 

Ia  4^ toke  an;  Xsi^'^mUi  JX  and  ]^  ficoin  J^Q  cjA  off 
AF  equal  tp  AD  and  AG  to  A$^  Jpin  the  alternate  lines 
£F  and  JDG^  intersecting  im  the  point  H  i  AK  wilt  bisect 
#«aB|$liBAa" 

_  I^oi  ttM^imoglfef  RAF  wd  SA<3^  >i»?!p|t  thft  i^id^  £A 
and  AF  equal  by  cQn8tfuction^  to  GA  a^d  Af^x  i^d.  tb^i 
contained  angle  DAG  common  ta  both,  ^re  ebiial  (J.  3.), 
ftntf  eonseqwntlj  tfte-^migKe  '  ''•'''  *' 

A£Fkcqi«lto*AGeii  Ami 
«iac^wA£.i9  eqfial  ta^AQji^f^ 

the  p^rt  AD  to  AF,.the  re- 

inaihdtei'  DE'  mtise  be  equal 

til  FQ  V  ^ItettloRr  Atti  t-iaa^ 

gles  DEH  and  HGF  having 

the  angle  at  E  equal  to  that 

at  G,  the  vertical  angles  at  H 

equal,  and  also  their  opposite 

sides  D£  and  FG,  are  equal 

(I.  9^3.) ;  and  hence  the  side  DH  is  equal  to  FH.    Again, 

the  sides  AD  and  DH  are  equal  to  AF  and  FH,  and  AH 

is  common  to  the  two  triangles  AHD  and  AHF,  which 

are,  therefore,  equal  (L  2.),  and  consequently  the  angle 

DAH  is  equal  to  FAH. 
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T(^  btt«et^  given  fii^tiMstiiil^,  lioe. 
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Let  it  be  required  to  bisect  AB,  63?.  a  rectilineal  con- 
structioni 

Draw  AK  diverging  from  AJ^^  and  make  AC=:CD.=;])£^ 
join  EB  and  continue  it  beyonit  B  till  BF  be  equal  to 
BE,  and  lastly  join  FC ;  wbich  will  bisect  AB  in  tbe  point 

a 

For  draw  BH  parallel  to  AE, 
And  because  BD  bisects  Che  sfdes 
EC  and  EF  of  the  triangle  CEF^ 
it  h  pvaitel  ,pm  ifae  Imm:  CP  (IL, 
4.) ;  wherefore  BDCH  is  a  paral- 
lelogram^ which  has  its  opposite 
sides  BH  and  CP  ^(yial.  But 
Ac  being  paraBfef  to' BH,  the 
jangles  GACdncI  GCA  are  equal 
to  6BH  and  GHB^and  the  side 
AC>  being  made  equal  to  CD,  is 
hence  equal  to  its  correspondiiig 

interjacent  side  BH ;  whence  thi^Mlriangles  A(y(If  and  BGH 
are  equal  (I.  £3t),  and  therefore  ACt  t^  eqij^l  jp  RG. ' 
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Through  a  given  point,  ^W  iiti^  a  K^nd  ^ai 
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In  AB  take  any  two  points  D  and  V,  join  CD,  which 
produce  till  DE  be  equal  to  it; 
again  join  E  with  the  point  ¥, 
and  continue  this  till  FG  be  equal 
to  EF :  Then  CO,  being  Joined, 
will  be  parallel  to  AB. 

For,  since  AB  or  DF  evidently 
bisects  the  sides  EC  and  £6  of 
the  triangle  CEG,  it  must  be  pa- 
rallel to  the  base  C6  (II.  4.) 


PROP.  IV.    PROS. 

From  a  point  in  a  given  straight  lin^  to  erect  a 
perpendicular. 


Let  C  be  a  given  point,  from  which  it  is  required,  by 
help  of  straight  lines  merely,  to  erect  a  perpendicular  to 
AB. 

In'AB,  having  taken  any 
point  D,  draw  DE  equal  to 
DC  and  inclined  to  AB,  join 
EC  and  produce  it  until  C6 
be  equal  to  CD  or  DE,  make 
CF  equal  to  CE,  join  F6 
and  produce  this  till  6H  be 
equal  to  6C :  Then  CH  will 
be  perpendicular  to  AB. 

For  the  triangles  DCE  and 
6CF,  having  the  sides  DC, 
CE  equal  to  GC,  CF,  and  the  contained  angles  vertical  at 
C,  are  equal  (I.  3.) ;  whence  FGsCDsCGsGH.  6  is, 
tberefore,  the  centre  of  a  semicircle  which  would  pasa 
through  the  poiQta  F,  C^  U,  tod  conaequentiy  the  angle 
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FCH  is  a  right  angle  (III.  26.),  or  CH  is  perpendicular  to 
AB. 


PROP.  V.    PROS. 

N 

To  let  fall  a  perpendicular  upon  a  given  straight 
line,  from  a  point  without  it. 

Let  C  be  a  given  pointy  from  which  it  is  required^  by 
a  rectilineal  constraction^  to  let  fail  a  perpendicular  to 
AB. 

In  AB  take  any  point  D^  draw  DF  obliquely^  and  make 
DE=DF=DG,joinFE^ 
and  produce  it  until  £H 
be  equal  to  EG>  make 
EIsEF,  join  HI,  and 
( Appendix,  Part  I.  Prop. 
S.)  draw  CK  parallel  to 
it :  CK  is  the  perpendi- 
cular required 

For  the  point  D  being 
obviously  the  centre  of  a 

semicircle  passing  through  G,  F,  and  E,  tbe  angle  6FE  is 
-a  right  angle;  and  the  triangles  E6F,  EHI,  having  the 
sides  GE,  EF  equal  to  HE,  EI,  and  their  contained  angles 
vertical, — are  equal  (1. 3.)^  and  consequently  the  angle  HIE 
is  equal  to  GFE,  or  is  a  right  angle;  but  since  CKand 
HI  are  parallel,  the  angle  CKA  is  equal  to  HIE  (L  2S.X 
and  therefore  is  also  a  right  angle,  or  CK  is  perpendicular 
to  AB. 
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PROP.  IV.    PROB. 


To  bisect  a  given  distance. 


Let  A  and  B  be  two  given  pdnts;  it  is  required  to  find 
the  middle  point  in  the  same  direction. 

From  B  aa  a  centre,  with  the  radius  B A,  describe  a 
•emicircnmference,  by  inserting  that  distance  snccesaivety 
from  A  to  C,  D,  and  E;  from  A  as  a  centre,  with  the  dis- 
tance AE>  describe  a  portion  of  a  circle  FE6,  in  which, 
and  from  E,  inflect  the  chords  EF  and  £6  equal  to  EC ; 
and  from  the  points  F  and  6,  with  the  same  radius  EC 
describe  arcs  intersecting  in  H :  ' 
This  point  bisects  the  distance 
AB. 

For  the  points  A,  B,  and  E 
extend  in  a  straight  line ;  but 
the  triangles  FAG,  FHG,  and 
FEG,  being  evidently  isosceles, 
their  vertices  A,  H,  and  E  must 
lie  in  a  straight  line;  whence  the 
point  H  lies  in  the  direction  AB. 
Again,  because  EFHG  is  a  rhom- 
bus, its  diagonals  FG  and  HE 
bisect  each  other  (I.  Si.),  and 
consequently  (I.   7«)  AP  is  at 

right  angles  to  FG.  But  AE  being  equal  to  AF,  EP  or 
EC»=s2AEEP  (II.  SI.  cor.),  or  S  AB.HE;  wherefore, 
since  (IV.  ^0.  cor.  «,)  EC»s3AB»,  2AB.HE=:3AB% 
whence  2  HEsSAB,  that  is,  2HB-h2B£=SAB^  and 
consequently  2  HB=:  AB. 
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PROP.  V.    PROB. 


To  trisect  a  given  distance. 


Let  it  be  required  to  find  two  intermediate  points  that 
are  situate  at  equal  intervals  in  the  line  of  communication 
AB. 

Repeat  (App.  P.  II.  1.)   the  distance  AB  on  both 
sides  to  C  and  D,   from  these  points,  with   the  radius 
CD,  describe  the  arcs  EDF  and  GCH,  from  D  and  C 
inflect  the   chords  DE 
and  DF,  CG  and  CH, 
all  equal  to   PB,   and 
with  the  same  distance, 
and  from  the  points  E 
and  F,  G  and  H,  de- 
scribe arcs  intersecting 
in  I  and  K:   The  dis^ 
tance  AB  is  trisected  by 
points  I  and  K. 

For  it  may  be  demon- 
strated, a9  in  the  last 
proposition  y  that  the 
points  I  and  K  lie  in  the 
same  direction  AB.  In 
like  ihanner,  it  appears 
(11.  Sl.cor.)thatCG*= 

DC.CK;  consequently  (2  AB)»=3  AB.CK,  that  is  4  AB*=5 
3  AB.CK,  and  therefore  4  AB  =  3  CK==3  BK+3  AB  ; 
whence  A6=3  BK.    But^  for  the  same  reason^  AB=3  AI. 
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PROP.  VL    PROS. 
To  cut  off  any  aliquot  part  of  a  given  distance. 

Suppose  it  were  required  to  cut  off  the  fifth  part  of  the 
distance  between  the  points  A  and  B. 

Repeat  (App.  P.  TI.  1.)  the  distance  AB  four  times,  to 
F;  from  F^  with  the  radius  FA,  describe  the  arc  6 AH; 
inHect  the  chords  AG 
and  AH  equal  to  AB,        ^ 
andj  with  that  radius  and  | " 

from  the  points  G  and 

H,  describe  arcs  inter-      A  T    ii       C      i>      k      F 
secting  in  I :  Al  is  the         _\ 
fifth  part  of  the  line  of        i^ 
communication  AB. 

For>  as  before,  the  point  I  is  situate  in  AB.  But 
AG*:^AF.AI,  and  consequently  AB=;*5AB.AI;  whence 
AB=:5AI. 


PROP.  VII.    PROB. 
To  divide  a  given  distance  by  medial  section. 

Let  it  be  required  to  cut  the  distance  AB^  such  that 
BH«=BA.AH. 

From  B  describe  a  circle  with  the  radius  BA»  which  in- 
sert successively  from  A  to  D^  E^  C^  and  F ;  from  the  ex- 
tremities of  the  diameter  AC>  and  with  the  double  chord 
A£^  describe  two  arcs  intersecting  in  G ;  and  from  the 
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^mrts  E  and  7,  with  tbe  distanee  BG^  describe  other 
two  BTcs  mtersecting  in  H :  This  is  tbe  point  of  medial 
section. 

For  it  is  evident^  that  this 
point  H  lies  in  the  straight 
line  AB.  And  because  the  tri- 
angles AGB,  COB  have  their 
sides  respectively  equals  the  an- 
gle AB6  (I.  2.)  is  a  right  an- 
gle^  and  consequently  (II.  14.) 
AG*=  AB» + BG» ;  but  AG  = 
AE,  and  AE*=3  AB»  (IV.  20. 
o<».);  wherefore  3  AB»— AB*+ 
BG%  and  BG»=r2  AB».    Now 

isince  BECF  is  a  rhombus^  its  diagonals  bisect  ^each  other 
alt  right  angles ;  -whence  HE*— BE*=(M.  £9.  cor.)  HP»— 
BP»=  (II.23.^B«.HC,biit  HE*— BE»=BG*— BE»=AB*, 
and  therefcfe  AB»=BH.HC.  Again,  (II.  20.)  AB»  = 
AH.BA+BH.AB,  and  BH.H€=BH*+BH.AB;  conse- 
quently AHJIB+BH-AB=BH>+BH»AB,  and  therefore 
BH»=iVH.AB. 


PROP.  VIU.    PROB. 


To  bisect  a  given  arc  of  a  circle. 


Let  it  be  required  to  bisect  tftie  arc  AB  of  a  circle  whose 
centre  is  C« 

From  the  extremities  A  and  B,  with  tlfe  radius  AC,  de- 
scribe opposite  arcs,  and  from  tbe  centre  C  inflect  the 
chord  AB  to  D  and  E;  from  these  points,  with  the  dis- 
tance DB  describe  arcs  intersecting  in  F ;  and  from  D  or 
E,  with  the  distance  CF,  cut  Ae  given  arc  AB  in  G :  AB 
is  bisected  in  that  point. 
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For  the  figures  ABCD  and  ABEC  being  rhomboids> 
DC  and  CE  are  parallel  to  A6^  and  hence  constitute  one 
straight  line;  conse- 

quen  tly  the  triangles  ^K 

DFC  and  EFC  hav. 
ing  their  correspon- 
ding sides  equals  the 
angle  DCF  is  a  right 
angle^  and  (II.  14.) 

df»=dc»+Cf» 

But  in  the  rhom- 
boid ABCD,  DB»+ 
CA*=2  DC*+2CB»  (II.  34.),  or  DB*=2  DC*+CB» ;  and 
since  DB=DF,  2DC»+CB*=DC»+CFS  whence  DC*+ 
CB'=CF%  or  DC'+CG>=DG%  and  therefore  (II.  15.) 
DCG  is  a  right  angle.  And  because  CG  is  perpendicular 
to  DC,  it  is  likewise  (I.  25.)  perpendicular  to  AB,  and  the 
triangles  CAP  and  CBP  are  equal  (I.  24.)  and  the  angle 
ACG  equal  to  BCG ;  whence  (III.  15.)  the  arc  AG=B(S. 


PROP.  IX.    PROB. 


Given  two  points,  to  find  the  intersection  of  their 
connecting  line  with  a  given  circumference. 

1.  Let  one  of  the  points  be  the  ceiilre  of  the  circle. 

Take  any  point  D  within  the  circle,  and  from  A,  with 
the  distance  AD  describe  an  arc  cut- 
ting the  circumference  in  E  and  F, 
bisect  the  arc  EGF  in  G  (App.  P,  II. 
8.),  and  determine  the  semicircle  G  EH 
(App.  P.  II.  1.):  G  and  Hare  the. 
points  of  intersection  of  the  straight 
line  AG  H. 
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For  the  triangles  AEB  and  AFB  have  their  sides  je- 
«pectively  equal,  and  consequently  the  angle  ABE  is  equal 
to  ABF  (I.  2.);  wherefore  (III.  15.)  the  arc  EG  is  equal 
to  GF,  or  the  straight  line  AH  must  bisect  the  arc  EF. 

2.  Let  neither  point  lie  in  the  centre 
of  the  circle. 

From  A  and  B,  with  the  distances 
AC  and  BC,  describe  arcs  intersecting 
in  D,  from  which,  with  the  radius  CE, 
cut  the  circumference  in  E  anS  F :  The 
straight  line  AB  would  extend  through 
these  points.  * 

For  the  triangles  CAD  and  CBD 
being  isosceles,  it  appears  from  Book 
I.  Prop.  7,  that  their  vertices  A  and  B 
lie  in  a  perpendicular  passing  through 
the  middle  of  the  common  base  CD,  and 
consequently  the  points  E  and  F,  which 
are  vertices  of  the  isosceles  triangles  CED  and  CFD,  must 
likewise  occur  in  the  same  straight  line. 


PROP.  X.    PROB. 

To  find  the  sum  or  difference  of  two  given  dis- 
tances. 


Let  AB  and  CD  be  two  distances,  of  which  it  is  requi- 
red to  determine  the  sum  and  the  difference* 

From  A  with  the  distance  CD 
describe  a  circle,  cut  the  circumfe- 
rence in  E  and  F  by  any  arc  de- 
scribed from  B,  bisect  the  arc  EF 
(A pp.  P.  11. 8.)  on  both  sides  atG  and 
H ;  BG  will  be  the  sum  of  the  two 
distances,  and  BH  their  difference. 


C46  AFPENOtX. 

For  OB>  bisecting  the  chord  £F  at  right  angles^  must 
jMtss  through  the  centre  A^  and  consequently  the  tadiii» 
AG  or  CD  is^  on  either  side,  added  or  taken  avwy  fi^nt 


PROP.  XL    PROS. 
To  find  the  centre  of  a  circle. 

Assume  an  arc  AB  greater  than  a  quadrant^  and  frooi 
one  extremity  B,  with  the  distance  BA,  describe  a  semi- 
circle ADC,  cutting  the  given  circumference  in  D ;  feom 
the  points  B  and  C,  with  the  distance  CD,  describe  arcs 
intersecting  in  £,  and  from  that  point,  with  the  same  dis- 
tance, describe  an  arc  cutting  ADC  in  F ;  and  lastly,  from 
the  points  A  and  B,  with  the  distance  AF,  describe  arcs 
intersecting  in  G :  This  point  is  the  centre  of  the  circle 
AJ)B. 

For  the  isosceles  triangles  BEC,  BED,  being  evidently 
equal,  the  angle  DBC  is  equal  to  both  the  angles  at  the 
biase ;  but  DBC  is  (L  34.  El.)  equal  to  the  interior  angl€« 
ABD  and  BD  A  of  the  isosce- 

Jes  triangle  ABD,  and  hence  ;:^ 

that  triangle  is  similar  to  '''  !\ 

BED.  Wherefore  BE  :BD  y'    /    \ 

; :  BA  :  AF,  or  CD :  BD  : :  ^^.Jkjf ?\  \ 

BA:  AG;  consequently  the       //y^^^'\    *     ^\i 
isosceles  triangles  CBD  and     /^f*.  \  /  \ 

BGA  are  similu*,  and  the     I  /•      /^ .         j  A 

angle  BCD  is  equal  to  GBA;      V///.,?!.V::/ '] 

BG  is,  therefore,  parallel  to  "n^^^X^^  ^ 

CD,  and  hence  (I.  34 i  El.) 

the  angle  BDC,  or  BCD,  is  equal  to  GBD.  The  triangles 
BGA  and  BGD,  having  thus  the  side  BA  equal  to  BD, 
BG  common,  and  equal  contained  angles  GBA  and  GBD, 
are  (L  3.  £1.)  equal,  and  therefore  the  side  GA  is  equal  to 
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<SD.    Tbe  >0M|it  O,  1;»eiiig  ibos  eqaidiMKnl  firoM  three 
points^  A^  D^  and  B  in  the  cmwd^xe^c^  m  bfince  (III* 


PROP.  XIL    PROB. 


To  divide  the  circumference  of  a  given  curde 
successively  into  4,  8,  12,  and  24  equal  parts. 

1.  Insert  the  radius  AB  three  times  from  A  to  D^  E, 
and  C;  from  the  extremities  of  the  diameter  ACj  and  with 
a  distance  eqoal  to  the  double  chord  AE^  describe  arcs  in- 
tersecting in  the  point  F ;  and  from  A^  with  the  distance 
BF^  cut  the  circumference  <m  opposite  sides  aX  G  and  H : 
AG^  GC^  CH^  and  HA  are  quadrants. 

For,  as  before,  AF^=AE*=3AB»;  and  the  triangle  ABF 
being  right-angled,  3AB»e:  AP= AB»+BF*,  and  there* 
fore  BP=AG*xs2AB»;  whence  (U.  15.)  A^G  ia  a  right 
angle,  and  AG  a  quadrant. 

2.  From  the  point  F  with  the 
radius  AB,  cut  the  circle  in  I 
and  K,  and  from  A  and  C  in^ 
fleet  the  chord  AI  from  L  and 
M ;  the  circumference  is  di- 
vided into  eight  equal  portions 
}>j  the  points  A,  I,  G,  K,  C,  M, 
H,  and  L. 

For  BP,  being  equal  to  2  AB», 
is  equal  to  the  squares  of  Bl  and 
IF,  and  consequently  BIF  is  a 

right  angle;  but  the  triangle  BIF  is  also  isosceles,  and 
therefore  the  angle  IBF  at  the  base  is  half  a  right  angle ; 
whence  the  arc  IG  is  an  octant. 


^- 
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3*  The  arc  D6,  on  being  repeated,  will  form  twelve 
equal  sections  of  the  circumference. 

For  the  arc  AD  is  the  sixth  or  two-twelfth  parts  of  the 
circumference,  and  AG  is  the  fourth  or  three-twelfths ; 
consequently  the  difference  DG  is  one-twelfth, 

4.  The  arc  ID  is  the  twenty-fourth  part  of  the  circum- 
ference. 

For  the  octant  AI  is  equal  to  three  twenty-fourths,  and 
the  sextant  AD  is  equal  to  four  twenty-fourths ;  their  dif- 
ference ID  is  hence  one  twenty-fourth  part  of  the  circum* 
ference. 


PROP.  XIII.    PROB. 

To  divide  the  circumference  of  a  given  circle 
successively  into  5,  10,  and  20  equal  parts. 

Mark  out  the  semicircumference  ADEC  by  the  triple 
insertion  of  the  radius,  from  A  and  C  with  the  double 
chord  AE  describe  arcs  intersecting  in  F,  from  A  with 
the  distance  BF  cut  the  circle  in  G  and  H>  inflect  the 
chords  GH  and  GI  equal  to  the  radius  AB,  atfd  from  the 
points  H  and  I,  with  distance 
BF  or  AG,  describe  arcs  in- 
tersecting in  L. 

It  is  evident  from  App.  P.  11. 
T,  that  BL  is  the  greater  seg- 
ment of  the  radius  BH  di- 
vided by  a  medial  section  ; 
wherefore  (IV.  23.  cor.  2.  El.) 
AL  is  equal  to  the  side  of  the 
inscribed  pentagon,  and  BL,  to 
that  of  the  decagon  inscribed 
in  the  given  circle.  Hence 
AL  may  be  inflected  five  times  in  the  circumference,  and 


PART  II. 


249 


BL  ten  times;  and  consequently  the  arc  MH^  or  the  ex- 
cess of  the  fourth  above  the  fifths  is  equal  to  the  twentieth 
part  of  the  whole  circumference* 


PROP.  Xiy.    PBOB. 
From  a  given  side  to  trace  out  a  square. 


Let  the  points  A  and  B  terminate  the  side  of  a  square, 
which  it  is  required  to  trace. 

From  B  as  a  centre  describe 
the  semicircle  ADEC,  from  A 
and  C,  with  the  distance  AE, 
describe  arcs  intersecting  in  F, 
from  A,  with  the  distance  BF^ 
cut  the  circumference  in  G,  and 
from  A  and  6,  with  the  radius 
AB,  describe  arcs  intersecting 

in  H :  The  points  H  and  G  are  corners  of  the  required 
sqvare. 

For  (App.  P.  11.  10.)  the  angle  ABG  is  a  right  angle, 
and  the  distances  AB,  AH,  HB,  and  GB,  are,  by  construc- 
tion, all  equal. 


PROP.  XV.    PROB. 


Given  the  side  of  a  regular  pentagon,  to  find  the 
traces  of  the  figure. 

From  B  describe  through  A  the  circle  ADECF,  in 
which  the  radius  is  inflected  four  times,  from  A  and  C  with 
the  double  chord  AE  describe  arcs  intersecting  in  G,  from 


^ 
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E  and  F^  wiih  the  distance  B6,  desoilbe  mrct  loleneetMiy 
in  H,  from  A,  with  the  xadiu8  AB^  deMiibe  apportion  of  a 
circle^  inflect  BH  thrice  from  B  ta  L  and  fvom  AO^  mmi 
lastly  from  L  and  O^  with  the  radius  AB^  describe  arcs  in- 
tersecting in  P :  The  points  A^  L,  F,  O,  B  mark  out  the 
polygon. 

.  For,  from  App.  P.  II.  7*  P 

it  is  evident  that  BH  is  y^^  ^ 

the  greater  segment  of 

the  distance  AB  divided       J^ $<^^^~^^^ 

by  a  medial  section.  Con-  \   ^^l^^'^^^^Xx     ''    *\ 

sequently  (IV.  3.  El.)  the  \  /  \  /^  \ 

isosceles  triangles  BAI,             ^/     ^         y  j^ 

IAK,KAL,ABM,MBN,  T  H '^' F 

and  NBO,  have, each  of  V  / 

the  angles  at  the   base  \^^  ^/ 

double  their  vertical  an-  ^""^-^  ■  r^""^ 

gle.  Wherefore  the  an- 
gles B AL  and  ABO  are  each  of  them  six  fifths  of  a  right 
angle  (IV.  4.  cor.  EU)>  and  hence  (L  $5.  cor.  El.)  the  points 
L  and  O  are  comers  of  the  pentagon  ;  hot  P  is  e^ideatlgp 
the  vertex  of  the  pentagon,  since  the  sides  LP  and  OP 
are  each  equal  to  AB. 

Schohum.  The  pentagon  might  also  have  been  txaoedj 
as  in  Book  IV.  Prop.  5,  by  describing  arcs  from  A  and  B 
with  the  distance  HC,  and  again,  from  their  intersection  P^ 
and  with  the  radius  AB,  cutting  those  arcs  in  L  and  O.  It 
is  likewise  evident,  from  Book  IV.  Prop.  8,  that  the  same 
previous  construction  would  serve  for  describing  a  deca- 
gon, P  being  made  the  centre  of  a  circle  in  which  AB  is 
inflected  ten  times. 

PROP.  XVI.    PROB. 

The  side  of  a  cegnUr  octagon  being  given^  to 
mark  out  the  figure. 


PABT  II, 
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Let  the  side  of  an  ocU^oa  terminate  in  the  poia€i  A 
and  B ;  to  find  the  remaining  cocneia  of  the  figiirOi 

On  AB  deaenbe  the  twaaemiciremnfereaceaAEFC  and 
BE6D ;  with  the  donble  chord  AFj  and  haxn  A,  C  an4 
Bj  D  describe  arcs  intersecting  in  Hj  I ;  from  these  points^ 
with  the  radius  AB^  cut  the  semicircles  in  K^  L :  on  HI 
describe  the  square  HMNI>  by  making  the  diagonal^ 
HN,  IM  equal  to  BH 

and  the  sides  equal  to  ^ ;^ 

AB;  and  on  MH  and 
m  dsecribe  the  rhom- 
busses  MOLH  and 
NPLI :  The  points  A, 
B,  K,  O,  M,  N,  P,  and 
JL  are  the  several  corners 
of  the  octagon* 

For  (by  App.  P.  11. 
Prop.  10,)  BH,  AI  are 
both  of  them  perpendi- 
cular to  BA,  and  BKH,  BLI  are  right  angled  isosceles 
triangles;  HI  is,  therefore,  parallel  to  BA,  and  !HMNI, 
consisting  of  triangles  equal  to  BKH,  is  a  square ;  whence 
all  the  sides  AB,  BK,  KO,  OM,  MN,  NP,  PL,  and  LA  of 
the  octagon  are  equal :  But  they  likewise  contain  equal 
angles;  for  ABK,  composed  of  ABH  and  HBK  is  equal  to 
three  half  right  angles,  and  BKO,  being,  by  reason  of  the 
parallels  BH  and  KO  the  supplement  of  HBK,  is  also 
equal  to  three  half  right  angles.  In  the  same  manner  the 
other  angles  of  the  figure  may  be  proved  to  be  equal. 


PROP.  XVII.    PROB. 

On  a  given  diagonal  to  describe  a  square. 

Let  the  points  A  and  B  be  the  opposite  comere  of  a 
square  which  it  is  required  to  trace 
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From  B  as  a  centre  describe  the  semicircle  ADEC,  from 
A  and  C  with  the  double  chord  AE  describe  arcs  inter- 
secting in  F,  from  C  with  the  distance  BF  describe  an 
arc  and  cut  this  from  A  with  the 
radius  AD^  and  lastly  from  B  and 
A  with  the  distance  B6  describe 
arcs  intersecting  in  H  and  I : 
AHBI  is  the  required  square. 

For,  in  the  triangle  AGO,  the 
straight  line  GB  bisects  the  base, 
and  consequently  (IL  30.)  AG*+ 
CG»  =  2AB'+2CG';  but,  (by 
App.  II.  Prop.  10,)  GB*=zBF"= 
2AB*  ;  whence  AG»=:AB»  =  2BG%  and  (II.  15.)  AHB 
is  a  right  angle ;  and  the  sides  AH,  HB,  BI,  and  lA  be* 
ing  all  equal,  the  figure  is  therefore  a  square. 
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PROP.  XVIII.    PROB. 

Two  distances  being  given,  to  find  a  third  pro- 
portional. 
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Let  it  be  required  to  find  a  third  proportional  to  the 
distances  AB  and  CD. 

From  any  point  E, 
and  with  the  distance 
AB,  describe  a  portion 
of  a  circle,  in  which  in- 
flect FG  equal  to  CD, 
and  from  G  with  that 
distance  describe  the 
semicircle  FHI;  HI  is 
the  thijrd  proportional  required. 
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For  the  angles  GEH  and  "^'  "!. '"'.". '.'I^ii 

JGH  are  each  of  them  douhle  H 

the  angle  GFH  or  IFK  at  the 
circumference  (III.    19.   El.);         / /^\       •/ 
whence  the  triangles  GEH  and 

IGH  must  also  have  the  angles     I''^^--..— ^-^a  X 

at  the  hase  equals  and  are  con- 
sequently similar:   Wherefore  (VI.  13.  El.)  EG:GH:: 
GH :  HI. 

If  the  first  term  AB  be  less  than  half  the*  second  term 
CD^  this  construction^  without  some  help^  would  evidently 
not  succeedt  But  AB  may  be  previously  doubled^  or  as- 
sumed 4^  8^  or  16  times  greater^  so  that  the  circle  FGH 
shall  always  cut  AH  I;  and  in  thatcase^  HL  being  like- 
wise doubled^  or  taken  4^  8^  or  16  times  greater^  will  give 
the  true  result. 


PROP.  XIX.    PROB. 

To  find  a  fourth  proportional  to  three  given  dis- 
tances. 

Let  it  be  required  to  find  a  fourth  proportional  to  the 
distances  AB^  CD^  and  EF. 

From  any  point  G  describe         Af IB 

two  concentric  circles  HI  and         ^' '^ 

KL  with  the  distances  AB  and 

EF,  in  the  circumference  of 

the  first  inflect  HI  equal  to 

CD,  assume  any  point  K  in  the     1/ 

second  circumference,  and  cut      ,   ,  i         --^n 

this  in  L  by  an  arc  described 

from*  I  with  the  distance  HK;     n^ 

the  chord  LK  is  the  fourth  _ 

proportional  required. 
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VoT  the  triangles  ILG  and  HKG  are  eqiml^  smoe  &eir 
corresponding  sides  are  evidently  equal ;  whence  the  an* 
gle  IGL  is  equal  to  HGK^  &ad  taking  away  HGL^  the 
angle  IGH  remains  equal  to  LGK ;  consequently  ihe  is- 
osceles triangles  GIH  and  GLK  are  similar^  and  61:  IH 
: :  GL :  LK,  that  is,  AB :  CD :.:  EF:  LK, 

If  the  third  term  EF  be  iBore  than  double  the  first  AB^ 
this  conctmetion,  it  i«  obvioms,  will  not  answer  withoat 
same  modification.  It  may,  however,  be  made  to  suit  aA 
Che  variety  of  cases,  by  multi«{dying  equally  AB  and  the 
c^rd  lAL,  as  in  the  last  proposition. 


PROP.  XX.    PROB. 

To  find  a  mean  propoitiooal  between  two  given 
distances. 

Let  AB  and  CD  be  the  two  distances.  To  AB  add  (App. 
PiIL  10.)  BE  equal  to  CD,  bisect  (App.  P. XL  4.)  AE  in  F, 
make  BG  equal  to  FB,  from  F  \ 

describe  the  semicircumference 

(2\ 153 

AHE,  and  with  the  same  radius  ^ "'^i 

intersect  it  in  H;   BH  is  the        /^  ^\. 

mean  proportional  required.  /  \ 

For  it  is  evident,  from  Book     /  .     \. ,, 

I.  Prop.  5.  cor.  2,  that  BH  is     A." ^' ""  B  '^<2 

perpendicular  to  A£ ;  and^  from 

Book  III.  Prop.  37,  that  BH*=:AB.BE;  whence  (V.  6.  El.) 

AB:BH::BH:BE,orCD. 
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PROP.  XXI.    PROR 


To  find  the  linear  expressions  for  the  square 
roots  of  the  natural  numbersi  from  1  to  10  inclu- 


sive. 


This  probleai  is  evidently  the  same  as^  to  find  the  sides 
of  squares  which  are  equivalent  to  the  successive  multi- 
ples of  the  square  constructed  on  the  straight  line  repre- 
senting the  unit.  Let  AB^  therefore^  he  that  measure: 
And  from  B  as  a  centre,  describe  a  circle,  in  which  inflect 
the  radius  four  times,  from  A  to  C,  B,  E,  and  F ;  from  the 
opposite  points  A  and  E,  with  the  double  chord  AD,  de- 
scribe arcs  intersecting  in  6  and  H, — with  the  same  dis- 
tance, and  from  the  points  D,  F,  describe  arcs  intersecting 
in  I, — and,  with  still  the 


^ 


same  distance  and  from 
E,  cut  the  circumfe- 
rence in  K ;  and  from 
A  and  K,  with  the  ra- 
dius AB,  describe  arcs 
intersectingin  L:  Then 
will  AK»=«AB»,AD» 
=3  AB»,  AE=»4  AB», 
IK*  =  5  AB%  IG*  =r 
6AB%IC*=7AB%GH" 
=8AB*,  IA»  =  9AB», 
and  IL»-10  AB», 

For,  in  the  isosceles 
triangles  ACB  and  BDE,  the  perpendiculars  CO  and  DP 
must  bisect  the  bases  AB  and  BE ;  and  the  triangle  ADI 
being  likewise  isosceles  IP=AP,  and  consequently  IB= 
AE=2  AB.  But,  from  what  has  been  formerly  shown,  it  is 
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evident  thatAK»=2AB»  and  AD*=3'AB;  and  since  AE=r 
2  AB,  AE'=4  AB».  In  the  right  angled  triangles  IBK 
and  IBG,  IK>=IB>+BK»=4EB»+BK»=5AB*,  IG»=IB* 
+BG*=4  AB»+2  AB*=6  AB» ;  hut  (II.  31.  El.)  IC*=IB* 
+BC*+IB.2BO=4  AB*+AB*+e  AB'=7  AB».  Again, 
GH  being  double  of  BG^  GH*=4X2  AB*=8  AB%  and 
AI  being  the  triple  of  AE,  Al*=9  AB* ;  and  lastly,  lAL 
being  a  right  angled  triangle,  IL*=IA*+AL'=9  AB*+ 
AB»=  10  AB*. 

If  AB,  therefore,  denote  the  unit  of  any  scale,  it  will 
follow,  that  AK=^2,  AD=>/3,  IK=v^5,  IG=^6,  IC= 
V7,  GHzz-ZS,  and  IL=\/10. 
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GEOMETRICAL  ANALYSIS. 


Analysis  is  that  procedure  by  which  a  propo- 
si^on  is  tmodd  up>  through  a  ebain  of  a€G6ssary 
dependence^  to  some  known  operation,  o¥  some 
adfnttted  pfiticiple.  It  ii  alike  applibable  to  the 
investigation  of  truth  in  a  theorenii  or  the  discovery 
of  the  construction  of  a  problem.  Analysis,  as  its 
name  imports,  is  thus  a  sort  of  invoted  form  of 
solution.  Assuming  the  hypothenis  advancedi  it 
remounts,  step  hy  atept,  till  it  h«3  reached  »  source 
alrtedy  exploredi  Hid  tevene  (tf  this  ^mcm  con- 
stitutes ^Sy^/A^^if,  ovCompo^imy'^'^hich  is  themodi 
usually  employed  for  explaining  the  elements  of 
science.  Analysis,  therefore,  presents  the  medium 
of  invention ;  while  synthesis  naturally  directs  the 
course  of  instruction. 
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DEFINITIONS.  . 

i 

!•  OmmU^  are  aaid  to  be  gioen,  which  are  either  exhi* 
bited^  or  m;^  be  found. 

2.  A  ratio  is  said  to  be  given,  when  it  is  the  same  as  that 
of  two  given  quantities. 

3.  Points,  lines,  and  gnices,  are  faid  to  be  ^en  in  position, 
if  they  have  always  the  same  situation,  and  are  either  ao« 
tualiy  exhibited,  or  may  be  found. 

4.  A  circle  is  given  in  position,  when  its  centre  is  given; 
it  is  green  in  magnitude,  if  its  radius  be  given. 

5.  Rectilineal  Jigures  are  said  to  be  given  An  gKcies,  when 
figures  sunilar  to  them  are,  given* 
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PROP.  I.    PROB. 

From  two  given  points,  to  draw  straight  lines, 
making  equal  angles  at  the  same  point  in  a  straight 
linegiven  in  position. 

Let  A,  B  be  two  given  points^  and  CD  a  straight  line 
given  in  position  ;  it  is  required  to  draw  AG,  GB^  so  that 
the  angles  AGC  and  BGD  shall  be  equal. 

ANALYSIS. 

From  B^  one  of  the  given 
points,  let  fall  the  perpendi- 
cular B£^  and  produce  it  to 
meet  AG,  or  its  extension  in 
F.  The  angle  BGE,  being 
equal  to  AGC,  is  equal  to  the 
vertical  angle  FGE,  the  right 
angle  BEG  is  equal  to  FEG^ 
and  the  side  GE  is  common  to 
the  triangles  GBE  and  GFE^ 
which,  (L  23.  El.)  are  there- 
fore equal,  and  hence  the  side 
BE  is  equal  to  FE.  But  the 
perpendicular  BE  is  given^ 
and  consequently  FEis  given 
both  in  position  and  magni- 
tude ;  whence  the  point  F  is 
given,  and  therefore  G  the 
intersection  of  the  straight  line  AF  with  CD. 

COMPOSITION. 

Let  fall  the  perpendicular  BE,  and  produce  it  equally 
on  the  opposite  side,  join  AF  meeting  CD  in  G;  AG  and 
BG  are  the  straight  lines  required. 


mOi  OBOMSTBtCAt  ANALYSIS. 


For  the  triangles  QBE  and  GFE^  having  the  side  BE 
equal  to  FE,  6B  oQnmoa^  aiyl  the  c^optamed  angle  BEG 
equal  to  FEG,  aie  (L  S.  EL)  eqoal ;  and  consequently  the 
ao^le  BOJC^  i«^iiia  to  FG£,  or  AGC. 


Through  a  given  point,  to  dtaw  a  straight  line  at 
equal  angles  with  two  straight  lines  given  in  position. 

Lfet  A  be  the  given  pointy  an4  CB^  CD  the  straight  lines 
which  are  given  in  position. 

ANALYSIS, 

Draw  (L  €6.  El.)  CH  parallel  to  FE^anid  produce  DC.  Thp 
exterior  angle  GCH  (1. 34.  EL)  is 
equal  to  CFEj  and  ECH  is  equal 
to  the  alternate  angle  CEF;  but 
the  angle  CFE  is  equal  to  CEF^ 
and  consequently  GCH  is  isqual 
to  £CH,  and  the  angle  GCE  is 
bisected  by  the  stnught  line 
CH.  Wherefore  (I.  5.  EL)  CH 
is  given  in  position^  and  hence 
(I.  26.  El.)  the  parallel  EF  is  also  givea. 

COMPOSITION. 
Bisect  (1. 5.  El.)  the  adjacent  angle  GCB  by  the  straight 
line  CH,  and  parallel  to  this  draw  EF  (I.  26.  £1.)  through 
the  given  point  A ;  the  angle  CEF  is  equal  to  CFE.  For 
these  angles  are  equal  to  the  exterior  and  alternate  angles 
GCH  and  ECH,  and  are  consequently  equal  to  each  other. 
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HtOP.UL   PROS. 

Itbtumf^  a  giv^  fiomtf  to  draw  a  straight  lme> 
such  that  tiste'  legOMMs  intefcq>t€d  by  perpendicu- 
lars let  fall  upon  it  from  two  given  points^  shall  be 
equal. 

The  points  A^  B,  and  C  being  gtven^-^to  draw  a  straight 
line  F£^  so  that  the  parts  CF  aad  CE>  cut  off  by  the  per- 
pendiculars AF  aad  B£>  shall  be  e(|ttaf. 
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ANALYSIS. 

Produce  AC  to  meet  B&ia  D.  The  nght 
angles  AFC  and  DEC^  hafiifg 
the  vertical  angle  ACF  equal  to 
DCE^  and  the  side  CF  eqaal  to 
CE,  are  (L  2B.  El.)  equc^^  and 
hence  the  side  CA  is  equMil  to  CS; 
Bat  CA  is  evidently  grteft.) 
wherefore  CD  and  tbe  point  D  ai« 
given;  BD  id  consequently  given^ 
and  hence  the  perpendiciilar  Cfi 
is  given. 


COMPOSmON. 

Produce  AC  till  CD  be  equal  to  it,  join  BD^  and  from  C 
0,.  &  £1.)  l«t  £atl  the  perpendicular  C£  upon  BO;  F£  is 
Hoe  Ikie  required.  For  the  triangles  FAC  and  EDC,  hav- 
ing the  angles  ACF^  AFC  equal  tor  DCE,  DEC,  and  the 
side  AC  equal  to  CD^— are  equals  aiid  consequently  CF  is 
equal  to  CE. 
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PROP.  IV.    PROB. 

To  bisect  a  given  triangle,  by  a  straight  line 
drawn  from  a  given  point  in  one  of  its  sides. 

Let  it  be  required  from  the  point  D  to  draw  DF^  bi- 
secting the  triangle  ABC. 

ANALYSIS. 

Bisect(1. 7.  El.)  the  side  AC  in  £,  and  join  EB,  EF,  and  BD. 
The  triangle  ABE  is  (II.  2.  El.)  equal  to  EBC^  and  is  con- 
sequently the  half  of  ABC ;  where- 
fore ABE  is  equal  to  AFD^  and^  tak-  B 
ing  AFE  from  both,  the  remaining                    ^^ 
triangle  EFB  is  equal  to  EFD ;  and 
since  these  triangles  stand  on  the 
same  base^  they  must(II.  3.  El.)  have 
the  same  altitude,  or  EF  is  parallel 
to  BD.    But  the  points  B  and  D  be- 
ing given^  the  straight  line  BD  is  given  in  position^  and 
consequently  EF  is  also  given  in  position. 

COMPOSITION. 

Having  bisected  AC  in  E,  and  joined  BD,  draw  EF  pa- 
rallel to  it,  meeting  AB  in  F ;  the  straight  line  DF  divides 
the  triangle  ABC  into  two  ^qual  portions. 

For  join  BE.  Because  BD  is  parallel  to  EF,  the  tri- 
angle EFB  (II.  1.  El.)  is  equal  to  EFD;  and,  adding  AFE 
to  each,  the  triangle  AFD  is  equal  to  ABE,  that  is,  to  the 
half  of  the  triangle  ABC. 
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PROP.  V.    PROB. 

To  find  a  point  within  a .  given  triangle,  from 
which  straight  lines  drawn  to  the  several  corners 
will  divide  the  triangle  into  three  equal  portions. 

Let  F  be  the  required  point,  from  which  the  lines  FA, 
FB,  and  FC  trisect  the  triangle  ABC. 

ANALYSIS. 

Draw  FD,  FE  parallel  to  the  sides  BA,  BC,  and  join  BD, 
BE.  Since  FD  is  parallel  to  AB,  the  triangle  ABF  (IL  2. 
EI.)  is  equal  to  ABD,  which  is  hence  the  third  part  of  ABC ; 
and,  for  the  same  reason,  the  trU 
angle  BFC  is  equal  to  BEC,  which 
is  also  the  third  part  of  ABC. 
Wherefore  the  bases  AD  and  EC 
are  each  the  third  part  of  AC,  and 
consequently  the  points  of  section 
D  and  E  are  given ;  hence  (L  26. 
El.)  the  parallels  DF  and  EF  are 
given  in  position,  and  their  point  of  concourse  is,  there- 
fore, given. 

But  the  point  F  may  be  determined  otherwise.  For 
produce  AF  and  CF  to  G  and  H.  The  triangle  DFE  is  evi- 
dently similar  to  ABC,  and  therefore  AC :  AB : :  DE :  DF , 
but  AC  =  3  DE,  and  consequently  (V.  8  and  5.  El.)  AB 
=  3  DF.  Again,  because  AH  and  DF  are  parallel  AC :  AH 
: :  DC :  DF,  and  (V.  IS.  El.)  2  AC  :  2  AH  : :  ^  DC  :  3  DF ; 
but  2  AC  =  6  AD  =  3  DC,  wherefore  2  AH  =  3  DF  =  AB. 
Hence  AB  is  bisected  in  H;  and,  for  the  same  reason,  BC 
is  bisected  in  G ;  and  the  points  H  and  G  being  thus  given, 
the  intersection  F  of  the  straight  lines  CH  and  AG  is  like- 
wise given. 
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COMPOSITION. 

Bisect  AB  and  BC  (I.  7.  EI.)  in  H  and  G,  jcHn  CH  and 
AG»  and,  from  ihdr  pcnnfc  ot  iatadacUm,  draw  FA,  FB, 
and  FC ;  the  triaagk  ABC  will  thus  be  divided  into  three 
equal  porttont. 

For,  from  the  points  A  and  B  let  Mt  the  peipeadicidan 
AI  and  BL.  The  triangles  HAI  and  HBL^  having  the  angles 
AHI  and  AIH  equal  to  BHL  and  BLH,  and  the  side  AH 
equal  to  BU,  are  (i.  23.  El.)  equal,  and  consequently  Al  =& 
BL.  The  triangles  AFC  and  BFC,  standing  on  the  same 
base  CF,  and  having  equal  altitudes  AI  and  BL,  are  equal 
(II.  2.  £!•)  And,  in  the  same  manner,  it  is  shown  that 
the  triangles  AFC  and  AFB  are  equal.  Wherefore  the 
whole  triangle  ABC  is  divided  into  thjsee  equal  triang^, 
having  their  common  vertex  at  the  point  F. 


PROP.  VL    PROB. 

To  trisect  a  given  triangle,  by  straight  lints  drawn 
from  a  given  point  within  it. 

Let  ABC  be  a  triangle  which  it  is  required  to  divide  in* 
to  three  equal  portions,  by  the  straight  lines  DB,  IXi, 
and  DH,  drawn  from  the  point  D.  '^' 

ANALYMS, 

Join  B6,  draw  DE  (I.  €!6.  El.)  parallel  to  it,  and  join^  BfE. 
The  triangle  BDG  isequalto  BEG, 
and  consequently  the  compound 
space  ABD6  is  equal  to  the  tri- 
angle ABE,  which  is,  therefore, 
the  third  part  of  the  triangle  ABC.  X/yf7^ 

Hence  the  base  AE  is  the  third      .    ..      .  .    .       . 

part  of  AC,  and  the  point  E  is     ^  ^    ^         J"  H   C 


towau 


Mr 


cOBdequeiitly  giyea ;  wbeftfere  the  panUd  Bd  i»  gvir«ii^ 
aad  also  the  point  O  and  DGk  ht  like  wAwiBt,  joinifig 
BH^  drawing  DF  parallel  10  i%, — and  joining  BH^  it  may 
he  shown  that  BH  is  given. 

COMPOSITION. 

Trisect  (L  40.  £1.)  the  base  AC  in  the  points  £  and  F^ 
join  D£^  DF^  and  parallel  to  these  dxaw  BG,  SH,  and 
join  DB^  DG^  DH ;  the  triangle  ABC  is  thus  divided  into 
three  equal  portions. 

For  DE  being  parallel  to  BG^  the  triangle  BPG  is  equal 
to  BEG^  and  therefore  the  space  ABDG  is  equal  to  the 
triangle  ABE.  In  the  same  manner^  it  is  shown  that  the 
space  BDHC  is  equal  to  the  triangle  BFC ;  and  consequent- 
ly the  remaining  triangles  GDH  and  EBF  are  equal.  But 
the  triangles  ABE^  EBF^  and  FBC,  standing  on  equal 
bases^  are  eqaal ;  wherefore  the  spaces  ABDG^  GDH^  and 
BDHCj  are  each  of  them  the  third  part  of  the  original  tn* 
angle  ABC.  v 


PROP.  VII.    PROB. 

To  inscribe  a  square  in  a  given  triangle. 

Let  ABC  be  the  triangle  in  which  it  is  required  to  in* 
scribe  a  square  IGFH. 

ANALYSIS. 

Join  AF,  and  produce  it  to 
meet  a  parallel  to  AC  in  E, 
and  let  fall  the  perpendiculars 
BD  and  EK. 

Because  EB  is  paralltd  to 
FGorAC,AF:AE::FG:EB 
(VI.  2. El.);  and  since  theper^ 
pendicular  EK  is  parallel  to 


V  ID 


KC 
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PH,  AF:  AE : : FH : EK.  Wherefore  FG :  EB : :  FH :  EK; 

bot  FG  s  FH^  and  consequently  (V.  8.  and  4.  £1.)  ^ 
ss  £K.  Again^  £K,  being  equal  to  BD>  the  altitude  of 
the  triangle  ABC  is  given^  and^  therefore^  £B  is  given 
both  in  position  and  magnitude ;  whence  the  point  £  is 
giveUi  and  the  intersection  of  A£  with  BC  is  given^  and 
consequently  the  parallel  FG  and  the  perpendicular  FH 
are  given^  and  thence  the  square  IGFH* 

COMPOSITION. 

From  B  draw  BD  perpendicular  and  BE  parallel^  to 
AC»  make  BE  equal  to  BD,  join  A£,  intersecting  BC  in 
F,  and  complete  the  rectangle  IGFH. 

Because  BE  and  EK  are  parallel  to  GFand  FH,  AE:AF 
: :  BE :  GF,  and  AE :  AF : :  EK :  FH ;  wherefore  BE  :  GF 
: :  EK :  FH ;  but  BE  =  EK,  and  consequently  GF  =  FH. 
li  is  hence  evident  that  IGFH  is  a  square. 


PROP.  Vin.    PROB. 

To  draw  a  straight  line  through  a  given  point, 
so  that  its  portions,  terminated  by  two  straight 
lines  giveA  in  position,  shall  have  a  given  ratio. 

Let  A  be  a  given  point,  and  BC,  BD  two  straight  lines 
given  in  position ;  it  is  required  to  draw  £AF  such  that 
EA  shall  be  to  AF  as  M  to  N. 

ANALYSIS. 

Draw  AG  parallel  to  BC,  and  meeting  BD  in  the  point  G, 
which  is  tjius  given.  The  diverging  lines  FE,  FB  are  cut 
proporliobally  by  parallels  BE,  GA,  (VI.  1.  El.),  and  conse- 
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FI> 


quendyEA:  AF:  :BG:GF; 

but  the  ratio  of  EA  to  AF 
is  given,  and  therefore  the 
ratio  of  BG  to  GF;  and 
EG  being  given,  GF  is  gi- 
ven, and  the  point  F,  and 
hence  the  straight  line  EAF 
is  given. 


COMPOSITION. 

Draw  AG  parallel  to  BC,  make  (VI.  3.  El.)  BG  :  GF 
: :  M  :  N,  and  join  FAE. 

For,  BE  and  AG  being  parallel,  EA  :  AF  : :  BG  :  GF; 
but  BG  :  GF  : :  M  :  N,  and  therefore  EA  :  AF :  :  M  :  N. 


PROP.  IX.    PROB. 

Through  a  given  peint,  to  draw  a  straight  line 
that  shall  be  cut  in  a  given  ratio,  by  the  circum- 
ference of  a  given  circle. 

Let  A  be  the  given  point,  and  BDCE  the  given  circle  • 
it  is  required  to  draw  BC,  so  that  BA  shall  be  to  AC  as.  M 
toN. 

ANALYSIS. 

Draw  the  diameter  DAE,  join  DB, 
CE,  and  draw  CF  parallel  to  DB. 
Because  the  point  A  and  the  centre 
of  the  circle  are  given,  the  diame- 
ter DE  is  given  in  position,  and 
consequently  its  extremities  D  and 
E.  But,  DB  being  parallel  to  CF, 
BA  :  AC  :  :  DA  :  AF  ^VL  1.  El.); 
wherefore  the  ratio  of  DA  to  AF  is 
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giyen,  and  sinoe  DA  is  given^ 

AF  is  also  given.  Again^BA.AC 

B  AD.AE(II(.  S6.EI.)iandcon- 

lequently  AE :  AC : :  BA  :  DA; 

but  BA:DA::AC:AF  (VI.  1. 

£1.),  whence  AE:  AC : :  AC :  AF, 

or  AC  is  a  mean  proportional 

between  AF  and  AE,  and  is,  therefore,  given.    The  point 

C  is  thus  given,  and  coBseqnently  BC. 

COMPOSITION. 

Having  drawn  the  diameter  DE,  make  DA :  AF : :  M :  N, 
find  (VL  18.  BL)  AG  a  mean  proportional  between  AF  and 
AE,  and  inflect  AC  equal  to  it ;  BAC  is  the  straight  line 
required. 

For  join  DB,  CF,  and  CE.  Since  the  rectangle  BA, 
AC  is  .equal  to  the  rectangle  DA,  AE,  it  follows  that 
AE  :  AC  :  :  BA  :  DA;  but,  by  construction,  AE  :  AC 
: :  AC  :  AF,  and  therefore  AC  :  AF  : :  BA  :  DA ;  hence 
(VI.  1.  cor.  1.  El.)  CF  is  parallel  to  DB,  and  consequently 
BA  is  tp  AC^  as  DA  to  AF,  (hat  is,  as  M  to  N. 


PROP.  X.    FROB. 

From  two  given  pointt  in  the  circumference  of 
it  given  circle,  to  inflect,  to  another  point  in  the 
circumference,  straight  lines  that  shall  have  a  given 
Tatio. 

From  the  points  A  and  Bj  let  it  he  reqnired  to  isjSiect 
AC  and  BC  in  a  given  rf  tio. 


13 


BOOK  I.  t71 


ANALYSIS. 

Draw  (I.  5.  EI.)  CE  bisecting  the  vertical  angle  ACB. 
Therefore  (VI.  11.  El.)  AC  :  CB  :  :  AD  :  DB,  and  copse- 
quently  the  ratio  of  AD  to  DB  is 
given,  and  thence  (VI.  4«  EI.)  the 
point  D  is  given.  But  since  the  angle 
ACE  is  equal  to  BCE,  the  arc  AE  is 
(III.  20.  cor.  £1.)  equal  to  the  are  EB, 
and  therefore  the  point  £  is  given. 
Whence,  the  points  E  and  D  beittg 
given,  the  straight  line  EDC  is  given 
in  position,  and  consequently  the  point  C  and  the  chords 
AC  and  BC,  are  given. 

coMPOsmbN. 

Bisect  (IIL  17.  £1.)  the  arc  ABB  in  E,  divide  AB  (VL 
4.  El.)  in  the  given  ratio  at  D,  join  ED,  and  produce  it  to 
meet  th^  opposite  circumference  in  C ;  the  chords  AC  and 
CB  are  in  the  given  ratio. 

For  since  the  arc  AE  is  equal  to  BE,  the  angle  ACD  is 
(III.  20. cor.  El.)  equal  to  BCD,  and  consequently  (VI.  1 L  EI.) 
AC :  CB  : :  AD  :  DBj  that  is^  in  the  given  ratio. 


PROP.  XI.    PROa 

Thvwgh  a  given  pointy  to  draw  a  straight  \m 
to  •  circle,  ao  that  the  rcdaogle  under  the  part  li- 
mited by  the  circumference  and  the  segment  in** 
eluded  within  the  circle^  shall  be  equal  to  a  given 
space. 
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Let  it  be  required  through  the  point  A  to  draw  ABC, 
such  that  the  rectangle  AB^  BC  shall  be  equal  to  a  given 
space* 


ANALYSIS. 

Through  the  centre  O  draw 
AF,  and  (IL  11.  El.)  find  AE, 
which  forms  with  AD  a  rect- 
angle equal  to  the  given  space. 
Because  (IIL  36.  £1.)  AB.AC 
=  AD.APj  andj  by  construc- 
tion, AB.BC  =  AD. AE  y  it  fol- 
lows (V.  6.  El.)  that  AD  :  AB 
: :  AC :  AF : :  BC:  AE;  whence 
(V.  19.  cor.  1.  El.)  AD  :  AB 
;  :  AC  —  BC,  or  BC  —  AC,  D| 
that  is,  AB  :  AF  —  AE,  or    j^N 
AE— AF,thati8,EF.    Where- 
fore   AB    is   a   mean   propor- 
tional between  AD  and  EF;  but  AE  being  given,  EF  is 
also  given,  and  consequently  AB  is  given  both  in  mi^ni- 
tude  and  position. 


COMPOSITION. 

Draw  AF  through  the  centre  of  the  circle,  make  (II. 
11.  El.)  the  rectangle  AD,  AE  equal  to  the  given  space, 
find  (VI.  18.  El.)  a  mean  proportional  to  AD  and  EF,  and 
inflect  this  from  A  towards  B ;  the  rectangle  AB,  BC  is 
equal  to  the  given  space. 

For  (III.  26.  El.)  AD  :  AB  : :  AB  :  EF,  and  (V.  6.  El.) 
AD  :  AB  : :  AC  :  AF,  whence  (V.  19.  cor.  1.  El.)  AD :  AB 
: :  AC=p  AB,  or  BC  :  AF  qpEF^  or  A£^  and consequeat- 
ly  AD.AE  s  AB.BC. 


-«B^ 
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PROP.  XIL    PROB, 

Through  two  given  points,  to  describe  a  circle 
bisecting  the  circumference  of  a  given  circle. 

Let  A  and  B  be  two  points^  through  which  it  i»  required 
to  describe  a  circle  ADGEB,  that  shall  bisect  the  circum- 
ference of  the  circle  HDFE* 

ANALYSIS. 

Jpio  Dj  Ei  the  poiiite  of  iotersectioQ.  Because  IllFfi 
184  by  bypotbesisj  a  semicircum- 
ference^  DE  is  a  diameter,  and 
must,  therefore,  pass  through  the 
centre  C,  Join  AC,  and  produce 
it  to  F.  Since  DC  :s  CE,  it  is 
evident  (IIL  36.  Ei.)  that  AC.CG 
a  DC*  ss  HC.CF;  but  the  rect- 
angle  HC,  CF  is  given,  and  con- 
sequently the  rectangle  AC>  C6  is 
al3o  give9 ;  aad  AC  being  givf  q, 
CG  is  hence  given,  and  the  point 

6.    Wherefore  the  three  points  A,  Q,  ^nd  S  V^iog  gki^j 
the  circle  AGB  is  (IIL  1 L  £1.)  giy?|a. 

COMPOSITION. 

Through  C,  the  centre  of  the  given  circle,  draw  ACF, 
make  (VI.  5.  El.)  AC :  HC : :  CF,  or  HC :  CX5,  and  Jhrough 
the  three  points  A,  6,  and  B,  describe  (III.  IL  cor.  £1.) 
the  circle  A6B :  This  will  bisect  the  circumference  HDFE. 

For^  through  one  of  the  points  of  intersection,  draw  the 
diaioejt^r  DQl,  and  produce  it  to  meet  the  circumference 
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of  the  cifde  A6B  in  K.  Because  AC  :  HC  ::  HC  :CG^ 
the  square  of  HC  is  (V.  6.  £1.)  equal  to  the  rectangle  AC^ 
00 ;  but  (HI.  36.  EL)  HO  =  DC.CI,  and  ACCG  = 
DC.CK ;  wherefore  BC.CI  s  DCCK,  and  CI  =  CK^  or 
the  points  I  and  K  are  one,  and  the  circle  AGB  passes 
through  both  extremities  of  the  diameter  of  HDFE. 


PROP.  Xm.    PROB. 

To  find  a  point  in  the  diameter  of  a  circle,  such 
that  the  square  of  a  straight  h'ne  inflected  from  it 
at  a  given  angle  to  the  circumference,  shall  have  a 
given  ratio  to  the  rectangle  under  the  segments  of 
the  diameter. 

Let  it  be  required  to  draw  DE  at  a  given  angle  with  DB^ 
and  so  that  the  square  of  DE  shall  have  a  given  ratio  to 
the  rectangle  AD^  DB. 

ANALYSIS. 

Make  EG  s  FD^  join  CF,  draw  the  radius  CGH^  join 
AH,  and  produce  it  to  meet  the 
extension  of  CE  in  I. 

Because  CE  is  equal  to  CF,  the 
angle  CEF  is  (I.  8.  El.)  equal  .to 
CFE.  Wherefore  the  triangles  CGE 
and  CDF^  having  thus  the  angle 
CEG  equal  to  CFD,  and  the  sides 
CE  and  EG  equal  to  CF  and  FD^— 
are  equals  and  consequently  the 
angle  EGG  is  equal  to  FCD;  whence  (HI.  15.  EI.)  the  arc 
HE  is  equal  to  AF,  and  therefore  (IIL  2fc  cor.  El.)  AH  is 
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parallel  to  DE.  But  tbe  angle  BDE  is  given,  and  thence 
BAH;  wherefore  the  chord  AH  is  given.  Again,  the 
rectangle  AD,DB,  being  equal  to  FD,DE  (III.  86.  £1.),  is 
also  equal  to  J)E,E6 ;  and  therefore  D£*  is  to  DE.E6,  or 
(V.  24.  cor.  2.  El.)  DEis  to  EG,  in  the  given  ratio ;  but  (VL 
2.  El.),  ]>E  :  £6  :  :  AI :  IH,  consequently  AI  is  to  IH  in 
a  given  ratio,  and  hence  AH  is  to  HI  in  a  given  ratio. 
Wherefore,  since  AH  is  given,  IH  and  the  point  I  are 
given;  and  thence  IC,  the  point  E,  and  DE,  are  all  given. 

COMPOSITION. 

Draw  AH  at  an  inclination  with  AB  equal  to  the  given 
angle,  and  produce  it  to  I,  so  that  AI  shall  be  to  AH  in 
the  given  ratio,  join  IC,  and  draw  ED  parallel  to  LA ;  D 
b  the  point  required. 

Beeaose  AI :  IH: :  DE  :  EG,  DE  is  to  EG  in  the  given 
ratio,  and  consequently  DE*  is  to  DE.E6  in  the  same 
ratio.  But  FE  being  parallel  to  AH,  the  arc  HE  is  equal 
to  AF,  and  thence  the  angle  HCE  is  equal  to  ACP ;  the 
triangles  CGE  and  CDF,  having  thus  the  side  CE  equal 
to  CF,  and  the  angles  ECG  and  CEG  equal  to  FCD  and 
CFD, — are  equal,  and  hence  the  side  EG  is  equal  to  FD. 
Wherefore  DE.EG  ==  DE-FD-s  AD.DB,  and  consequent- 
ly DE*  is  to  AD.DB  in  the  given  ratio. 


PROP.  XIV.    PROB. 

Through  two  given  pc^nts,  to  draw  straight  lities 
to  a  point  in  the  circumference  of  a  given  circle,  so 
that  the  chord  of  the  intercepted  segment  shall  be 
parallel  to  the  straight  line  that  comiects  the  given 
points. 
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Let  it  be  required,  horn  the  points*  A  and  B,  Id  inflect' 
AC  and  BC  cutting  the  given  circumference  in  D  and  B, 
iocb  that  D£  shall  be  parallel  to  AB. 


ANALYSIS. 

Draw  the  tangent  DF  meeting  AB  in  F.  The  angle 
FDE  is  equal  to  the  angle  ECD 
in  the  alternate  segment  (IIL 
89.  EL);  but  DE  being  parallel 
to  AB^  the  angle  FDE  is  equal 
to  the  alternate  angle  AFD, 
which  is  consequently  equal  to 
Ae  angle  ECD  or  ACB ;  where- 
fore  the  triangles  ADF  and 
ABC^  having  besides  a  com- 
mon angle  ABC^  are  similar^  and 
AD  :  AF  : :  AB  :  AC^  and  hence 
AI>.AC  =:  AF.AB.  But  since  the 
point  A  and  the  circle  DCE  are 
given^  the  rectangle  ADj  AC  is  also 
given ;  for  it  is  equal  to  the  square 
of  the  tangent  AG  (III.  S6.  cor,  2. 
El.)>  when  A  lies  without  the  circumference^ — and  equal  to 
the  square  of  AG  (III.  96.  cor.  1.  El.)  a  perpendicular  to 
the  diameter^  in  the  case  where  that  point  lies  within  the 
circle.  Hence  the  rectangle  AF^  AB  is  given  ;  and  AB 
being  given^  AF  is  likewise  given,  and  consequently  the 
point  F.  Wherefore  the  tangent  FD  is  given  in  position ; 
and  since  the  point  A  is  given,  the  straight  line  AC  is 
pyren,  and  thence  BC  and  the  inteiaection  £• 


COMPOSITION. 

If  the  point  A  be  without  the  circle,  draw  the  tangent 
AG ;  or  if  it  lie  within  the  circle,  erect  AG  perpendicular 

to  the  diameter  which  passes  through  it    Make  (VL  3. 
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£}.)  AB  t  AG  : :  AG  :  AF>  from  F  draw  tbe  tangent  FD^ 
Join  AD,  and  produce  it  to  meet  the  c^'posite  circumfeiw 
ence  in  C,  join  CB,  cutting  the  circle  in  £ ;  the  straight 
line  DE  i3  parallel  to  AB^^ 

For,  since  AB  ;  AG  : :  AG  :  AF,  AG»  =5  AB.AF ;  but 
(III.  SQ.  cor.  1.  and  2.  El.)  AG»  as  CA.AD,  whence  AB.AF 
s;  CA.AI>>  and  consequently  (V,  Q.  El.)  AB  :  AC  : : 
AF :  AD.  Wharefore  (V.  15.  El.)  the  triangles  BAG  and 
DAF,  having  the  sides  about  their  common  angle  propor- 
tional, are  similar,  and  hence  the  angle  ACB  is  equal  to 
AFD;  but  (III.  29.  El.)  ACB  or  DCE  is  equal  to  EDF, 
and  consequently  the  angle  AFD  is  equal  to  EDF,  and 
(III.  22.  cor.  El.)  the  chord  DE  is  parallel  to  AB* 


PROP.  XV.    PROB. 

From  two  given  points  in  the  circumference  of 
a  given  circle,  to  inflect  straight  lines  to  another 
point  in  the  opposite  circumference,  such  as  to  in«^ 
Icrccpt,  on  either  side  of  the  centre,  equal  seg- 
ments of  a  given  diameter. 

Let  it  be  required^  from  the  points  A  and  B^  to  inflect 
AC  and  BC,  so  as  to  intercept^  on  the  diameter  DE^  equal 
portions  from  the  centre. 

ANALYSIS. 

Join  BA>  and  produce  it  and  the  diameter  ED  to  meet 
in  M^  draw  COL^  from  O  let  fall  the  perpendicular  OK 
upon  AB^  join  LK^  through  A  draw  AHI  parallel  to  DE^ 
and  join  HK. 

11 
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The  paialleb  FO  and  AI  are  cut  proportionally  by  the 
diyerging lines  CA,  CH,  and  CI  (VL  1.  El.);  but  FO  is 
equal  to  06^  and  consequently  AH  is  equal  to  HI. 
Wherefore  (II.  4.  El.)  HK  is  parallel  to  IB^  and  the  angle 
AKH  is  equal  to  ABI  (I.  25.  El.);  and  since  the  angle  ABI 
or  ABC  is  equal  to  ALC  (III.  90.  EL),  the  angle  AKH 
is  equal  to  ALC  or  ALH,  and  hence  (III.  20.  cor.  El.)  the 
quadrilateral  figure  AHKL  is  contained  in  a  circle.  Con- 
sequently (III.  flO«  £10  the  angle  HAK  is  equal  to  HLK  ; 
but  HAK  is  e- 

qual  (I.  25.  EI.)  ^ S^ 

to  OMK,  which 
U,  therefore,  e- 
qual  to  HLK 
or  OLK,  and 
thence  the  qua^ 
drilateral  figure 

MOKL  is   also  '    ^""^l^^--^-^ 

contained  in   a 

circle.  Wherefore  (III.  $0.  £1.)  the  angle  MLO  is  equal 
to  MKO ;  but  MKO  is  a  right  angle,  and  consequently 
MLO  is  likewise  a  right  angle,  and  thence  (lU.  28.  £1.) 
ML  is  a  tangent  But  the  point  M,  being  the  concourse 
of  £D  and  3  A,  is  given,  and,  therefore,  the  tangent  ML  tq 
the  given  circle  is  given  (III.  SO.  £1.) ;  whence  the  diame- 
ter LC,  and  the  point  C,  are  giveq. 

COMPOSITION, 

Produce  ED  and  BA  to  meet  in  M,  draw  the  tangent 
ML  and  the  diameter  LC ;  tlie  straight  lines  AC  and  BC 
will  cut  off  from  the  centre  equal  portions,  OF  and  06,  of 
the  given  diameter  ED. 

For  draw  AI  parallel  to  D£,  and  OK  perpendicular  to 
4B,  and  join  LK  and  KH. 

Because  ML  is  a  tangent,  MLO  is  a  right  angle,  and, 
therefore,  equal  to  MKO;  consequently  (III. 20.  EI.)  MKL 
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is  equal  to  MOL,  that  is^  (L  25.  EI.)  to  AHL.  Where^ 
fore  the  quadrilateral  figure  AHKL  is  contained  in  a  cir- 
cle^ and  hence  (III.  20.  £1.)  the  angle  ALH  is  equal  to 
AKH ;  but>  for  the  same  reason,  ALH  or  ALC  is  equal  to 
ABC  or  ABI,  and  consequently  AKH  is  equal  to  ABI, 
and  (I.  25.  EI.)  KH  parallel  to  BI.  Now  since  AK  is  equal 
to  KB,  it  follows  that  AH  is  equal  to  HI,  and  hence  that 
FO  is  equal  to  OG. 


PROP.  XVI.    PROB. 

Through  a  given  point  to  draw  a  straight  line, 
so  that  the  rectangle  under  its  segments,  intercept- 
ed by  two  straight  lines  given  in  position,  shall  be 
equal  to  a  given  space. 

Let  AB>  AC  he  two  straight,  lines,  and  D  a  point, 
through  which  it  is  required  to  draw.EF,  such  that  the 
rectangle  under  its  segments  ED,  DF  shall  be  equal  to  a 
given  space. . 


Join  AD,  from 
F  draw  (I.  4.  El.) 
F6,  making  an 
angle  DF6  equal 
toDAE,  and  meet- 
ing AD  or  its  ex- 
tension in  G,  and 
join  FG.  The  tri- 
angles ADE  and 
FDG,  being  thus 
evidently  similar, 
AD:ED::DF:DG, 
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and  coiseqdently  (V.  6.  £L) 

AD.DG  m  ED.DV.    But  the 

rectangle  ED,  DF  is  giTeD> 

and  therefore  alto  tbo  reel- 

aigte  AD,  DO ;  and  since  AD 

is  giTen  in  position  and  magni- 

tbde,  DG  and  the  point  O  are 

given.  Again,  the  angle  DF6, 

being  equal  to  DAC,  is  given, 

and  thence  (IIL  31.  EI.)  the 

segment  of  the  circle  which  contiuns  it ;  wherefore  the 

contact  or  intersection  of  that  arc  with  the  straight  line  AB 

is  given,  and  consequently  the  position  of  ^F  or  £^P  is 

likewise  given. 

COMPOSITION. 

Join  AD,  make  the  rectangle  AD,  D6  equal  to  the 
given  space,  and  on  DO  describe  (III.  31.  EL)  an  arc  con- 
taining an  angle  equal  to  DAC,  and  nteeting  AB  in  F  or 
P ;  £DF  or  EDP  is  the  straight  line  required. 

For  the  triangles  ADE  and  PD6  aie  similar,  and  conse^ 
quently  (VI.  13.  El.)  AD  :  ED  :  :  DF  :  DG;  whence  (V.d. 
El.)  ED.DF  e  AD.D6;  but  the  rectangle  AD.D6  is  equal 
to  the  given  space,  and  therefore  ibe  rectangle  ED  J)F  i« 
also  equal  to  that  space. 


PROP,  XVII.    PROS, 

Two  straight  lines  being  given,  to  draw,  througl^ 
a  given  point,  another  straight  line,  cutting  off  seg-* 

ments  which  are  together  ecjual  to  a  given  straight 
line» 


BOOK  I. 


m 


Let  AB|  AC  be  two  strsdght  lines^  and  D  a  given  pointy 
through  which  it  is  required  to  draw  a  straight  litie  BF,  so 
as  to  eut  ofF  the  segments  A£  and  AF^  that  are  together 
equal  to  ON. 

The  point  D  nfay  lie  either  within  or  without  the  angle 
fprmed  by  the  straight  lines  AB  and  AC. 

1*  Let  P  have  an  iniemal  portion. 


E^ 
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ANALYSIS. 

Draw  DG  and  DH  (L  26.  EL)  parallel  to  AB  and  AC. 
Because  the  point  D  is  giyen,  and  AB^AC  are  given  ia  por 
.  sition^  the  parallelo- 
gram A6DH  is  gi* 
yen.  And  since  the 
triangles  £DG  and 
DFH  are  evidendy 
sirtiilar,  EG  :  GD 
::  BH  :  HF,  and 
therefore  EG.HF  ^ 
GD.DH.  But  AG 
and  AH>  or  DH  and 
GD,  being  given, 
the  rectangle  GD, 
DH  is  given^  and, 
therefore,  EG.HF 
is  given.  Make  FK 
as  EG,  and  the  rectangle  HF,  FK  is  hence  given ;  but  HK, 
being  the  excess  of  AF  and  AE  above  GD  and  DH,  is 
given,  and  consequently  its  point  of  section  F  or  F',  and 
the  straight  lipe  EDF  or  E'DP,  are  given. 
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COMPOSITION, 

Draw  the  parallels  DG  and  DH.  From  ON,  the  sum 
pf  the  two  segments  AE  and  AF,  cut  off  OP  =:  AG  +  AH, 
and  make  H£  ^  PN.    On  HIC  describe  a  semicircle^ 
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from  tbe  extretnhies  of  the  diameter  erect  the  perpendi- 
cnlarB  HI  and  KL  equal  to  AH  and  AG^  join  IL^  and  at 
right  angles  to  this,  and  from  the  point  or  points  where  it 
meets  the  circumference,  draw  MF  or  M'P;  EDF  or 
E'OF'  is  the  straight  line  required. 

For  (VI.  20.  £1.)  HI.KL  =r  HF.FK,  and  consequently 
AH.AG  =  HF.FK.  But,  from  the  similar  triangles  £GD 
and  DHF,  EG  :  GD,  or  AH  : :  DH,  or  AG  :  HF,  and 
therefore  (V.  6.  EL)  AH.AG  ss  HF.EG ;  whence  HF.FK 
s  HF.EG,  and  FK  =  EG.  And  since  AG  +  AH  ==  OP> 
and  HF  +  EG  »  HK  c  PN,  it  foUows  that  AG  +  EG 
+  AH  +  HF,  or  AE  +  AF  «  ON. 

2.  Let  the  point  D  have  an  external  position  with  re^ 
spect  to  the  straight  lines  AB  and  AC. 

ANALYSIS. 

Draw  DG  parallel  to  AB,  and  DH  pa^el  to  AC  and 
meeting  AB  produced.  The  triangles  £DG  and  DHF  be. 
ing  similar,  EG  :  DG : :  DH  :  HF,  and  (V.  6.  Hi)  BG.HF 
s=  DG.DH ;  but  DG  and  DH  are  both  given,  and  hence 
the  rectangle  under  EG  and  HF  is  given*    Make  FK 

c 


p 
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p 
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=  EG,  and  therefore  HK  =  HF  —  EG  s  DG  +  AF~ 
(DH  —  AE)  =s  AF  +  AE  —  (DH  —  DG) ;  whence  HK 
and  the  rectangle  HF^FK  are  given,  and  consequently 
(VI.  20.  EI.)  the  pomt  F  is  given. 

If  DF'E'  intersect  the  straight  lines  AB  and  AC  on  the 
other  side  of  their  vertex  A,  the  triangles  EDG  and  DF'H 
are  still  similar,  and  E'G  :  DG  : :  DH  :  HF;  wherefore 
E'G.HP,  being  equal  to  DG.DH,  is  given.  Make  FK' 
=  EG,  and  thence  HK'  =  EG  —  HF  =  AF  +  DH  — 
(DG  —  AFO  =  AF  +  AF  +  (DH  —  DG);  consequent- 
ly HK'  and  the  rectangle  HF.FK'  are  given,  and  there^ 
fore  (VI.  20.  El.)  the  point  F  is  given. 

COMPOSITION. 

Make  OP  or  OP  equal  to  the  difference  of  the  paral- 
lels DH  and  DG,  from  H  place  likewise  towards  opposite 
parts  HK  =  PN  and  HK'  =  FN,  on  HK  and  HK'  de- 
scribe  semicircles,  fropi  H  erect  the  perpendicular  HI 
equal  to  DG,  and,  from  K  and  K',  the  perpendiculars  KL 
and  K'L',  each  equal  to  DH,  join  IL  and  IL',  and,  at 
right  angles  to  these,  from  the  points  of  section  M  and  M', 
draw  MF  and  M'F ;  the  straight  Unes  DEFand  DFF  will 
cat  off  segments  from  AB  and  AC,  which  are  together 
equal  to  ON. 

For  (VI.  20.  El.)  HF.FK  =  HI,KM  z^  DG.DH ;  but 
DG.DH  =  HF.EG,  and  consequently  HF.EG  =  HF.FK, 
or  EG  ^  FK.  Wherefore  HK  =  HF  —  EG  =  AF  + 
AE  —  (DH  —  DG);  and  since  HK  =  PN  =  ON  — 
(DH  —  DG),  it  follows  that  AF  +  AE  =  ON. 

In  like  manner,  it  is  shown  that  E'G  =  F'K',  and  hence 
HK'  =  FG  —  HF  =  AF  +  AF  +  (DH  —  DG);  but 
HK'  =  PN'  =  ON  +  (DH  —  DG),  and  consequenUy  AF 
•►  AE  5=  ON. 
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PROP.  XVIII.    PROB. 


From  one  of  the  corners  of  a  given  square,  to 
draw  a  straight  line,  such  that  its  portion,  inter*- 
cepted  between  the  opposite  sides  of  the  figure^ 
•hall  be  equal  to  a  given  straight  line* 

Let  ABCD  be  a  square,  and  from  the  point  A  let  it  be 
required  to  draw  AEF,  so  that  the  part  EF,  intercepted 
between  CD  and  BC,  or  their  extension^  may  be  equal  to 
a  given  straight  line. 

ANALYSIS. 

Draw  FG  perpendicular  to  AF,  meeting  AD  produced 
in  6,  from  6  let  fall  the  perpendicular  6H  upon  BC  pro* 
duced,  and  join  EG. 

The  angle  EFH  is  (L  34.  El.)  equal  to  ECF  and  FECi 
and  it  is  also  equal  to  EFG  and  GFH ;  consequently^  ECF 
and  EFG  being  right 
^gles,   the   remaining  Al£ 

angles  FEC  and  GFH 
are  equal;  whence  the  tri- 
angles EAD  and  FGH, 
having  the  angle  AED 
or  GEF  equal  to  GFH, 
the  angles  at  D  and  H 
both  right  angles,  and 
the  side  AD  equal  to 
GH  or  CD, — ^are  (L  23.  El)  equal,  and  therefore  the  side 
AE  is  equal  to  FG.  But  EFG  and  ED6  being  right- 
angled  triangles,  EP  +  FG*  ss  EG*  =  ED*  +  DG%  (U. 
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q4i  EI,),  or  EF^  +  AE*  =  ED*  +  DG»;  but  AE*  =  AD* 
.f  ED»,  and  hence  BP  +  AD*  +  ED*  =s  ED*  +  DG«, 
or  EF»  +  AD*  =  DG*.  Wherefore,  since  EF  and  AD 
are  both  given,  DG  is  also  given,  and  consequently  AG  ; 
but  the  tight  angle  AFG  being  contained  in  a  semicircle 
described  upon  AG,  the  point  F  or  F,  its  contact  or  in- 
tersection with  BC,  is  given,  and  consequently  the  straight 
line  AEF- 

COMPOSITION. 

Make  AI  equal  to  the  given  straight  line,  join  DT,  and, 
«qual  to  this,  produce  AD  to  G,  upon  AG  describe  a  se- 
micircle meeting  the  extension  of  BC  in  F  or  F,  and  join 
AEF  or  AFE';  EF,  the  external  part  of  that  straight  line, 
is  equal  to  AI. 

For  join  EF,  FG^  EG,  and  let  fail  the  perpendicular 
GH  upon  BF.  It  is  evident  that  EF*  +  FG*  =s  ED*  + 
DG» ;  and  FG  being  equal  to  AE,  EF*  +  AE*  =  ED» 
+  DG*.  But  AE*  =s  AD*  +  ED*,  and  DG»  s=  1)P  s 
AD*  ^  AI*  J  whence  EF*  +  AD*  +  ED*  =5  ED*  +  AD* 
+  AI*,  and  therefore  EP  =  AI*,  and  EF  =  AI. 


PROP.  XIX-    PROB. 

Given  the  base  of  a  triangle,  its  altitude,  and  the 
rectangle  under  its  two  sides,-*»to  determine  the 
triangle. 

ANALYSIS. 

About  the  triangle  ABC  describe  (III.  11.  cor.  El.)  a 
circle,  and  draw  the  diameter  BF  and  the  radii  AE  and 
CE. 
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Because  the  given  rectangle  AB.BC  is  (VI.  €&*  £!•> 
equal  to  BD.BP,  this  rectangle  is  likewise  given;  and 
since  the  perpendicular  BD  is 
given^  the  diameter  BF^  and  there- 
fore the  radii  AE,  CE^  are  given. 
But  the  base  AC  being  given^  the 
triangle  AEC  is  hence  given^  and 
consequently  the  centre  £  and  the 
circle  ABCF  are  given.  Again^ 
because  BD^  the  distance  of  the 
vertex  of  the  triangle  from  its  base^ 

is  given^  that  point  must  occur  in  the  parallel  BB'^  and^ 
being  thus  placed  in  the  contact  or  intersection  of  a  given 
straight  line  with  a  given  circle^  is  itself  given. 

COMPOSITION. 

On  AC  construct  (II.  1 1.  EK)  a  rectangle  equal  to  the 
given  space^  also  form  on  AC  the  triangle  AEC^  having 
A£  and  CE  each  equal  to  half  the  side  of  that  iectuigte» 
from  E  with  the  radius  EA  describe  a  circle,  on  AC  erect 
a  perpendicular  DB  equal  to  the  altitude  of  the  triangle, 
and  through  B  draw  a  parallel  meeting  the  circumference 
in  B  or  B' ;  ABC  is  the  triangle  required. 

For  ABC  has  evidently  the  given  altitude  BD,  and  the 
rectangle  AB.BC,  being  equal  (VI.  22.  £1.)  to  BF.BD,  is 
therefore  equal  to  the  given  space. 


PROP.  XX.    PROB. 


Given  the  hypotenuse  of  a  right-angled  triangle, 
and  the  sum  or  difference  of  the  base  and  perpendi- 
cular, to  construct  the  triangle. 
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ANALYSIS. 

In  the  base  AB,  or  its  production^  make  BD  or  BE 
equal  to  the  perpendicular  BC^  and  join  CD  or  CE. 

The  triangles  CBD  and  CBE  are  right-angled  and  isos- 
celes^ and  therefore  the  angles  at  D  and  £  are  each  of 
them  half  a  right  angle.  If  AD^ 
the  sum  of  AB  and  BC^  be 
giveuj  the  point  D  is  given,  and 
consequently  the  straight  line 
DC^  making  a  given  angle  with 
DA,  is  given  in  position  ;  or  if 
AE,  the  difference  between  the 

base  and  perpendicular,  be  gi-     jf^ =jg ri 1) 

ven,  the  point  E  is  given;  and  the  straight  line  EC  is  given  > 
in  position.  But  the  hypotenuse  AC  being  given,  thqf 
point  C  mustj  therefore,  occur  in  the  contact  or  intersec- 
tion of  a  circle  described  from  A  with  that  radius  and  the 
straight  line  CD  or  CE.  Consequently  C  is  given,  the 
perpendicular  CB,  and  thence  the  right-angled  triangle 
ABC. 

COMPOSITION. 

Make  AD  or  AE  equal  to  the  sum  or  difference  of  AB 
and  BC,  draw  (I.  5.  and  4.  EL)  DC  or  EC  at  an  angle 
CDE  or  CED  equal  to  half  a  right  angle,  from  A  with 
the  radius  AC  describe  a  circle  meeting  DC  or  EC  in  the 
point  C,  and  from  C  (I.  6.  El.)  let  fall  the  perpendicular 
CB ;  ACB  is  the  triangle  required. 

For  the  right-angled  triangles  CBD  and  CBE  are  evi- 
dently isosceles,  and  therefore  AD  is  equal  to  the  sum, 
and  AE  to  the  difference,  of  AB  and  BC. 
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PKOP.  XXL    PROB. 

To  investigate  the  construction  of  a  regular  pen- 
tagon or  decagon. 

1.  Eveiy  regular  polygon  is  capable  of  being  inscribed 
in  a  circle,  and  therefore  the  angles^  formed  at  the  oeiitrf 
by  drawing  radii  to  the  several  comers  of  the  figure^  bi€ 
each  of  them  equal  to  that  part  of  four  right  angles  coi^ 
^responding  to  Uie  number  of  sides.*  Consequently  the 
central  angles  of  a  pentagon  are  each  equal  to  the  fifths 
aud  those  of  a  decagon  are  each  equal  to  the  tenth,  part 
of  four  right  angles ;  but  an  angle  at  the  circumference 
being  half  of  that  at  the  centre,  the  vertical  angle  of  the 
isosceles  triangle,  formed  in  the  pentagon  by  drawing 
straight  lines  from  any  corner  to  the  extremities  of  the 
opposite  side,  must  also  be  the  tenth  part  of  four  right 
angles.  Whence  the  construction  of  a  regular  pentagon 
or  decagon  involves  the  description  of  an  isosceles  triangle, 
whose  vertical  angle  is  equal  to  the  tenth  part  of  four 
right  angles,  or  the  fifth  part  of  two  right  angles. 

2.  Since  the  vertical  angle  of  that  isosceles  triangle  is 
the  fifth  part  of  two  right  angles,  the  angles  at  its  base 
must  be  together  equal  to  the  remaining  four  fifths,  and 
each  of  them  is  consequently  two  fifths  of  two  right  angles. 
Wherefore  each  of  the  angles  at  the  base  of  that  compo- 
nent triangle  is  double  of  its  vertical  angle. 

3.  Let  ABC  be  such  an  isosceles  triangle,  having  each 
of  the  angles  at  A  and  C  double  of  the  angle  at  B.  Draw 
CD  bisecting  the  angle  ACB.  The  angle  BCD  must  then 
be  equal  to  CBD,  and  consequently  the  side  CD  is  equal 
to  BD.    But  in  the  triangles  BAC  and  CAD,  the  angle 
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AB(J  ,is  equal  ta  ACD,  the  angle  CAB  com- 
mon to  both^  and  consequently  the  remaining 
angle  BCA  is  equal  to  CD  A;  whence  CDA 
is  equal  to  CAD,  arid  therefore  the  side  AC 
is  equal  to  CD.  Thus  the  three  straight 
lines  AC,  CD,  and  BD  are  all  equal.  Again, 
because  CD  bisects  the  angle  ACB,  (VI.  11, 
EI.)  BC  :  AC  : :  AC  :  AD,  that  is,  AB  :  BD  : :  BD  :  AD. 
Hence  AB  is  divided  in  extreme  and  mean  ratio  at  the 
point  D, — or  the  square  of  BD,  or  AC,  the  base  of  the 
isosceles  triatiglie^  is  equal  to  the  rectatlgle  Under  the  side 
AB  and  the  remaining  segment  AD.  Whetice  the  con- 
struction of  a  regular  pentagon  or  decagon,  depends  on 
the  medial  section  of  d  sti^aight  line. 

4.  Now  let  the  straight  line  AB  be  divided  by  a  medial 
section,  or  BC*  si  BA.AC.  Add  to  each  the  rectangk 
BA.BC,  arid  BC  +  BA.BC  =  BA.AC  +  BA.BC,  or 
BC(BA  +  BC)  =  BA». 
To  AB  annex  BD  equal 
toit,andBC.CD  =  BD». 
Bisect  BD  in  E,  and  the 
straight  lines  CD  and  BC 
are  the  sum  and  differ- 
ence of  CE  and  BE: 
wheilce  the  rectangle  un- 
der CD  and  BC,  or  the  square  of  BA,  is  eqilal  to  the  ex- 
cess of  the  square  of  CE  above  the  square  of  BE,  and  there« 
fore  CE*  =±  BA*  +  BE*.  Erect  the  perpendicular  BF  =- 
BA,  and  join  EF.  It  is  evident  that,  EF*^  BA^  +  BE*, 
and  consequently  EF*  ==  CE*,and  EF  =  CE;  but  EF  being 
given,  CE  and  l5C  are  therefore  given. 

The  composition  of  this  general  problem  forms  a  series 
of  the  most  interesting  propositions  in  elementary  geo- 
metry. Art.  4.  corresponds  to  Prop.  26.  Book  II.;  Art.  3. 
to  Prop.  3.  and  4.  Book  IV . ;  and  Art.  2.  and  1.  coincide  with 
the  5.  and  8.  Propositions  of  the  same  Book. 
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PROP.  XXI.    PROB. 


To  discover  the  conditions  requiied  for  the  tri* 
section  of  an  angle. 

ANALYSIS. 

Let  the  angle  ABD  be  the  third  part  of  ABC.  Erect 
the  perpendicular  ADC,  complete  the  rectangle  BACE, 
extend  the  side  EC  to  n^eet  BD  produced  in  F,  and  draw 
C6  niakbg  the  angte  FCG  equal  to  CFG. 

Because  the  angle  FCG  is  equal  to  CFG,  the  side  GF 
(L  9.  EI.)  is  equal  to  GC,  and  the  exterior  angle  CGB 
(L  34.  El.)  is  double  of  either  of  those  angles.  But  the 
angle  CBA  being  triple 

ofABD,theangleCBG    k  ^  ^ 

is  double  of  ABD,  or  of 
CFG,  and  is  therefore 
equal  to  CGB;  whence 
the  side  BC  is  equal  to 
GC.  Again,  from  the 
right  angles  EBA  and  FCD,  take  away  the  equal  angles 
ABD  and  FCG,  and  the  remaining  angles  EBD  and  GCD 
lure  equal;  but  EBD  is  equal  (L  9,5.  El.)  to  the  alternate 
angle  BDA,  which  is  equal  to  the  vertical  angle  CDF; 
consequently  the  angle  GCD  is  equal  to  QDC,  and  there- 
fore the  side  GD  is  equal  to  GC.  Thus  it  appears,  that  the 
four  straight  lines  pC,  GC,  GD,  and  GF,  are  all  equal, 
Whence  DF,  the  external  segment  of  the  trisecting  line 
3F,  is  double  of  BC  the  diagonal  of  the  rectangle  BACE. 

Schofiwii.  Such  is  the  final  condition  on  which  the 
trisection  of  an  angle  is  made  to  depend.  But  to  fulfil 
|t  ip  general,  exceeds  the  powers  of  elementary  geometry, 
{q  some  yery  limited  cases  indeed^  the  trisection  qi  m 
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fVSgle  can  be  effected  by  tbe  mere  help  of  slraigUt  lines 
and  circles.     Thns^  when  the  propoBied  Angle  ABC  is 
hall  a  right  angle^  it  may  be  trisected  by  the  application 
of  Prop,  18.     For,  pro- 
duce BE  so  that  BU  s     'i^ 
iBCy  join  AH,  produce 
BA  till  AI  =  AH,  and 
on  BI  describe  a  semi- 
circle meeting  the  pro- 
duction of  EC  in  F;  the 
angle  ABF  is  the  third 
part  of  ABC. 

This  result  agrees  with  ^ 
what  is  derived  from  sim- 
pler views.  For  BH*  =  4BC»  3: 8BA%  and  Al* »  BH*  + 
PA*  5s  8BA»  +  BA*  =  9B  A* ;  whence  AI  s  SBA,  tlie  dia- 
meter BI;s4BA,  and  consequently  the  radius  0I=2BA.  Let 
fall  the  perpendicular FL^andproduceitequaUy  on  the  other 
^de,  join  OF  and  OM.  The  triangles  OFLand  MOL  are 
evideq^tly  equal,  and  therefore  OFj  OM,.aad  FM^  are  all 
equal  to  2BA>  or  SFJL;  consequently  the  triangle  FOM  is 
eqiiilalteral>and  the  angle  FOM  two-thirds  of  a  right  angle; 
tbe  angle  FOL  is  hence  one-third  of  a  right  angle,  and  the 
angle  ABF  at  the  circuoiference^  being  the  half  pf  it,  is 
therefore  equal  to  the  sixth  part  of  a  right  angle. 


PROP.  XXII.    PROB. 


To  investigate  the  conditions  required  in  finding 
two  mean  propprtipwils. 

ANALYSIS. 

'  Let  AB  and  AC^  the  extreme  terms  of  the  continaed 
jtfopotiaea,  stood  at  right  aagkt,  aod  bftying  pmduced  CA 
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to  D,  let  AB  :  AD  : :  AD  !  AE  : :  AE  :  AC.  Since,  then, 
AD  :  AE  : :  AE  :  AC,  it  follows  (V.  6.  El.)  that  AD.AC  ss 
AE* ;  whence  (III.  38.  EL)  the  point  £  lies  in  the  circum- 
ference of  a  semicircle  described  upon  CD.  Join  DE, 
produce  DB  to  the  circumference,  and  draw  the  perpendi- 
cular radius  IF.  Because  AB :  AD  : :  AD  2  AE,  and  the 
angle  DAE  is  common  to 
the  two  triangles  BAD 
and  DAE— these  triangles 
(VI.  15.  El.^  are  similar; 
consequently  the  angle 
ADB  is  equal  to  AED, 
and  (III.  120.  cor.  EL)  the 
arc  CG  is  equal  to  DE; 
whence  the  arc  FG  is  equal  to  FE,  and  the  segment  IH  of 
the  diameter  equal  to  lA.  On  this  condition,  therefore, 
that  th<;  perpendiculars  EA  and  GH  shall  be  equidistant 
from  the  centre,  the  solution  of  the  problem  depends. 

The  ratio  of  KI  to  IC  is  evidently  the  same  as  that  of 
AB  to  AC.  Wherefore  a  semicircle  being  described  with 
the  radius  IG — could  a  straight  line  DB  be  drawn  from  D, 
such  that  the  part  BG,  intercepted  between  the  circum- 
ference and  the  straight  line  CKM  drawn  from  the  other 
extremity  of  the  diameter,  be  bisected  in  L  by  the  perpen- 
dicular radius  IF — the  problem  would  be  solved  :  For 
make  AN  =  AD,  and  join  CN  meeting  IF  in  O ;  it  is  mani- 
fest, from  what  has  been  shown,  that  IK,  10,  IL,  and  IC 
are  continued  proportionals. 


PROP.  XXIIL    THEOR. 


If,  from  the  extremity  of  the  diameter  of  a  circle, 
a  straight  line  be  drawn  to  the  perpendicular  radius, 
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such  that  its  square  shall  be  an  arithmetical  mean 
between  the  three  squares  of  a  perpendicular  let  fall 
from  the  circumference,  and  of  the  segments  into 
which  the  diameter  is  thus  divided;  the  straight 
line  that  joins  the  points  of  section  and  of  termi- 
nation, will  make  a  given  angle  with  the  diameter. 

In  the  semicircle  ADB,  EFand  the  radius  CD  being  at 
right  angles  to  AB,  and  AG  drawn  so  that  SAG*  =  AEf  + 
EF*  +  EB»;  if  EG  be  joined,  the  angle  CEG  is  given. 

ANALYSIS. 

For  join  CF.  Because 
AB  is  bisected  in  C,  *AE 
+  EB»  =  2AC*  +  2EC» 
(II.  9,5.  cor.  El.)  and  con- 
sequently SAG* = 2AC*  + 
2EC*  +  EF*;  but(ILl4. 
El.)EC»  +  EF*  =  CF%or 
AC%  and  hence  SAG*  ^  sAC  +  EC*.  Again,  AG*  =;;  AC* 
+  CG%  or  SAG'  =  S  AC*  +  SCG* ;  wherefore  EC'  =  3CG% 
or  EG'  =  4CG»  and  EG  =  2CG.  The  ratio  of  EG  to  CG, 
and  the  right  angle  at  C  being  thus  given,  the  triangle 
EGC  is  (VI.  16.  EI.)  given  in  species,  aqd  consequently  th^ 
Angle  CEG  i&  given. 

COMPOSITION. 

Inflect  BH  equal  to  the  radius  of  the  circle,  join  AH, 
draw  EG  parallel  to  it  meeting  CD  in  G,  and  join  AG; 
then  SAG*  =  AE*  +  EF»  +  EB». 

For  join  CF.  The  triangles  AHB  and  ECG  being  evi- 
denUy  similar,  AB  :  BH  : :  EG  :  CG;  but  AB  =  2BH, 
and  therefore  (V.  6.  El.)  EG  =  «CG.  Whence  EG*  = 
4CG%and  EC  =:  sCG';  consequently  SAG'  =  SAC'  + 
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8CG*  =  SAC*  +  EC*=«AC'  +  «EC*  +  AC*— EC?.  Now 
•AO  +  «EC*  =  AE-  +  EB*,  and  AC«  —  EC*  =  EF«  3 
wherefore  SAG*  =  AE*  +  EF«  +  EB». 


PROP.  XXIV.    THEOR. 

If  a  triangle  have  a  given  angle,  the  excess  of 
the  square  of  the  sum  of  the  containing  sides  above 
the  square  o^the  base,  has  a  given  ratio  to  the  area 
of  the  triangle. 

Let  ABC  be  a  triangle,  in  which  AB  is  produced  till  BD 
be  equal  to  BC ;  the  excess  of  the  square  of  AD  above  the 
square  of  AC,  has  a  given  ratio  to  the  area  of  the  triangle. 


ANALYSIS. 

Draw  AE  parallel  to  BC,  and 
meeting  DC  produced  in  E,  from 
B  let  fall  the  perpendicular  BF,  and 
join  BE. 

The  triangle  CBD  being  isos- 
celes, the  angle  CDB  (1. 8.)  is  equal 
to  DCB,  but  (I.  2i.)  DCB  is  equal 
to  CEA;  hence  the  angles  EDA 
and  DEA  ak-e  equal,  and  the  tri- 
angle DAE  is  isosceles.  Where- 
fore (II.  27.)  A  D»=  AC*  +  DC.CE, 
orAD«  — AOssDC.CE.  Again, 
because  AB  is  parallel  to  BC,  the 
triangle  ABC  has  (IL  L)  the  same 
area  as  EEC,  or  (IL  7.)  is  half  the 
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recUDgle  BF^CE.  Consequently  the  txceaa  of  the  sqnare  of 
AD  above  the  aqnaie  of  AC,  is  to  the  area  of  the  triangle 
ABC,  as  DC.CEtolBF.CE>  that  i8,(V.  3.)  as  DC  toiBF, 
or  as  4DF  to  BF.  Bat  the  givea  angle  ABC,  being  (1. 34.) 
eqnol  to  the  two  angles  CBB  and  BCD,  is  double  of  either^ 
and  thus  the  angle  BDF  is  given ;  whence  the  right  angled 
triangle  DPB  is  given  in  species,  and  therefore  the  ratio  of 
DF  to  BF  is  given.  It  thence  follows,  that  the  ratio  of 
iDF  to  BFi  or  that  of  the  excess  of  the  square  of  AD 
above  the  square  of  AC  to  the  area  of  the  triangle  ABC>is 
given. 


GJEOMETRICAL  ANALYSIS. 
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DEFINITION. 

A  variable  quantity  derived  from  another  giveu  or 
constant  quantity^  or  which  depends  on  it  by  some  rela<r 
tion  according  to  a  given  law^  is  necessarily  confined  be- 
tween certain  extreme  limits.  When  it  has  acquired  the 
greatest  possible  expansion^  it  is  said  to  have  reached  its 
maximum;  and  when  it  has  contracted  into  its  lowest  di- 
inens|o|i3^  jt  occupies  the  state  of  mir^imiufn. 


PROP.  I.    PROB. 

» 
From  a  given  point,  to  draw  a  straight  line  interv 

pepting,  on  twp  given  parallels,  segments  which 

shall  have  a  given  ratio. 

Let  AB  and  CD  be  two  parallels^  in  whiph  are  two  given 
points^  A  and  O ;  and  let  it  be  required,  from  another  giveq 
point  E,  to  draw  EF,  such  that  PG  shall  be  to  OF  in  the 
yatio  of  M  to  N, 
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ANALYSIS. 
Join  POj  and  produce  Kt 

it  to  meet  EF,  or  its  ex- 

•  

tension  in  I.  ^  K 

BecainePO  and  OF 
are  parallel^  PI :  OI :: 
PG  :  OF  (VI.  2.  El.) ; 
but  the  ratio  of  P6  to 
OF  b  given^  and  hence 
that  of  PI  to  01,  and  of 
PO  to  OI,  are  given. 
And  since  PO  is  given, 
OI  and  the  point  I,  are 


given ;  wherefore  lEF,  and  the  segments  P6  and  OF  are 

given. 

COMPOSITION. 

Make  PK  -  M  and  OL  =5  N,  join  KL,  PO,  and  prbdnce 
them  to  meet  in  I,  and  draw  lEF ;  PQ  and  OF  are  tke 
required  segments* 

For  (VI.  2.  £1.)  the  parallels  AB  hnd  CD  bebg  cut  proH 
portionall;  by  the  diverging  lines  IK,  IP,  and  16, — J?G  is 
to  OF  as  KP  to  OL,  that  is,  as  M  to  N. 

If  M  be  equal  to  N,  the  point  I  vanishifs,  and  EP  be« 
comes  evidently  a  parallel  to  OP. 

If  the  straight  lines  KL  and  PO  meet  in  the  given  point 
£,  the  problem  is  by  its  nature  indeterminate,  or  it  admits 
of  indefinite  solution;  for,  in  that  case,  the  segments  P£ 
and  OF,  intercepted  by  any  straight  line  whatever,  diaiwn 
through  I>,  have  all  the  same  ratio. 


PROP.  II.    PROB. 

Two  diverging  lines  being  given  in  position,  lo 
draw,  through  a  given  point,  a  straight  line  inter- 
cepting segments  wliich  shall  have  a  given  ratio* 


J 
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Lei  it  be  required,  tbroogh  J>,  to  dh4w  EDF,  so  AmAE 
sbali  be  to  AF  in  the  ratio  of  M  to  N, 

ANALYSIS, 

Through  D,(L  26,  El.) 
draw  DG  parallel  to  AE^ 
and  meeting  j^C,  or  its 
production,  in  6. 

The  triangles  EAF 
and  D6F  are  similar, 
and  therefore  (VL  13.) 
AE:AF;:GD:GF;but 
the  ratio  of  AE  to  AF  is 
given,  and  consequently 
thatofODtoGF.    And 

since  GD  and  the  point  G  are  evidently  given,  GF  and  the 
point  F  are  likewise  given. 

COMPOSITION. 

From  AB  and  AC  cut  o&  AK  =  M,  and  AL  =  N,  join 
KL,  and  parallel  to  it  draw  EDF  through  D ;  AE  and  AF 
are  the  segments  required. 

For  (VI.  1.  El.)  the  parallels  EF  and  KL  cut  the  diver- 
ging  line»  AB  and  AC  proportionally,  and  therefore  AE  i» 
to  AF,  as  AK  to  AL,  that  is,  as  M  to  N. 


Nh- 


PROP.  m.    PROB. 

Two  diver^ng  lines  being  given  in  position,  to 
draw,  through  a  given  point,  a  straight  line  cutting 
off  segments — on  the  one  from  their  intersection, 
and  pn  the  other  from  a  given  point — that  shall 
have  a  given  ratio. 
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Let  AB  and  AC  be  two  diverging  lines^  it  is  required 
through  the  point  D,  to  draw  ED¥,  so  that  AE  shall  be  to 
the  part  OFj  in  the  ratio  of  M  to  N. 


ANALYSIS, 

Draw  DG  parallel  to  AE^  and  meeting  AC^  or  its  pro* 
duction  in  G^  and  make  AE  :  GD  : :  OF  :  OH. 

By  alternation^  AE  ;  OF  : :  GD  :  OH ;  but  the  ratio  of 
AE  to  OF  is  given^  and  thence  that  of  GD  to  OH  ^  and 
since  GD  and  the  point  G  are 
given,  OH  and  the  point  H  are 
also  giveq.     Again,    because 
AE:GD::OF:OH,and(VL 
1».E1.)AE:GD::  AF:GF,it 
followsthatOF:OH::AF:GF; 
whence  (V.  10.  £1.)  FH  :  OH 
: :  AG  :  GF,  and  (V.  6.  El.) 
GF.FH  ??  AG.QH.    But  AG 
apd  OH  are  both  givep,  ^nd 
consequently  the  rectangle  un- 
der the  segments  OF  and  FH  of  the  given  portion  GH  is 
^so  given,  and  thence  the  point  of  section  F  is  givea,  and 
the  straight  line  EDF, 


Xh- 


COMPOSITION. 

Make  GD  to  OH,  as  M  to  N,  and  (VI.  «0.  El.)  divide 
GH  in  F,  so  that  the  rectangle  GF,  FH  shall  be  equal  to 
AG,OH,  and  draw  EDF;  then  the  segment  AE  is  to  OF 
as  M  to  N.  Since  GF.FH  s=  AG.OH,  therefore  FH :  OH 
: :  AG  :  GF,  and  (V.  10.  El.)  OF  :  OH  ::  AF  :  GF:  but 
(VI.  2.  El.)  AE :  GD  : :  AF:  GF,  and  consequently  AE :  GD 
: :  OF  :  OH,  and  alternately  AE  :  OF  : :  GD  :  OH,  that  ia 
in  the  given  ratio. 
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PROP.  IV.    PROa 

Two  diverging  lines  being  given  in  position,  to 
draw,  through  a  given  pointy  a  straight  line,  cutting 
off  segments  from  given  points  in  a  given  ratio. 

Let  AB  and  AC  be  two  diverging  lines ;  It  is  requi^ed^ 
through  the  point  D,  to  draw  EDF^  so  that  P£  sh^l  be  to 
OF  in  the  ratio  of  M  to  N. 

ANALYSIS. 

Join  DP  cutting 
AFin  I^  and>  through 
I,  draw  IK  parallel  to 
AB^  and  meeting  £F 
iaK. 

Because  the  points 
D  and  P  are  given, 
the  straight  line  DP 
is  given  in  position, 
/and  consequently  its 
intersection  I  with  AC 
is  given,  whence  IK,  being  parallel  to  AB,  is  likewise  given 
in  position.  But  (VI.  2.  EI.)  PE  :  IK  ::  PD  :  ID,  and 
since  PD  and  ID  are  both  given,  the  ratio  of  PE  to  IK  is 
given;  consequently,  the  ratio  of  PE  to  OF  being  given, 
the  ratio  of  IK  to  OF  is  given.  Wherefore,  by  the  last 
proposition,  the  straight  line  KDF  is  given  in  position. 

COMPOSITION. 

Join  PD  and  draw  IK  parallel  to  AB,  make  M  to  L,  as 
PD  to  ID,  and  draW)  by  the  last  proposition^  KDF,  so  that 
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IK  shall  be  to  OF^  as  L  to  N;  then  will  P£  and  OF  be  the 
segmeoti  reqnired. 

For  (VI.  2.  El.)  PE :  IK  ::  PD  :  ID  ::  M  :  L,  and 
IK:OF  ::  L  :  N;  whence  (V.  16.  El.)  PE  :  OF  ::  M  :  N. 


PROP.V.    PROB. 

Two  paralleU  being  given,  from  a  point  in  a  {^i^n 
intersecting  line,  to  draw  another  stmi^t  line  cut* 
ting  off  segments  which  shall  contain  a  given  rect- 
angle. 

Let  AB,  CD  be  two  parallels,  and  G  a  gjven  poiot, 
through  which  it  is  required  to  draw  FE  intercepting,  from 
given  points  O  and  P  in  the  same  direction  0P6,  segmei^ts 
OE  and  PF,  that  shall  contain  a  given  rectangle. 

ANALYSIS. 

Because  AB  and  CD  are  pa-    A      (^  EB 

rallel,  GO  :  GP  : :  OE :  PF  (VI. 
fi.  EL),  and  consequently  (V.  24. 
cor.  2.  El.)  GO  :  GP  : :  OE» : 
O&PF;  and  GO  and  GP  being 
given^  their  ratio  is  giveo^  and 
therefore  the  ratio  of  OE*  to 
OE.PF  is  given;  but  the  rect- 
angle OE^  PF  is  given^  and  hence  the  square  of  OE^  and 
OE  itsell^  are  given. 

COMPOSITION. 
Find  (VI.  1 8.  £1.)  GI«  a  oiean  proportional  betweoi  GO 
U)d  GP.  dcaw  IK  paiaUd  to  AB  or  CD,  and  aach  (IIL  37 » 
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Bl.^  that  its  square  dball  be  eqnal  to  the  given  teciaixt^, 
and  join  EKF6;  this  is  the  straight  line  reqaired* 

For  OE,  IK,  and  PF  being  parallel,  OG  :  IG  : :  OE ;  IK, 
and  PG  :  IG  ::  PF  :  IK  (VI.  «.  EL);  whence  compound, 
ing  tbes9  analogies  (V.  22.  El.)  OG.PG  :  IG« : :  OE.PP 
:  IK*;  but  OG.PG  =5  IG%  and  consequently  (V.  4.)OE.PP 
=  IK* 


PROP.VL    PROS. 

Through  a  given  point,  to  draw  a  straight  line  in- 
tercepting, from  given  points  on  two  given  parallels, 
segments  which  shall  contain  a  given  rectangle. 

Let  AB  and  CD  be  parallels  in  which  the  points  O  and 
P  are  given,  and  let  it  be  required  through  G  to  draw  GFE, 
so  that  the  segn^ents  O^  and  PF  shall  contain  a  given  rect- 
angle. 

ANALYSIS. 

Draif  GOaod  GP,  cutting  the  parallels  in  I  and  H.  Be> 
cause  the  points  O,  P,  and  G  are  given,  the  straight  lines 
GIO  and  GPH  are  given  in  position,  and  consequently 
their  intersections  I  and  H  with  the  giyen  parallels.  Aod 
since  AB  is  parallel 

to  CD,  GP  :  GH     A     K  H  O  E  B 

;:PF:HE(VI.  2, 
El.);  but (V,  24- cor, 
«.  El.)  PF  :  HE  : : 
PF.OE  :  HE.OE, 
and  consequent  I  y 
GP:GH::  PF.OE 
,  HE.OE.  Now,  GP 
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aad  GH  being  given^  their  ratio  is  given,  and  hence  that 
of  PF.OE  to  HE.OEj  wherefore  the  rectangle  PF,  OE 
heing  given,  the  rectangle  under  the  segments  HE  and  OE 
of  the  given  straight  line  itO  is  likewise  given ;  whence 
(VL  to.  El*)  the  point  E  is  given,  and  consequently  the 
straight  line  P6E. 

COMPOSITION. 

Draw  GO  and  GP,  find  (II.  8.  £1.)  HK  the  side  of  rectr 
angle  GP,HK  which  is  equal  to  the  given  space,  and  (VI. 
£0.  El.)  divide  HO  in  the  point  E,  so  that  the  rectangle 
under  its  segments  HE  and  OE  shall  be  equal  to  the  rect- 
angle HG,HK,  and  join  GFE;  this  is  the  straight  line  re- 
quired. 

ForHE:PF  ::  HO  :  GP, and  hence (V.  13.EI.)HE.0B 
:  PF.OE  ::  HG.HK  :  GP.HK;  but,  by  construction,  the 
rectangle  HE.OE  is  equal  to  GH.HK,  and  consequently 
(V.  4.  El.)  PF.OE  as  GP.HK,  or  the  given  space- 


PROP.  VII*    PROS. 

To  draw  through  a  given  point  a  straight  litie; 
cutting  from  two  given  diverging  lines,  segments 
which  shall  contain  a  given  rectangle. 

Let  AB  and  AC  be  two  diverging  lines  given  in  p6sition^ 
and  let  it  be  required  from  the  point  D,  to  draw  DFE,  so 
that  the  rectangle  under  the  segments  AE,  AF  ^all  be 
equal  to  a  given  space. 

ANALYSIS. 

Draw  HD  parallel  to  AB,  and  make  (II.  JB.  El.)  the 
tectangle  DH.AI  equal  to  the  given  space. 


%oo<  II.  SOS 

JSecatiae  AE.AF  =  DH.AI,  AE  :  DH  ::  AI  r  AF  <V.  6. 
EL)^  but  AE  :  DH  : :  AF  :  FH  (VI.  S.  £!.)>  and  therefore 
AF:FH::AI:AF;  whence 
(V.9.E10AH:AF::IF;AI, 
iind  (V.  6.  El.)  AH.AI  a 
AF.IF.  Now  DH^  being  pa- 
rallel to  AB^is  given^  and  con* 
sequentljr  AI  is  given ;  where- 
fore the  rectangle  AH^  AI 

being  given^  AF.IF  is  also 

given ;  and  since  AI  is  given^  its  internal  or  external  section 

XVLfid.  El.)  given. 

tJOMPOSmON. 

.  t}nw  OH  panOlel  to  AB^  find  (IL  8.  El.)  AI^  which  con- 
tains with  DH  a  rectuigle  equal  to  the  given  spaoci  and 
divide  AI  (VL  40a  EL)  so  tlftt  the  rectangle  imder  its  seg- 
ments AF>  FI  shall  be  equal  to  the  rectangle  AI^  AH ; 
£DF  is  the  straight  line  required.  Fc^r,  by  constmcUon, 
AF.IF  Si  ALAH,  whence  (V.  6.  El.)  AH  :  AF  ::  IP  :  AI, 
and  (V.  10.  El.)  AF  :  FH  ::  AI :  AF;  bat  AF  :  FH  :: 
AE't  DH,  and  consequently  AE  :  DH  ::  AI :  AF,  and 
(V .  6.  El.)  AE^F  ^  DH.AL 


PROP-  VIIL    PROS. 

Through  a  given  point  to  draw  a  straight  line, 
wbicb  shall,  by  its  intersection  with  two  given  di- 
verging linea^  form  a  triangle  containing  a  given 
space. 

Let  it  be  required,  thtough  the  point  D,  to  draw  a 
straight  line,  EDF  intercepting,  between  the  diverging 
fines  AB  and  AC,  a  triangle  AEF^  which  shall  contain  a 
given  space. 

n 
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ANALYSIS. 

Draw  DH  parallel  to  AC,  upon  which  let  fall  the  per- 
pendiculars £S  and  DT,  and  find  (II.  1 1 .  and  7*  El.)  AI  the 
base  of  a  triangle,  having  the  altitude  DT,  and  containing 
the  given  space. 

Because  the  rectangles  ^ 

ES.AF  and  DT.AI  are 
(I.  7.  EL)  each  double 
of  the  triangles  AEP  and 
ADI,  they  are  equal,  and 
consequently    (VI.    13. 

E1.)ES'.DT::AI:AF. 

But  the  triangles  AES  a]  If  ST  J?  iTc 
and  HDT  are  evidently  similar,  and  therefore  AE  :  ES  :: 
HD  :  DT,  or  alternately  AE :  HD  ::  ES  :  DT ;  whence 
AE:HD::AI:  AF,and  AE.AF  =  HD.Ar.  Now  HD 
is  given,  and  consequently  AI;  wherefore  the  rectangle 
AE.AF  is  given,  and  thence,  by  the  last  proposition,  the 
straight  line  EDF  is  given  in  position. 

COMPOSITION. 

Draw  DH  parallel  to  AB,  let  fall  %he  perpendicular  DT, 
bisect  this  in  the  point  R,  find  (II.  11.  Ei.)  the  side  AI, 
which  with  RT  contains  a  rectangle  equal  to  the  given 
space,  and,  by  the  last  proposition,  draw  EDF,  such  that  the 
rectangle  AE.AF  shall  be  equal  to  DH.AI. 

Having  let  fall  the  perpendicular  ES,  and  bisected  it 
in  Q,  the  triangles  AES  and  HDT  are  similar;  whence 
AE :  ES : :  HD :  DT,  and  alternately  AE  :  HD  : :  ES :  DT, 
or  (VI.  13.  El.)  AE  :  HD  ::  QS  :  RT;  wherefore  AE.AF 
:  HD.AI : :  QS.AF  :  RT.AI;  but  the  rectangle  AE.AF  = 
HD. AI,  and  hence  (V.  4.  El.)  QS.AF  =  RT.AI,  or  the  tri- 
angle AEF  is  equal  to  tl\e  given  space. 

This  problem  will  admit  of  a  simpler  construction,  in  the 
case  where  the  given  point  D  lies  between  the  diverging 
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lines  AB  and  AC.    For  draw  D6  parallel  to  AC^  and  make 
(II.  11.  £1.)  the  rhomboid  A6KI  equal  to  the  given  $pace. 
Because  the  triangle  AEJP  is  equal  to  the  rhomboid 
AGKI^  take  away  from  both  the  figure  AGDLI^  and  the 
triangles  6£D  and  ILF  remidn  equal  to  the  triangle  DLK ; 
but  these  su  pplemen* 
taiy  triangles^  being 
fttinied   by  parallel 
linesj  are  evidently 
similar,  and  conse- 
quently the  homolo- 
gpus  sides  GD  and 
It?  are  (VI.  34.  El.) 
sides  of  a  right  ang- 
led triangle,  of  which 
DK  is  the  hypote- 
nuse; whe^fore  (iL 
14.  El.)  GD*  +  IF» 
=  DK%  or  (I.  29.  , 

El.)  IF*  =  HP  —  AH\     And  since  HI  and  AH  are  both 
given,  it  follows  that  IF  is  given. 

COMPOSITION. 

Construct  the  rhomboid  AGKI  equal  to  the  giveil  spacfe^ 
draw  DH  parallel  to  AB,  on  HI  describe  a  semicircle,  in 
which  inflect  HM  equal  to  AH,  join  IM,  and  make  IF,  or 
IF',  equal  to  it  i  EDF,  orE'DF',  is  the  base  of  the  required 
triangle. 

For  gill.  26.  El.)  HMI  being  a  right  angle,  IH*  =;  HM» 
+  IM»  (II.  14.  El.),.or  DK»  =  GD*  +  IF«;  whence  (VI. 
34.  El.)  the  triangle  DLK,  or  DLK',  is  equal  to  thfe  tri- 
angles GED  and  ILF,  or  to  GE'D  and  ILT';  and,  adding 
to  both  the  excess  of  the  rhomboid  AK  above  the  triangle 
DLK,  or  DUK\  the  rhomboid  AK  is  equal  to  the  triangle 
AEF,  or  AE'F',  which  is,  therefore,  equal  to  the  giveo^^ 
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WROf.  IX.    JPROB. 

Through  a  given  point  to  draw  a  straight  lin^ 
cutting  off  segments^  from  two  given  divergiatg 
lines — on  the  one  from  their  inttorsectiott,  and  m 
the  other  from  a  given  point — which  sliall  contahi 
a  given  rectAigle. 

Let  it  be  reqis  ired  to  draw  EDF,  &•  (kat  the  Tfctaogle 
A£^  OF  sbfJl  be  eqaal  to  a  givea  space. 

ANALYSIS. 

Draw  DR  parallel  to  AB,  and  (IL  11.  EI.)  make  tbe 
rectangle  DH.OI  equal  to  the  given  «pace ;  Ol  and  tlie 
point  I  are,  therefore^  gi-.  ^^ 

tm.  Ao«  iiotee  A&OF 
a:  DH.OI,  it  follows  that 
AE:  DH  ::Ol  :  OF; 
but(VL«.EL)AE:DH 
: :  AF  :  FH,  and  conse- 
qiien!tlyAF:FH::OI:0F. 
WWefore  (V.  1 1.  El.)  ^.  ^  / 
AF  :  AH  :  :  01  :  Fl,   r^    a      hi  r^        t  Tfe 

and  (V.  6.  El.)  AF.FI  =  AH.OI;  hence  Al  and  tlie  irect- 
mgle  under  itsjBegments,  AFand  Fl,are  given,  and  tstoste-- 
qoently  (VI.  iO.  EI.)  the  point  of  section  F  and  the  litraight 
line  EDF  are  given. 

COMPOSttlON. 
tiaving  drawn  BH  parallel  to  AB,  and  made  ibe  rect- 
angle DH.OI  equal  to  the  given  fipate,  d^ivide  Al  <V€.  ^. 
El.)  in  F,  or  F,  such  that  the  recftangle  under  its  segments 
shall  also  be  equal  to  the  rectangle  AH.OI;  EDF,  or  ErDf^ 


\ 


n  the  required  strai'flifc  ltfi<w  y«v  ijafx  AF.H  =  AH.OI, 
AF  :  All  :;  01  :  IF  ^  whence  (V.  11.  JE1.>  4F  :  F^  ;: 
01 :  OF ;  but  (VI. «.  £1^  AF :  FH : :  AK :  PH,  an4,  there- 
fore, AE ;  Xm  : :  QI :  OF,  and  the  re«taqs|ie  A^.OF  )b 
•equal  tQ  PlfjQI,  94r  tl^e  given  8|>ace. 


PRO?.  X.  PROS, 

Through  a  given  point,  to  chraw  a  qliaigiit  Iti 
cbtting  off  segments,  from  given  points,  on  two 
^ven  diverging  lines,  that  shall  contain  a  given 
rectangle. 


I  • 


s  Let  it  be  required  to  draw  EDF,  so  that  the  rectangle 

ANALYSIS,' 
f    Join  DO  meeting  AE  in  Q,  and  draw  QR  parallel  to 

Secam  (VI.  t.  m  PQ ;  PQ ;:  W ;  0^,  i»  foUowt 

and  DQ  are  evidently 

given,  and   therefore 

the  rectangle  OF.P£ 

has  to  QR  JE  a  given 

ratio ;  and  since  OF.PE 

is  given,  the  rectangle 

QR.PE  is  likewise  gi* 

veil,  aqd  QR,  being  par 

ralliel  to  AC^  is  given 

in  position*    Whenoe,  by  the  last  propositi^Vj  tl)f  V^<Wr 

fectiagline  EDR  or  EDF,  isgtvw  V^  poi^^m* 
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COMPOSITION. 

Join  DQOj  dtBW  DH  parallel  to  AC,  and  produce 
it  meeting  ia  S  the  parallel  to  AB,  make  the  rectangle 
DS.PI  equal  to  the  given  space,  and  divide  QP  in  B,  such 
that  the  rectangle  under  its  segments  PE,  IE  shall  be  equal 
to  the  rectangle  AH.PI ;  EFD  is  the  straight  line  required. 

For  DQ :  DO  : :  DH  :  DS  ::  QR  :  OF,  and  conse- 
quenUy  (V.  U.  cor.  «.  £!•)  DH.PI :  DS.PI  ::  PE.QR : 
PE.OF ;  but,  by  the  last  proposition,  DH.PI  =  PE.QR, 
irhence  the  rectangle  DS.PI,  or  the  given  space,  is  equal 
to  the  rectangle  PE.OF. 


PROP.  XL    PROB, 


To  divide  a  given  straight  line,  so  that  the  rebt- 
angle  under  one  of  its  segments  and  a  given  line, 
shall  be  equal  to  the  square  of  the  other  segment 


Let  it  be  required  to  divide  AB  in  C,  such  that  the  rect- 
angle under  AC  and  6  shall  be  equal  to  the  square  of  CB« 

ANALYSIS. 

Make  BD  =  G,  and     ^ 
since   AC.G  =  CB*,  it 
follows  (V.  6.  El.)  that,  a       c~BT> 
AC:CB::CD:BD;and     ^    Gr     ; 
consequently  (V.  9-  El.) 


AB:CB::CB:BD;  whence  ^ -^ ^ — g 

(V.   e.  El.)  AB.BD  =  ^ 

GB.CD.    But  the  rect-  <  ■  ■     ■ — ~^ 

angle  AB.BD  is  given,  >    *  t  i." 1 
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and^  therefore^  the  rectangle  CB.CD  is  also  given ;  and  BD 
being  given^  the  point  of  section  C  is  (VI.  £0.  £1.)  thence 
given. 

COMPOSITION. 

In  the  same  straight  line  AB^  make  BD  equal  to  6^  and 
<V1.  fiO.  El.)  cut  BD  such  that  the  rectangle  CB.CD  be 
equal  to  AB.BD ;  C  is  the  point  of  section  required.  For 
it  is  evident  (V.  6.  El.)  that  AB  :  CB  ::  CD;  BD,  and  con- 
sequently (V.  9.  El.)  AC  ;  CB  : :  CB  :  BD ;  wherefore 
(V;  6.  El.)  AC.BD,  or  AC.G  =  CB*. 


PROP.  XII.    PROB. 

To  divide  a  given  straight  line,  so  that  the  rect- 
angle under  one  of  its  segments  and  a  given 
line  shall  have  a  given  mtiQ  to  the  square  of  the 
other  segment. 

Let  it  be  required  to  divide  AB  in  C^  such  that 
ACxG:CB*::M:N. 

ANALYSIS* 

Make  (VI.  3.  B.)  G  :  H  : :  M  :  N,  ^     a    ^    ^H^ 
and  His  given;  butACxG  ::  CB»  :: 

G  :  H,  and  consequently  (VI.  8.  El.)  ^ ,          ^ 

CB»  ss  AC  X  H ;  wherefore,  by  the  last  ^       -      C        B 

proposition,    the  section,  of  AB  19  ,   "M.  ,     JN ^ 
given. 

COMPOSITION, 
Having  made  M  :  N  : :  -G  :  H,  let  AB  be  divided  by  the 
4a&t  proposilbn,  so  that  AC  x  Hr=CB^;  then  AC  xO  :CB^:: 
M :N.  ForACxG :  ACxH,  orCB», ;:  G  ;  H/or  M  :  N. 


tai 
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PROP.  Xm,    PROS. 

•      •  • 

Ip,  the  Bame  atr^iigbt  Vme,  three  points  beipg  gi vjS)^ 
to  find  a  fourth  pointy  such  that  the  rectangle  under 
its  distance  from  the  first  and  a  given  line,  shall  be 
equal  to  the  rectangle  under  its  di^^nces  ipva  the 
second  and  third  points. 

Let  it  be  required  to  find  the  point  J),  so  that  ADxGs; 
CDxBD. 

ANALYSIS. 

Make  BE  =  6,  and  because  g- 

AD ^G s Clix  BD,  it  follows  ^      ' 

that  AD  :  CD  ::  BD  s  BE;  t "^ — i tr^i- 

whence  (V.  9.  El.)  AC  :  CD 

::  DE  :  BE,  and  AC  x  BE  s  & 

CD  X  DB.    But  the  rwstanglc  ,  i  1    > 


AC  X  BEbeing  evidently  given,  A  JE U  D 

the  rectangle  under  the  seg-  & 

menu  CD,DE  of  CE,  a  given  ^ 

istraight  Jine,  is  also  given,  and  J^  ,    ;be     c  d 

consequently  (VL  20.  £1.)  the 

point  of  section  D  is  given. 

COMPOSITION. 

Having  made  BE  ^  G,  divide  (YI.  20.  El)  CE  in  D,  so 
that  CD  X  DE  =:  AC  X  BE ;  D  is  the  point  required. 

For  (V.  6.  £1.)  AC  :  CD  :i  D£ :  BE,  and  (\.  10.  £1.) 
AD :  CD ::  BD  I  BE}  whc9ce  ADxBB^  or  ADXG,  s: 

CDxBD. 

1  .  X* 
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PROP.  XIV.    PROB. 

In  the  same  straight  linei  three  points  being  gi ven, 
to  fin<i  a  £burthy  00  that  the  rectangle  under  its  dis* 
tanoe  from  the  first  and  a  given  line,  shall  have  a 
given  ratio  to  the  rectangle  under  Its  distances  from 
the  second  and  third  points. 

Jj6%  it  b«  required  to  find  a  point  B^  such  that  AO  x6: 
CDxBD::M;N. 

ANALYSIS. 

Make  M  :.  N  ::  G  ;  H,  Cr  H 

whence  H  is  given ;  but  since 

ADxG:CDxBD::G:H,     j^; ^ 5- ^ 

it  is  evident  that  AD  x  H         |..     ;^}.    .,.,■      j.^.  t 

=  CD  X  BD ;  wherefore,  by 

the  last  proposition^  the  point  of  section  D  is  given. 

COMPOSITION, 
Having  made  O  :  H  ::  M  :'N^  find^  by  the  last  propo- 
sition, the  point  D,  so  that  CD  x  BD  =  AD  x  H ;  D  is 
the  section  required.    For  (V.  24.  cor.  2.  El.)  AD  X  G  : 
AD  X  H,  or  CD.BD  ::  G  :  H,  or  M  :  N. 


PROP.  XY.    PROB. 

In  the  satnc  straight  line,  three  points  being 
given,  to  find  a  fourth,  so  that  the  square  of  its  dis- 
tance  &ofn  the  fiirst|^$haU  Ve  equal  to  the  rectangle 
yndej  its  distances  from  the  second  and  third  points; 
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Let  it  be  required  to  find  a  point  D^  such  that  AD'  ss 
CD.BD. 

].  When  the  point  D  lies  between  A  and  B. 

ANALYSIS. 

Because  AD*  =r  CD.BD,  it  follows  (V.  6.  EI.)  that 
CD  :  AD  ::  AD  :  BD,  whence  (V.  9,  Ei.)  AC  :  AD  :: 
AB :  BD,  and  al- 
ternately AC  :  AB     ^"-^B "■ c 

::AD:BD.  But 

the  ratio  of  AC  :  AB  being  given,  the  ratio  of  AD  :  BD 

is  given ;  and  since  AB  is  given,  the  point  P  (VL'4.  El.)  is 

given. 

COMPOSITION. 

Divide  AB  (VI.  4.  £1.)  in  the  ratio  of  AC  to  AB,  and  the 
point  of  section  D  is  that  required. 

For,  because  AD :  BD : :  AC :  AB,  AD :  BD : :  AC — AD, 
or  CD :  AB  —  BD,  or  AD  (V.  1 9.  cor.  1 .  EI ") ;  whence  (V. 
6.  £1.)  AD»  =  BD.CD. 

£.  When  the  point  D  lies  between  B  and  C. 

ANALYSIS. 
Make  DE  =  AD,  and  since  AD»  s=  CD.BD,  CD  :  AD, 
or  DE  ::  AD  :  BD,  and  therefore  (V.  10.  EL)  CE :  DE  :: 
AB  :  BD,  and  alternately  CE  :  AB : :  DE  :  BD,  or  (V.  3. 
£1.)  CE  :  AB  : :  2DE^  or  AE  :  2BD;  whence  (V.  9*  El.) 
CE:AB::CE+Af; 
or   AC    :  AB    +  O        !E 

ilBD,  or  BE,  and  .  a       b B ' * ^ — c 

consequently    (V. 

6.  El.)  CE.BE  3=  AB.ACj  but  the  rectangle  AB.AC 
being  given,  the  rectangle  CE.BE  is  likewise  given,  and 
BC  being  given,  the  point  E  is  given  (VI.  £0.  El.)>  and 
therefore  D,  the  bisection  of  AE,  is  given. 

COMPOSITION. 
Divide  BC (VI.  20.  El.)  in  E,  such  that  CE.BE = AB.ACj 
ana  bisect  AE  in  D  ;  then  AD*  «;  CD.BD,  :    . 


^  — 


T^ 
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For  since  CE.be  =  AB.AC^  it  is  evident  that€E  ;  AB 
: :  AC  :  BE ;  whence  (V.  S  El.)  CE  :  AB  ; :  AE :  2BD,  or 
DE  :  BD  ;  and  alternately,  CE  :  DE  : :  AB  :,  BD,  and  (V. 
9.  El.)  CD  :  DE,  or  AD ::  AD  :  BD;  wherefore  (V.  6.  El.) 
CD.BD  =  AD*. 

This  last  case  is  evidently  subject  to  limitation;  for  the 
rectangle  AB.AC  being  equal  by  construction  to  CE.BE^ 
must  not  exceed  the  square  of  the  half  of  BC,  which  (II. 
23.  cpr.  ].  El.)  is  the  greatest  rectangle  contained  under 
the  segments  of  BC.  Consequently,  if  E  coincide  with 
the  middle  point  O,  it  limits  the  problem ;  but  then  AB. 
AC = BOS  or  AB.AC  +  BO*  =  (II.  23.  cor.  2.  El.)  AO* 
=  2B0%  and  therefore  AO  is  the  diagonal  of  a  square  de- 
scribed on  BO.  Whence  AB  :  BC  ::  -/2 — 1  :  2,  or  i  : 
2  -f.  v^  8;  that  is,  the  ratio  of  AB  to  BC  has  attained  its 
maximum^  when  it  is  that  of  half  the  side  of  a  square  to  the 
sumof  the  side  and  the  diagonal. 


PROP.  XVI.    PROB. 

Id  the  same  straight  line,  three  points  being 
given,  to  find  a  fourth,  such  that  the  square  of  its 
jdistance  from  the  first,  shall  have  a  given  ratio  to 
the  rectangle  under  its  distances  from  the  second 
and  third  points. 

Let  it  be  required  to  find  a  point  D,  such  that  AD*  shall 
be  to  CD  X  DB  in  a  given  ratio. 

1.  When  D  lies  between  the  points  A  and  B. 

ANALYSIS. 

On  BC  describe  a  semicircle,  and  draw  the  tangtet  DE ; 
then  (in.  36.  EI.)  DE*  =CD><DB,  and  consequently  the 
square  of  AD  is  to  the  square  of  DE  in  tl^e  given  ration 
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whence  tfie  ratio  of  AD 
toDEisgiren.  JoinEFj 
and  produce  ED  to  meet 
AG  a  perpendictdar  to 
AC.  The  trianglet  ADG 
and  EDF  are  evidently 
ftmilarj  and  therefore 
AD:A6::DE:EF,oral- 
temately  AD  :  DE  : : 
AO  :  EP;  and  since  the  ratio  AD  to  DE  is  given^the  ratio 
of  AO  to  EF  is  also  given,  and  the  radius  EF  being  given^ 
AG  and  the  point  6  are  thence  given ;  wherefore  Uie  tan- 
gent G£  and  its  intersection  D  with  AC,  are  given. 

COMPOSITION. 

Let  M  :  N  be  the  given  ratio,  and  to  these  find  (VI.  18. 
El.)  a  mean  proportional  O,  on  BC  describe  a  semicircle, 
make  O  :  M  ::  BF :  AG,  a  perpendicular  erected  from  A, 
and  (III.  SO.  El.)  draw  the  tangent  ODB;  the  intersection 
D  is  the  point  required. 

For,  the  triangles  DAG,  and  DEF  being  similar, 
AD:AG::DE:EF,  and  alternately  AD: DE:: AG: EF,  or 
M : O;  wherefore (V.  £1. cor.  1. El.)  AD*  :  DE^ ::  M^:  0^ 

tbatis,(V.«8.£l.)M:N;but(IlLS6.£U)D£*;;;CD>cD]S^ 
and  consequently  AD* :  CD  x  DB  : :  M  :  N. 
£.  TV  hen  D  lies  between  the  points  B  and  C« 


ANALYSIS, 

On  BC  describe  a  seioicircle,  draw  DF  perpendieular 
to  the  diameter,  and  meeting  the  circumference  in  F,  and 
join  AF. 

Because  (III.  36.)  BD  X  DCisDF%  the  ratio  if  AD«  to 
Dr  i»  gi?en^  and  eomequently  that  of  AD  to  V^i  but 
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the  angle  ADT^  contain^ 
bjr  these  sides^  being  a 
right  angle^  is  given^  \and 
thin^dtetfaetriangle  AFD 
b  given  tntepecied.  Hence 
the  angle  DAF  is  given^ 
and  the  stmigfat  line  AF 
given  in  position;  where- 
fore the  intersection  F  or  F',  the  perpendicular  FB,  or  F'l>, 
and  the  point  D^  or  Jy,  are  all  given. 


O 


COMPOSITION. 

Let  M:N  express  the  given  ratio,  and  to  these  £nd  (V^ 
18.  EL)  a  mean  proportional  O,  make  (VL  5.  £1.)  M  io  O 
as  AC  to  the  perpendicular  CE,  join  AE  meeting  the  cir- 
cumference of  a  semicircle  described  on  BC  in  the  point  F  ' 
or  F,  and  let  fall  the  perpendicular  FD  or  F'lX;  then 
M  :  N  :i  AD«  :  BDxDC,  or  AI>»  :  Biy  x  I>C. 

For  the  triangle  ACE  is  evidently  similar  to  ADF  or 
AS'F^  and  therefore  AC  :  CE  ::  AD  :  DF^and  AC* :  C£' 
:z  AD» i  DP;  but  (V.  23.  EL)  M  ;  N  :;  M»  :  0%  or  aa 
AC* :  CE%  «nd  coiise(|aently  AD» :  DF%  that  is,  BD  x  DC 
::M:N.  ' 


This  problem- evidently  requires  limitation;  for»  if  A£ 
should  diverge  too  much  from  AC,  it  wijl  not  meet  the  cir«- 
iGumference  at  <aU.  Hence  an  extreme  case  will  occur, 
when  AE  touches  the  circle.  But  the  xatto  of  AC  to  C£^ 
or  of  ADio  DF^wiU  then  be  the  same  as-that  of  a  tangent 
from  A  is  Vo  the  radius  H  B ;  and  consequently  the  limiting 
ratio.is  the  duplicate  of  this, — or  the  ratio  of  M  to  N  can 
ne^r  a^iproaoh  nearer  to  the  ratio  of  equality  than  that  of 
AB  X  ACj  or  AH*  —  HB%  to  HB% 
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3*  When  the  point  D  lies  beyond  B  andC* 

ANALYSIS. 

On  BC  describe  a  semicircle^  draw  the  tangent  DE,  and 
prodnce  it  to  meet  the  perpendicular  A6^  and  join  £  with 
the  centre  F. 

Because  (III.  36.  El.)  BD  x  DC = DE%  the  ratio  of  AD» 
to  DE'  is  given^  and  consequently  that  of  AD  to  DE.  But 
the  angle  DBF,  being  ([IL  28.  El.)  a  right  angle^  iseqaal 
toDAG^andthe 
angle  at  D   is     g 
common  to  the 
triangles  DGA 
and  DFE,  which 
are  therefore  si* 
miiar^  and  hence 
AD2AG::DE 
:  EF,  or  alter- 
nately AD :  DE 
::AG:EF.  And 

since  the  ratio  of       -  < — "-— * 

AD  to  DE   is 

given,  that  of  AG  to  EF  is  also  given,  and  EF,  the  half  of 
BC,  being  given,  AG  and  the  point  G  are  thence  given. 
Wherefore  the  tangent  GE  and  its  intersection  Dwith 
AC,  are  given. 

COMPOSITION. 

Let  M  :  N  be  the  given  ratio,  and  find  the  mean  propor- 
tional O;  make  O  :  M  ::  BF  :  AG,  a  perpendicular  to 
AC,  and  draw  (III.  SO.  El.)  the  tengentGED;  then  M :  N 
::AD*:BDxDC. 

For  join  EF.     Because  the  triangles  ADG  and  EDFare 
similar,  AG  :  AD  ::  EF  :  ED,  and  alternately  AG  :  EF 
AD  :  ED ;  but  AG  :  EF  : :  M  :  O,  and  therefore  M  :  O 
AD  :  ED,  and  M«  :  O* : :  AD*  :  ED%  that  is,  M  :  N 
AD»:ED%orBDxDC. 
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PROP.  XVII.    PROB. 


In  the  same  straight  line,  four  points  being  given, 
to  find  a  fifth,  such  that  the  rectangle  under  its  dis- 
tances from  the  first  and  second  points,  shall  have  a 
given  ratio  to  the  rectangle  under  its  distances  from 
the  third  an^  fourth* 


Let  it  be  required  to  find  a  point  E,  so  that  AExEB  : 
DExEC::M:N. 

1.  Let  M  :  N  be  a  ratio  of  equality. 


ANALYSIS. 

< 

Because  AEEB=  DExEC,  it  is  manifest  that  AE  :  C£ 
::DE:EB;  whence 
(V.  9.  and  8.  EL)     A 
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AC:BD::CE:EB, 

and    (V.    9.    El.) 

AC  +  BD  :  BD  : :  BC  :  EB ;  but  the  ratio  of  AC  +  BD  to 
BDis  given^  whence  that  of  BC  to  EB^  and^  thereCi^re^  BE 
and  the  point  E  are  given. 


COMPOSITION.  •     : 

Make  AC  +BD :  BD : :  BC  :  EB,  and  E  is  the  point  re- 
quired. For  (V,  10.  EL)  AC  :  BD ::  CE  :  EB  and  (V.  19. 
cor.  1.  EL)-AE:  ED  ::  CE  :  EB^  and  hence  (V.  6.  El) 
AExEB=CExED. 


....  fl 
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« 

2*  Lei  M :  N  be  a  ratio  of  majority  or  minority. 

ANALYSIS. 

Find;  by  the  preceding  constmction^  a  point  F,  such 
that  AFxFB  =  DPxFC. 

BecaascAExEB        M^ 1 

:   DE    X    EC    ::        j^., , 

M  :  N,  it  follows 

that  AE   X  EB  •     t*'  ■  ■     * ■  *>  •••!»  ■■  <■■  t' iT t 

AExEB— DEx  ^^ 

EC::M:M— N;  butAExEB— DExEC=(AExEB— 

AFxra)+(DFxFC— DExEC),thati«,s:EF(AF+BE) 

4.  EF  (DF  +  CE),  or  =  EF  (AD  +  BC.)    Wherefore 

AExEB  :£F(AD4.BC)  ::  M:M  — N;  consequently  the 

point  E  is  assigned  by  prop,  14  of  this  Book* 

The  composition  of  the  problem  is  thence  easilj  derived^ 

by  retracing  the  steps. 


PROP.XVm.    PROR 

In  the  same  straight  line,  four  points  being  given, 
to  find  a  fifth,  such  that  the  rectangle  under  its  disr 
tances  from  the  extreme  points  shall  have  a  giren 
ratio  to  the  rectangle  under  its  distances  from  the 
mean  points. 

Let  it  be  required  to  find  a  point  E^  so  that  AE  X  ED: 
BExEC::M:N. 
1.  LetABsrCD. 

ANALYSIS. 
Because  AE  X  ED  =  <AB  +  BE)  (AB  +  EC),  it  is 
evident  that  AEx  £D=AB  X  AC  +  BJ^XBC,  whence 

IS 
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AExEDrABxAC 

::  M  :  M— N.    The 

ratio  of  AE  y  ED  to         ^^ 

AB  X  AC  is  therefore         pf. 


given,  and  the  rect-     y^  ;b  C  B 

angle  under  AE  and       ' ^ ±"^fc? 1 1 

ED,  the  segments  of 

AD,  being  thus  given,  the  point  E  is  assigned  by  VI.  ^ 

of  the  Elements) 

COMPOSITION. 

Make  M— N  :  M  ::  AB  :  P,  and  (VI.  20.  El.)  cut 
AD  ill  E  or  E',  such  that  AE  x  ED  =  P  x  AC ;  E  is  the 
point  required.  For  (V.  7.  El.)  M  :  M  —  N  : :  P  :  AB,  and 
hence(V.  24.  cor.  2.  El.) M  :  M— N: : Px AC,  or  AEx  ED 
:  ABxAC;  consequently M  :  N  :: AE  xED  :  AExED— 
BAx  AC,orBExEC. 

2.  Let  AB  and  CD  be  unequal. 

ANALYSIS. 

In    AD   produced,   let   the   point   F   be   such    that 

AF  X  FD  =:  BF  X  EC. 

It  is  evident  that  BD  x  DC  +  FD  (CD  +  BF) 
=  BF  X  FC  =  AF  X  ED ;  whence  BD  x  DC  = 
FD  (AF— BF  —  CD)  =  FD  (AB—  CD).  But  BD  x  DC 

is  given,  and  therefore  the  rectangle  FD  (AB  —  CD)  is  gi- 
ven ;  and  since 

AB— CDis      Mi i 

given,  FD  and      j^| , 

the   point   D 

are  given.         ^ 5 i ^    |> *" 

Again,  ^    * 

AE  x  ED  = 
(BE  +  AB)  (EC  +  CD)  =  BE  x  EC  +  BE  x  CD  + 

AB  X  ED=BE  X  EC+BD  X  CD~ED  X  CD  +  AB  X  ED  5 

X 
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but  BD  X  CD=FD(AB— CD),  and  therefoie  AE  X  ED 
=  BE  X  EC  +  (FD  +  ED)(AB  —  CD),  or  AE  x  £D 
=  BE  X  EC  +  KF  (AB  —  CD).  NoW|  siiice  the  ratio  of 
AE  X  ED  to  BE  X  EC  is  given,  the  ratio  of  A£  X  EC 
to  EF  ( AB  —  CD)  is  also  given  i  wherefore  AB  —  CD 
being  given,  and  the  points  A,  C,  and  F,  the  point  B  is 
given  by  prop.  14. 

Applying  that  proposijdon^  the  construction  of  the  pro- 
blem is  easily  obtained. 

It  yet  remains  to  assign  the  limitations  of  this  problem. 

On  AD  describe  a  circle,  erect  the  perpendiculars  BI 
and  GCH,  join  lOH^  and,  parallel  to  this,  draw  KEL 
through  the  point  of  section  E,  join  OG,  EG,  and  IE» 
which  produod  to  the  circumference^  and  join  MG  and 
ML. 

The  point  O  is  evidendy  given.  But  the  ratio  of  AE  x  ED 
to  BE  X  EC  may  be  considered  as  compoutided  of  the 
ratio  of  AExED,  or  (III.  36  El.)  lExEM,  to  KExEL, 
and  of  the  ratio  oifKE  X  EL  to  BE  x  EC.     ' 

Now,  since  BK  and  CL  are  parallel,  KE :  EL  : :  BE  t  EC, 
or  alternately  KE  :  BE  :  :  EL ;  EC,  and  therefore  (V, 
«1.  Ek)  KE» :  BE» : :  KE  x  EL :  BE  x  EC.  Again,  KE 
and  10  being  parallel,  KE  :  lO  : «  BS :  BO,  or  alternately 
KBtB£::IO:BO>  and  hence  KE* :  BE*: :  IO*:BOs 
Wherefore  lO* :  BO*  : :  KE  x  EL:  BE  X  EC, and  con- 
sequently, the  ratio  of  these  rectangles  is  given  ;  let  it  be 
that  of  PQ  to  ST. 

The  angle  MGL,  being  equal  (TIL  20.  El.)  to  MIH  in 
the  same  segment,  is  equal  (I.  9,5.  El.)  to  the  exterior 
angle  MEL,  and  consequently  (III.  £0.  cor.  El.)  the 
quadrilateral  figure  MGEL  being  thus  contained  in  a 
circle,  the  angle  LME  is  (III.  20.  El)  equal  to  LGK 
Draw  LN  making  the  angle  MLN  equal  to  EGO,  and  (L 
S4.  El.)  the  exterior  angle  LN  E  will  be  equal  to  CGO. 
But  the  triangles  GOC  and  HOC  are  obviously  equal, 
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«pd,  Iherefoi^,  *€  angle  QQO  s  CHO  5=  CLB  ;s  EKL 
Whence  tbe  triangles  I£K  and  I4£N  a^e  siwiar^  ai^d 
IJS:KE:;PL:PN,and  ' 
cpn^UQP%^  KE  K  GL 
ic  «E  K  EN.  Malqe, 
tberefoqe,  PQ  to  PK.ftp 
SUtQEH.  The  ratio  of 
AB  X  ED  to  BE  X  EQ 
if  liejjuce  compounded  of 
thajb  of  PR  to  PQ»  and 
pf  PQtoST,oritigthe 
fapae  with  the  ratio  of 
Pft  jbo  ST.  But  86  the 
foint  of  aectjoD  E  ap- 
inroaches  to  O^  the  an- 
gle EGO^  or  MLN,  evi- 
ckndy  dimi&ishet,  and 
consequently  the  point 
V,  in  a  corresponding  degree^  approximates  to  M.  Hence 
the  extreme  term  which  PR  can  never  pass^  is  PQ ;  and^ 
therefore,  the  limiting  ratio  of  the  rectangle  AE,  ED 
to  BE,  EC.  is  that  of  PQ  to  ST,  or  of  I0»  to  BO».    , 

The  point  O  of  ultimate  section,  is  hence  easily  deter- 
mined. Because  BI  and  CH  are  parallel,  BI :  CH  : ; 
30:0C^and  BI%  or  AB  x  BD  :  CH*,  or  AC  X  CD:: 
fiO» :  0C».  Wherefore  BC  must  be  divided  (VI.  19.  El.) 
iiito  segments  BO  and  OC,  which  are  in  the  subdupti- 
cate  ratio  of  the  rectangle  AB,  6D  to  AC,  CD. 

But  the  limiting  ratio  may  be  found  19.  a  more  direct 
manner.  For  join  IG,  and  draw  DV  perpendicular  to  it^ 
join  DG^  DI,  CV,  and  BV,  and,  having  drawn  the  diame- 
ter IZ,  join  GZ,  Because  the  angles  DGC  and  DIV 
stand  upon  equal  arcs  DH  and  DG,  they  are  equal  (III. 
20.  cor.  El.);  but  the  quadrilateral  figures  DCGV  and 
PBIV,  being  right  angled  at  B,  at  C  and  V,  are  each 
GOQtaoicid  m  a  circle  (III.  21.  £1.);  wherefore  (UL  20.  £1.) 
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the  angle  DGC  is  equal  to  DVC^  and  the  angle  DIV  to 
DBV^  and  consequently  the  angles  DVC  and  DBV  are 
equal.  Hence  the  triangles  CDV  and  \DB,  having  be- 
sides a  common  vertical  angle  are  similar;  and^  therefore^ 
BD :  DV : :  DV  :  DC.  and  (V.  6.  El.)  BD  x  DC  =  DV». 
But  (VI.  17.  cor.  1.  EL)  DG»  =  AD  x  1>C,  and  conse- 
quently DC*  —  DV*,  or  (II.  14.  El.)  GV»  s  AD  x  DC 
—  BD  X  I)C|  or  AB  x  DC.  In  the  same  manner,  it  is 
shown  that  IV*  =  AC  X  DB.  Whence  lO  is  given,  be- 
ing the  diffeience  between  the  sides  of  two  squares  that 
are  equal  to  the  rectangles  AC,  DB,  and  AB,  DC.  Again^ 
the  angle  BIO,  being  equal  to  the  alternate  angle  GHl,  is 
equal  (UL  20.  El)  to  GZI,  and  the  right  angle  O^I  is 
equal  to  the  angle  IGZ  in  a  semicircle ;  Wherefore  the 
triangles  lOB  and  ZIG  are  similar,  and  lO :  BO : :  IZ,  or 
AD  :  IG.  Hence  the  limiting  ratio  of  AE  x  ED  to 
BEx  EC,  or  that  which  marks  the  state  ofmitttmum,  is  the 
duplicate  ratio  of  AD  to  the  difference  of  the  sides  of 
squares  equal  respectively  to  the  rectangle  AC,DBand  to 
the  rectangle  AB^  DC. 


PROP.  XIX.    PROB. 

In  the  same  straight  line,  given  four  points,  1;o 
find  a  fiftb;^  such  that  the  rectangle  under  its  dis- 
tances  from  the  first  and  second  points,  shall  have 
a  given  ratit>  to  the  rectangle  under  its  distances 
from  the  third  and  fourth. 

Let  it  be  required  to  find  a  point  E^  so  that  AE  x  ^^ 
siiall  be  to  C£  X  ED  in  a  given  ratio. 

ANALYSIS. 
Find,  by  the  17  prop,  of  this  Book,  a  point  F,  such 
that  AF  X  FB  =  DF  X  FC.    Because  AE  X  EB  = 
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*  (AF+FEXFB+FE)=  AF  x  FB4^FE(AE+FB,)  it  follows, 
by  substitution^   that 

AE  X  EB=:DF  xFC        Mh— -* 

+  FE  (AE   +  FB) 

=FExFC+EDxFC 

+  FE  (AE  +  FB)  = 

ED    x    FC   +   FE 

CAE+BC).   To  each 

add   CE    X    ED,   and  AE    X    EB    +    CE   x  ED   = 

ED  (FC  +  CE^  +  FE  (AE  +  BC)  =  FE  (ED  +  AE  +  BC> 

=  Fe  (AD  +  BC.) 


A 
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PROP.  XX.    PROB. 

Through  a  given  point,  to  draw  a  straight  line, 
so  that  the  part  intercepted  by  the  circumference 
of  a  given  circle,  shall  be  equal  to  a  given  straight 
line. 


Let  A  be  a  point,  through  which  it  is  required  to  draw 

a  straight  line  HI,  limited  by  a  given  circumference  and 
equal  to  B. 


ANALYSIS. 

Take  any  point  D  in  the 
given  circumference,  and  in- 
flect DE  equal  to  B.  Be- 
cause DE  is  equal  to  B,  it 
is  equal  to  HI,  and,  there- 
fore, (IlL  12.  El )  the  chords 
HI,  DE  are  equally  distant 
from  the  centre  of  the  cir- 
cle, or  CG  «  CF.  But  DE 
being  given,  CF  is  given, 
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and  theiice  iheciMe  destribed  from  C  tfatottgb  V  o^  6;  ' 
wherefore  the  point  A  being  giveoj  tbe  tatlgeiit  AG  to 
that  ciide  is  gtyen,  and  ctmseqaently  lil  it  given  kt  po- 
sition. 


COMPOSITION. 

Inflect  BE  equal  to  B^  from  C  let  fall  the  perj^endi- 
ciiUir  CF,  with  which  distance  describe  a  cohcentric  cir^ 
cle^  and  draw  (IlL  SO.  EI.)  th^  tangent  HAL 

It  is  evident  that  the  chords  HI  and  DE,  being  equi- 
dbtant  from  the  centre,  are  both  of  them  equal  to  B. 


I 


PROP.  XXI.    PROB. 

Through  a  given  pointy  to  draw  a  straight  lin^ 
such  that  the  part  of  it  intercq>ted  between  two 
concentric  circles  Bhall  be  equal  to  a  given  stmight 
line. 

Let  it  be  required,  thlt>u^  the  point  A,  to  draw  the 
straight  line  ABC,  so  that  the  part  BC  intereepted  by  the 
two  concentric  circles  HECM  and  IFBL  shall  be  equal 
toD.  •  : 

ANALYSIS. 

From  any  point  H,  in  one  of  Aie  cirounftrences^  naflecfc 
HM  =z  EC,  and  upon  these  let  SMAe  peiftendicaiars  OK 
and  OG.    The  equal  chords  HM  «kd  EC  me  thepefol^ 
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equidistant  from  the  cev^§,  i|ad  reciprocally  IL  is  equal 
to  FB;  consequently  the 
halves  o^  these  are  equal, 
orHK=;GG,andIK=:GB; 
whence  the  difference  HI^ 
being  equal  to  EC,  is  given. 
But  since  the  point  H  is 
given^the  point  I  and  the 
chord  H  M  are  given ;  and 
the  circle  which  touches 
at  K  being  given^  the  tan- 
gent A6C  is  also  given. 

coMPOsmosf. 

la  t^  isirovmiRBreqce  of  one  of  lbs  cucUh  b^ving  as- 
swned  a  pomt  H«  fkce  HI  equal  to  O,  aaad  produce  it  to 
M,  uppn  Ms  let  ftU  tbe  petfmiSeviar  OK,  wUk  vrhiA  as 
a  radius  deaorSbe  a  circle^  mnd  apply  to  it  the  taagenl^  ABO{ 
then  will  tbe  inteycepted  portlcm  BC  be  eqntal  io  D. 

For  due  ehoods  £C  and  FB  ane  (IIL  12.  EL)  equal  to 
the  equidistant  ctiordfi  HM  «nd  IL;  aoguequentiy  tbek 
halves  are  equals  or  GB  =  IK^  and  GC  =:  HK^  and  hence 
BC  =  HI=D, 


PBOP.XXH.    PWMI. 

Two  cimhs  de$f^v\kisd  uipon  i^  s^nse  tstraftght 
Ime  \m^  ^vep,  to  4rsLW  firom  a  pouii  skmla^ly 
fUf^oi  in  lit  9itt^ther  i^tmght  ime^  sp  d3«t  the  ftart 
inteinc^ted  by  the  mycum&rGBxm  tbaii  be  equai 
to  a  given  straight  lijiie. 

Let  D,  E  be  the  centxes  of  the  two  circles,  and  let 
AD  :  AE : :  DI :  EK ;  it  is  required  from  A  to  d^v  ABC^ 
such  that  BC  shall  be  equal  to  L. 
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ANALYSIS. 

Join  BD  and  CE.  Because  AD :  AE : :  DI  or  DB  :  EK^ 
or  EC,  therefore  (VI.  I.  cor. 
EL)  DB  is  parallel  to  EC; 
whence  AD  :  DE  :  :  AB  :  BC, 
and  since  AD  and  DE  are  gi- 
ven,  the  ratio  of  AB  to  BC  is 
given;  but  BC  is  given,  and 
consequently  AB  is  given,  both 
magnitude  and  position.  ^Ml>- 


COMPOSITION. 

Make  (VI.  3.  El.)  EK— DI :  DI : :  L :  M,  and  from  A  in- 
flect AB  equal  to  M ;  ABC  is  the  straight  line  required. 

For  since,  by  hypothesis,  AD  :  AE : :  DI  or  DB  :  £K  or 
EC,  DB  is  parallel  to  EC ;  wherefore  DB  or  DI :  EC  or  £K 
:  :  AC  :  AB,  and  consequently  (V.  10.  R)  EK— DI :  DI 
: :  BC  :  AB;  but  EK-  DI  :  DI  : :  L  :  M  or  AB,  whence 
BC :  AB ::  L :  AB>  and  therefore  (V.  4.  EL)  BC  =  L. 


PROP.  XXIIL    PROB. 

Two  circles  described  upon  the  same  straight 
line  being  given,  to  draw,  from  the  extremity  of 
either  diameter,  another  straight  line,  so  that  the 
part  of  it  intercepted  by  the  circumferences  shall 
be  equal  tp  a  given  straight  line. 

Let  it  be  required  to  draw  ABC^  so  that  the  intercepted 
portion  BC  shall  be  equal  to  QR. 
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ANALYSIS. 

Join  BG,  CH,andFP,  fromE,  the  centre  of  the  exterior 
circle,  let  fall  upon  AC  the  perpendicular  EI,  cut  off  IL  = 
IB  and  draw  LK  parallel  to  BG,  in  the  extension  of  AH 
make  (VI.  3.  EL.)  AK  :  AG  :  :  AF  :  AM,  and  from  the 
point  M  draw  MN  parallel  to  FP,  and  meeting  the  pro- 
dqction  of  AC. 

Because  LK  is  parallel  to  BG  and  FP  to  MN,  therefore 
(VL  1.  El.)  AK :  AG : :  AL :  AB,  and  AF  :  AM : :  AP: AN; 
but,  by  construction, 
AK:AG::AF:AM, 
and,  consequently, 
AK:Ae::AL:AB:: 
AP  :  AN.  Whence 
(V.19.EL)AK:AG:: 
AL+APorPL:AB+ 
AN  or  BN.  Now, 
since (IIL5.  El.)  [P= 
IC,  and  IL  =  IB, 
therefore  PL  =  BC 
orQR;  and  LK,  IE, 
and  BG  being  paral- 
lel lines,  KE  =  EG 

(VI.  2.  £1.)  and  thence  AK  is  given ;  wherefore  three 
terms  of  the  analogy  being  given,  the  fourth  term  BN  is 
given,  and  consequently  BN  +  BC,  orNC,  is  given.  But 
the  angle  ACH  is  equal  to  AFP  (III.  20.  El.)  which  again 
(1.25.  El.)  is  equal  to  AMN,  and  hence  the  triangles  CAH 
and  ANM,  having  also  the  same  vertical  angle,  are  simi- 
lar, consequently  AH  :  AC  :  :  AN  :  AM,  and  (V. 
6.  El.)  AH.  AM  =  AC.AN.  wherefore  NC  and  the 
rectangle  under  its  segments  AC,  AN  being  given,  AC  is 
given  in  magnitude  (VL  20.  El.)  and  hence  likewise  in 
position. 
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COMPOSITION. 

Having  cut  off  KE  =  EG,  make  (VI.  S.  El.)  AK :  AG  : : 
AF :  AM,  and  AK  :  AG :  :  QR :  QS,  divide  (VI.  20.  EL) 
SR  in  O  such  that  SO.ORs  AH.  AM,  and  inflect  AC  = 
OR ;  AC  is  the  straight  line  required. 

For  join  CH,  BC,  FP,  and  draw  MN  parallel  to  FP, 
and  EI  and  KL  parallel  toCH.  Since  1L=:IB  and  IA=IC> 
therefore  PLc  BC  The  triangles  CAH  and  ANM  are 
similar^AH :  AC ::  AN  :  AM, and  AH.AM=AC.AN;  but, 
by  construction,  AH.AM=:SO.ORy  and  AjC  =  OR,  con* 
sequently  AN  =  SO.  Now,  from  the  property  of  paral- 
lels, AK :  AG : :  AL :  AB,  and,  by  hypothesis^  AK :  AG :  : 
AF :  AM,  or  A  P :  AN;  wherefore  (V.  19.  EI.)  AK  :  AG  : : 
AL  +  AP  or  BC  :  AN  +  AB  or  BN.  Whence  BC :  BN 
::QR:QS,and(V.  11.  £I.)BC:CN:;Q]9L:SS;iM2tCJf 
s=  SR,  and  consequently  BC  =  QR. 


PROP.  XXIV.    PROB, 

From  the  extremity  of  ibc  diameter  of  a  given 
ciicle,  to  (draw  n  etraig^t  linc^  ao  that  the  part  of  it 
intercepted  botiraeji  a  gSren  ptrf&mdiailm  ami  the 
circumference,  shall  be  equal  to  a  gtren  strdg^fat 
line. 


Let  it  be  required  from  A  to  dr^w  AC^  such  that  the  in- 
tercepted portion  BC  shall  be  equal  to  GH. 
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ANALYSIS. 

Join  BP.  The  angle  ABD,  being  in  a  semicircle^  is  a 
right  angle>  and  there-' 
fore  equal  toAEC;  con- 
sequently the  triangles 
DAB  and  CAE,  having 
besides  a  common  angle 
at  A^  are  similar^  and 
AB:AD:AE:  AC,  and 
hence  AB.AC= AD.  AE. 
But  the  rectangle  A  D^AE 
is  given^  and  thence 
AB^AC;  and  since  BC 
is  given  in  magnitude, 
therefore  (U.  i  1.  El.)  AB 
is  given  in  miignitude,   and  consequently  in  posiiioa. 


COMPOSITION. 

Produce  6H  (VL  £0.  El )  till  6L IH  AD.  AE,  md  in- 
flect IH  from  A  to  B.;  AB  is  the  straight  liae  required. 
For  join  BD.  The  triangles  ABD  and  AEC  being  evi- 
denjtly  similar,  AB :  AD  : :  AE :  AC,  and  consequently  AB. 
AC  =  AD.  AE  z=  GI.  IH ;  but  AB  =  IH,  whence  AC  =  GI, 
and  therefore  BCssGH% 


J>ROP.  XXV.    PKOB. 

Hirough  a  givefi  point  in  the  line  bisecting  a 
given  angles  to  dbaw  a  straight  line  limited  by  the 
sides,  and  equal  to  a  given  straight  line. 

« 

l^t  it  b^  required,  ihro^^  the  {noinft  B  idtaate  in  the 
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Straight  line  AD  which  bisects  the  angle  BAC^  to  draw 
BC  equal  to  a  given  straight  line. 

AN  \LYSIS 

About  the  points  B,  A  and  C>  describe  (IIL  11.  EI.)  a 
circle^  draw  the  diameter  EF, 
and  join  AF.  Because  BC  and 
the  angle  BAG  are  given,  the 
circumscribing  circle  (III.  31. 
El.)  and  consequently  the  tri- 
angle BAC^are  given  in  mag^ 
nitude:  But  since  the  angle 
BAE  is  equal  to  CAB,  the  arc 
BE  is  (IIL  20.  cor.  El.)  equal 
to  CE;  and  hence  the  chord 
BC  is  bisected  at  right  angles 
by  the  diameter  £F.  Where- 
fore AD  being  given,  AE  is, 
by  the  last  proposition,  given 
in  magnitude,  and  thence  DB 
is  given  in  magnitude  and 
consequently  in  position. 


COMPOSITION. 

On  the  given  straight  line  describe  (TIL  31.  El.)  a 
segment,  BAC  containing  an  angle  equal  to  the  given 
angle,  and  complete  the  circle,  bisect  the  arc  BAC  in 
E,and  from  that  point  draw, by  the  last  proposition,  EAD^ 
such  that  AD  shall  be  equal  to  the  distance  of  the  givea 
point  from  the  vertex ;  and  DB,DC  Are  the  segments  of 
the  required  line,  from  which  its  position  is  immediaitely 
determined. 

For  the  angle  BAC  is  equal  to  the  given  angle,  and  AD 
bisects  it,  since  the  arc  BEsCE^  but  AD  is  besides  equal 


BOOK  II. 


dsa 


to  the  distance  of  the.  given  point  from  the  vertex^  and 
BC  is  equal  to  the  given  straight  line.  Wherefore  all  the 
points  and  lines  retain,  by  this  construction,  their  rela- 
tive position. 


PROP.  XXVL    PROB. 

Between  the  side  of  a  given  rhombus,  and  its 
adjacent  side  produced,  to  insert  a  straight  line  of 
a  given  length,  and  directed  to  the  opposite  cor- 
ner. ' 

Let  ABCD  be  a  rhombus^  of  which  the  side  BC  is  pro- 
duced ;  it  is  required,  from  the  opposite  corner  A,  to  draw 
AEF,  sach  that  the  exterior  portion  EF  shall  be  equal  to 
a  given  straight  line. 


ANALYSIS. 

Join  AC,'  and,  meeting  this  produced,  draw  EG,  making 
the  angle  AEG  equal  to  ACF. 
The  triangles  CAF  and  EA6 
are  evidently  similar,  and 
AC:CF::AE:EG;  but  CE  be- 
ing parallel  to  AB,  BC :  CF : : 
AE:EF(VL  LEI.) ;  whence(V. 
rj.  El,)  AC  :  BC  : :  EF  :  EG. 
But  AC,  BC,  and  EF  being 
given,  EG  is  (VL  3.  El.)  also 
given.  Again,  the  angle  ACD 
is  (L  29  cor.  El.)  equal  to  ACB 
and  therefore  to  FCG ;  conse- 
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queDtljr  adding  ECF  to  each,  the  whole  angle  ACF,  or  AEO^ 
is  equal  Ip  ECG.  Hence  the  triaogies  AGE  and  EGC  aie 
aimilar.aad  AG  :  EG::  EG : GC.or A6.GC8£G^  Wliere* 
fore  the  rectangle  AG,  GC  is  given^  and  cposequently 
(VI.  20.  EL)  the  point  G,  and  thefice  the  point  £  and  the 
straight  line  AF. 


COMPOSITION. 

Let  the  intercepted  segment  be  equal  to  K,  join  AC, 
make  AC  :  BC : :  K :  L,  divide  AC  in  G  (VI.  20.  El.)  so 
that  AG.  GC=L%  and  from  G,  with  the  radius  L,  describe 
a  circle  cutting  CD  in  E;  AEF  is  the  straight  line  re- 
quired. 

Forsiaoe  AG.  GC55  L*  =  EG% AG?EG::EG:GC, 
and  therefore  the  triangles  AGE  and  EGC  are  similaxj 
and  the  angle  AEG  is  equal  to  ECG^  qt  ACF;  whence 
the  triangles  AFC  and  AGE  are  likewiae  sioular,  and 
AC:CF  : :  AE:  EG;  but  (VI.  1.  El.)  BC  :  CF  : :  AE  :  EF, 
and  consequently  (V.  17.  El.)  AC  :  BC  :  :  EF  :  EG.  Now 
AC !  BC : :  K :  L,  or  EG ;  wberefoie  EF  =  K. 


OtherwUe  thus. 


ANALYSIS. 


Draw  F6  making  the  angle  AFG  equ«tl  to  ADC,  cut 
oflFCH  =  CE,  let  fall  the  perpendicular  CM,  make  MN 
=  MA,  and  join  CN,  CG,  and  AH. 

The  triangles  CMA  and  CMN  are  eyidenily  equal,  and 
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th^efore  AC  Is  equal  to  CN^ 
and  the  angle  CAM  equal 
to  CNM  ;  and  since  the  di«- 
agonal  AC  bisects  the  angle 
BCD  of  the  rhombus^  the 
triangles  ACE  and  ACH 
are  {hS*  £1.)  likewise  eqoal^ 
and  hence  A£  is  equal  to 
AH>  aad  the  angle  CAE 
equal  to  CAH.  And  be- 
cause   the    triangles  ADE 

and  AF6  are  similar,  AD :  AE : :  AF :  AG  and  AD.  AG  ts 
A£.  AF.  But  the  angle  ACD,  being  equal  to  CAD,  is 
equal  to  CNA,  and  consequently  the  triangles  ADC  and 
ACN  are  similar ;  whence  AN :  AC : :  AC :  AD,  and  therefof  e 
AN.  ADss  AC*.  Again,  bf?cause  AC  bisects  the  vertical 
angle  HAF  (VL  28.  El.)  FA.AH=sAC»  +  FC.CH,  thatb, 
FA.AE=:  AC*  +  FC-CE.;  wherefore  FC.CEts  FA.AE  — 
AC*,  that  is,  AG.  AD^AN.AD,  or  NO.AD.  But  BA 
and  CE  being  parallel,  FC  :£}!'::  AD :  Afi ::  AF :  AG, 
and  CE :  £F  : :  AB  or  AD  :  AF ;  consequently  (V..^K  £1.) 
FCX;EtEP::AD:AG::(V.l«,El)NGKAD:NGxAG; 
aince,  therefore,  FC.CE^NG.  and  AG,  itfoIlo«rs(V.8.aiftd 
4.  El.)  that  EP  ±t  NG«  AG«  Now  NG.A6s(ii.  ^.  EI.) 
MG*  — MA*  St  at  «e.cor.  E1.)CG»~CA*;  ^hereforeEP 
=CG*— CA*,  or  CG»  =  CA*  +  £F\  Hence CG and  the 
point  G  are  given,  and  the  angle  AFG,  being  equal  to 
ADC,  is  (HI.  31.  £1.)  contained  in  a  given  segment  of  a 
circle ;  wherefore  the  intersection  F  and  the  inflected  line 
AF^  are  given* 

dbMPOsmoN. 

Let  K  be  equal  to  the  intercepted  portion  of  tfie  straight 
line  which  is  to  be  inflected  from  A^  and  find  (IL  l6.  El.) 
L  the  side  of  a  square  equivalent  to  the  squares  of  K  and 
of  the  diagonal  AC,  produce  AD;  'and  from  C  place  CG 
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equal  to  L,  upon  AG  describe  (II L  31.  El.)  a  segment  of 
a  circle  containing  an  angle  equal  to  ADC,  and  join  A 
with  the  point  of  intersection  F;  AF  is  the  straight  line 

required. 

For  let  fall  the  perpendicular  CM^  make  MN  =  MA, 
and  join  6F,CN,  and  AH. 

The  triangles  CM  A  and  CMN  are  evidently  equal.  But 
the  triangles  AHC  and  AEC  are  likewise  equal;  For  the 
angle  A P6,  being  equal  to  ADCj  is  equal  to  the  angle  ^A- 
jaceut  to  DAB,  and  consequently  (III.  29.  cor.  El.)  AB 
touches  the  circle  at  A ;  whence  the  angle  BAH  =s  HFA  = 
DAE,and  taking  these  from  the  equal  angles  B  AC  and  D  AC, 
there  remains  CAH  s  CAE,  but  the  angles  ACH  and 
ACE  are  also  equal,  and  the  side  AC  is  common  to  the  two 
triangles ;  wherefore  A  H  =  AE,  and  CH  =  C£.  And  be- 
cause the  triangles  ADE  and  AFG  are  similar,  AD  :  AE : : 
AF :  AG,  and  AD.  AG  =  AE.  AF.  Again,  the  triangles 
ANC  and  ACD  being  similar,  AN  :  AC: : AC:  AD,  and 
AN.  AD  =  AC*.  But  FC  :  EF : :  AD :  AE : :  AF :  AG,  and 
CE  :  EF  ::  AB,  or  AD  :  AF;  consequently  FC  x  CE :  EF» 
:  :AD:  AG ::  NG  x  AD :  NG  )^  AG;  and  smce  AC  bi- 
secto  the  angle  FAH,  FC.CE  +  AC»s:FA.AH  -  FA.AE 
sAG.AD=AN.AD+NG.AD,  it  follows  thatFC.CH,  or 
FC.  CE  =  NG.  AD,  and  hence  EF«  =  NG.  AG.  Now  K» 
=CG»— AC*  =  NG.  AG;  wherefore  EP  =  K»,and  EF  =K. 


PROP.  XXVIL    PROS. 

Through  two  given  points,  to  describe  a  circle 
touching  a  straight  line  given  in  position. 

Let  it  be  required  to  describe  a   circle  through  the 
points  A^  B^  and  touching  the  straight  line  CD. 
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It  is  eyident  that  CD  must  either  be  parallel  or  in- 
clined to  the  straight  Une  which  joins  the  points  A  and  B* 

1.  Let  CD  be  parallel  to  AB* 


ANALYSIS. 

Prom  the  point  of  contact  E,  draw  (L  6.  £1.)  EG  per- 
pendicular to  CD.  Hence  (liL  28. 
oor.  El.)  EG  passes  through  the  cen- 
tre of  the  circle^  and  since  it  is  also 
perpendicular  to  AB  (L  2,5.  £i.)  it  bi- 
sects that  chord  at  right  angles  (IIL 
5.  EL)  the  point  G  is^  therefore^  given^ 
and  the  perpendicular  GE;  conse- 
quently the  three  points  A^  E,  and  B  being  thus  given^ 
the  circle  AEB  is  given. 


COMPOSITION. 

« 

Draw  (I.  7.  El.)  GE  bisecting  AB  at  right  angles^  and 
(III.  1 1.  cor.  El.)  through  the  points^  A,  E  and  B  describe 
a  circle ;  this  will  touch  the  straight  line  CD. 

For  (IIL  6.  El.)  GE  must  pass  through  the  centre  of 
the  circle^  and  (I.  25.  El )  it  meets  the  parallels  CD  aqd 
AB  at  right  angles ;  whence  (IIL  28.  EL)  CD  is  a  tan- 
gent to  the  circle.  . 

2.  Let  CD  be  inclined  to  AB. 


OBOICETIIIC^^  ;4^ALTSIS. 


ANALYSIS- 


TbeD(IILs6  EL)FE' 


Pfoduce  BA  to  meet  CJ)ui  F^ 
bAF.  FB;  bot  the 
point  of  concoane 
F  being  given,  the 
the  rectangla  AF, 
FB  ii  given,  and 
consequently  FEand 
the  point  E.  Wherer 
fore  since  the  three 
points  A,  E,  and  B 
are  giveq,  the  circle 
AEB  is  given. 


COMl^OSmON. 

Produce  BA  to  meet  CD  in  F,  find  (VI.  16.  EI.)  FE  or 
FE^  a  mean  proportienal  to.  AF  and  BB,  and  (III.  11.  cor. 
El.)  through  the  pointji  A»  B,  and  E  or  A..  B,  and  E^  de* 
scribe  a  c)rcle;  this  will  touch  the  straight  line  CD. 

Fdr  since  AF :  ¥t::VZ  FB,  therefore  (V,6.  83.)  FE* 
:p  AF.  FB,  and  con^equenUy  (III.  38.  El.)  F?/  or  FE^ 
tpuche3  the  circle. 


PROPXXniL    PEOB. 

Through  a  given  point,   to  describe  a  circle 
touching  two  straight  lines  given  in  position. 


$0QX  XI* 


899 


hp\,  1%  be  requiM«  tl^ugk  ibe  poi^t  ^^  to  describe  » 
eircle  touching  AB  and  CD, 

1.  Suppose  AB  is  parallel  to  CI).* 

ANALYSIS 

Through  the  centre  O  draw  the  parallel  FO  i^nd  thf  900^: 
mon  perpendicular  KI.  It  is  ^ 
evident  that  the  radius  OI  is 
given^  and  consequently  FO 
is  given  ifx  positipi^;  bu|  0£^ 
^e^w  equal  to  Q^^  Js  givep, 
and  therefore  the  centre  O  is 
given. 


COMPOSITION. 

Draw  ft  parallel  FO  bisecting  the  distance  between  the 
straight  lines  AB  aiid  CD,  and  from  E  with  a  radius 
equal  to  half  that  distance  intersect  FO  in  O^  or  C;  this 
"pdint  is  the  centre  of  the  circle  required:  Por  OE  sz  OI 
rs  OK,  and  the  circle  which  grasses  through  fl  must  touch 
at  K  and  I. 

'  H.  Suppose  <n)  is  iQcEaed  to  ^6. 


ANALYSIS. 

Produtce  BA  an<|  DC  ^o  meet  in  F,  join  O^,  0K>  ?n3 
pF,  and  from  E  draw  £G  IT  perpendicular  to  OF. 

The  triangles  OKF  wd  OIF,  being  (III.  28.  El.)  righl- 
angled,  and  having  the  side  OK  equal  to  01  and  the  side 
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OF  common^  are  (I.  M.  El-X^quttli  Bnd  congequently  the 
angle  OFK  is  equal  to 
OFI ;  wherefore,  since  the  xt 

pointof  concourse  F  is  gi- 
Ten,  the  straight  line  OF 
b  given.  But,  the  point  E 
being  given,  the  perpendi- 
cular EU  is  thence  given, 
and  (IIL  5.  El.)  6H  be- 
ing equal  to  GE,  the  op> 
posite  point  H  is  given. 
Two  points  E,  H,  and  a  striught  line  AB,  are  thus  givep, 
and  therefore,  by  the  last  proposition,  the  circle  EHKI  is 
given. 


COMPOSITION. 

Produce  BA  and  DC  to  meet  in  F,  draw  (L  5.  £1.)  FO 
bisecting  the  angle  BFD,  from  £  (L  6.  £1.)  let  fail  the 
perpendicular  £G^  and  extend  it  both  w^fs,  making  GHss 
G£,  find  (VI.  18.  £1.)  LI,  or  L(',  a  mean  proportional  to 
HL  and  L£,  and  through  the  points  H,  E,  I,  or  H,  £,  V,  de- 
scribe a  circle;  this  circle # will  touch  both  the  straight 
lines  AB  and  CD* 

For  the  centre  of  the  circle  which  passes  through  E  and 
H,  must  (III.  6.  £1.)  occur  in  FO ;  let  it  be  O,  join  01  and 
draw  the  perpendicular  OK.  Because  HL.  L£  =  LI*,  the 
circle  touches  AB  at  I,  and  hence  OIF  is  a  right  angle; 
consequently  the  triangles  KOF  and  lOF  having  the 
angles  OKF  and  OFK  equal  to  OIF  and  OFI,  and  the 
side  OF  common,  are  (I.  23.  £i)  equal,  and  therefore  OI 
X  OK ;  wheiice  the  circle  described  from  O  passes  through 
K^  and  (IIL  28.  £1.)  must  touch  CD  at  that  point. 
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PROP.  XXIX.    PROB. 

Through  two  given  points,  to  describe  a  circle 
touching  a  given  circle*      ^ 

Let  it  be  reqmi^ed^  through  the  points  A  and  B,  to  de- 
scribe a  circle^  touching  anothe/circle  whose  centre  is  C. 


ANALYSIS. 

Through  D^  the  point  of  contact,  draw  AD£  and 
BDF,  join  EF,  at  F  (I.  5.  cor.  «.  £1.)  apply  the  tangent 
FG,  and  draw  BHCL 

Because  FG  touches  the  given  circle,  the  angle  BFG  is 
(III.  29.  El.)  equal  to  FED,  and  therefore  equal  to  BAD, 
since  (III.  S3.  El.)  FE  and  AB  are  parallel ;  but  the  tri- 
angles BGF  and  BDA  have 
likewise  a  common  angle  at 
B,  and  are   hence  similar ; 
wherefore  BF :  BG ::  BA:  BD, 
and  (V.  6.  EI.)  BA.  BG  = 
BF.BDz=(III.36.Ei.)  BLBH. 
But  BI  and  BH  are  giveo^ 
and    thence   the    rectangle 
BA,  BG  is  given,  and  con- 
sequently (I  L   11.  El.)  the 
point  G  is  given.     Hence 
the  tangent  GF,  and  D,  the 
intersection  of  BF,  are  given; 
wherefore    the    circle    that 
passes    through    the    three 
points  A^  D^  and  B,  is  given. 
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coMPO^mdN. 

Make(VI.3.BI.)BA:  BI ::  IM  :BO>  iraw (HI. 30. £1.) 
the  tangent  GF^  join  BF  cutting  the  given  circumference 
lii  D^  and  (III.  11.  cor.  Bl.),  through  fb^  pdintt  A,%  and 
B,  describe  a  circle;  this  will  touch  the  circle  F0£« 

For  draw  ADE,  join  FE,  and  draw  BHCI.  Since  B  A  :  BI 
::BH:B6»  therefore  (Y.  &£1.)  BA.  B6  S3  BI,  BH  = 
(IIL  36.  El.)  BF.  BD}  whence  BF :  BG : :  BA :  BD,  and 
consequently  the  triangles  BGF  and  BDA^  having  the 
aame  vertical  angle,  ate  (VL  16.  El.)  similar,  and  hence 
the  angle  BF6  is  equal  to  BAD.  But  (IIL  29.  EI.)  BFG 
is  equal  to  FED,  and  thus  the  alternate  angles  BAfi  and 
FJBA  are  equal,  and  FE  is  parallel  to  AB';  wfaenee  (III* 
S3.  £1.)  the  two  circles  touch  at  D. 


PROP.  XXX.    PAOfe. 

Through  a  pven  poiat,  to  diedciibe  a  circle, 
touching  a  given  circle  and  a  straight  line  which  is 
given  in  position. 

Let  it  be  required,  through  the  point  A,  to  describe  a 
circle  touching  the  straight  Ime  CD  and  the  circle  whosfe 
centre  is  B. 

r 

ANALYSIS. 

From  the  centre  of  the  given  circle  let  faA  the  peifeBK 
dicular  EB6,  join  £1  and  extend  it  to  H  in  ^e  stniglft 
line  CD,  also  draw  FIK  and  join  HK. 

The  angle  HIK,  being  equal  to  EIF  which  stands  in 
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a  semicircle,  is  (Til.  t6.  El.)  aright  angle,  and  conseqTienU 

ly  HK  is  the  diainefe^  of 

the  circle  ILA,    and  H 

the  poiDt  of  contact.  "The 

triangler  H^O  ini'  FEI 

are      therefore       similarj 

Hft:BG::E*:El,*treQCC 

HE.  Ei  is  EG.  EF.  Jbld 

ELA,    and  ([II.  36.  El.) 

AKEL=HE.EI=EG.EF; 

bat  the  rectangle  EG,  QV 

u  givea,aDd  coruequeotlj 

A£,  EI,  and  E\   being 

given^the  poiotLis  hence 

given.    Wherefore,  since 

the  two  points  A,,L,  and 

the  straight  line  CD,  are 

all  given,— the  circle  HIA 

b  given. 

COMPOSITION. 

Join  EA,  draw  the  perpendicular  EG,  mf^e  (VT.  3.  El) 
AE:  EG  : :  EF  :  EL,  and  by  prop.  27  of  this  Book,  de- 
scribe a  circle  through  the  points  A,  L,  and  tonching  the 
straight  line  CD;  this  circle  will  olso  tOncb  the  gived 
circle. 

For  draw  the  diameter  'HK,  join  EH  catting  the  cir* 
cumference  EIF,  and  draw  FIK  meeting  HK.  . 

The  triangles  HEG  and  PEI  being  evidently  ^milar, 
HE:  EG : :  EF :  EI,  and  HE.EI  =s  EG.  EF;  bat  AE :  EG : : 
EF:  EI,  and  AE.EL=EG.EF;  wherefore  HE.EI*  AE.EL, 
and  t.lll  ^8-  El.)  the  point  L  must  lie  in  the  circumfe- 
rence HIK.  But  the  two  circles  also  touch  rn  L;  for  £G 
being  parallel  to  HK,  the  angles  f  EF  and  IHK  are  equals 
which  are  again  eqoal  to  those  made  by  a  tangent  with  IF 
and  IK. 
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PROP.  XXXI.    PROB. 

t 

To  describe  a  circle  that  shall  touch  a  given  cir- 
cle and  two  straight  lines  given  in  position. 

Let  it  be  required,  to  deicribe  a  circle  touching  the 
straight  lines  AB  and  CD,  and  another  circle  whose  cen- 
tre isE. 

> 

ANALYSIS. 

Join  FE^  draw  FHJPI  to  the  points  of  contact,  from 
F,  with  the  radius  FE, 
describe  a  circle  meet- 
ing FH  and  FI  pro- 
duced inK  and  L^and, 
at  these  points,  apply 
the  tangents  MN  and 
OP. 

Because  FE  =  FK 
sFLandFGsFH 
srFI,  therefore  GEs 
HK  =  IL.    But  the 
tangents  CD  and  OP, 
being  perpendicular  to 
FK,  are  parallel ;  and, 
for  the  same  reason, 
the  tangents  AB  and  MN  are 
paralleL    Wherefore  OP  and 
MN  are  given  in  position,  and 
consequently,  by  Prop.  28*  the 
ci  rclc  £K  L  is  given ;  and  thence 
the  concentric  circle  GHL 
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COMPOSITION. 

At  a  distance  equal  to  the  radius  of  ihe  given  circle^ 
draw  M N  and  OP  parallel  to  AB  and  CD ;  and^  by  Prop. 
28.  of  this  Book^  find  F  the  centre  of  a  circle  which  passes 
through  £and  touches  MN  and  OP;  F  is  likewise  the 
centre  of  the  required  circle.     ^ 

For  join  FE,  and  draw  FK  and  FL  to  the  points  of  ^ 
contact.    And  because  GE=  HK=  IL,  it  is  evident  that 
FG=:FH=FL     But  the  circle  also  touches  at  the  points 
H  and  I^  since  CD  and  AB  are  perpendicular  to  FK  and 
FL. 

SchoSum*  The  five  preceding  propositions  are  only 
cases  of  a  general  problem.  ''  Three  things  being  given, 
— whether  points^  or  straight  lines,  or  circles, — to  describe  * 
a  circle  limited  by  them  all.''  This  problem  comprizes 
ten  distinct  cases.  Two  of  these  have  been  already  given 
in  the  Elements :  To  describe  a  circle  through  three  given 
points,  forms  the  11th  Prop.  Book  III :  To  describe  a  cir- 
cle that  shall  touch  three  straight  lines  given  in  position, 
is  the  basis  of  Prop.  10.  Book  IV.,  and  appears  complete  in 
the  construction  of  Prop.  38.  Book  VL  Three  cases  still 
remain :  When  thete  are  given  two  circles  and  a  point — 
two  circles  and  a  straight  line — or  three  circles, — to  de- 
scribe a  third  circle  limited  by  these  data.  They  are  easi- 
ly reduced,  however,  to  the  cases  already  solved,  by  draw- 
ing parallels,  or  describing  concentric  circles,  at  distances 
equal  to  the  sum  or  difference  of  the  given  radii. 
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DEFINITION. 

If  a  point  vary  its  position  according  to  some  determin- 
td  l«w>  it  will  trace  aline  whieh  is  tttlrthedit^  L9cm. 

PROP.  I.    THEOR. 

If  a  straight  line,  drawn  tbrouf^b  a  gife&  p6int 
to  a  straight  line  given  in  position,  be  divided  in  a 
given  ratio»  the  locus  of  the  poitit  0f  section  is  a 
Straight  line  given  in  position. 

Let  the  point  A  and  the  straight  line  6D  be  given  in 
position^  and  let  AB^  limited  by  these^  be  cut  in  a  given 
ratio  at  C ;  this  point  will  lie  in  a  straight  line  which  is 
given  in  position. 

ANALYSIS. 

From  A  let  fall  the  perpendi- 
cular AD  upon  BD,  and^  through 
C>  draw  CE  parallel  to  BD.  It  is 
evident  (VLl. El.) that  AC  :  AB 
::AE  :  AD^  and  consequent-  'e. 
ly  that  the  ratio  of  AE  to  AB  is 
given ;  but  AD  is  given  both  in 
position  and  magnitude^  and 
hedcie  AE  and  the  point  E  are  given^  and  therefore  CE,  . 
which  stands  at  right  angles  to  AD,  is  given  in  position. 
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COMPOSITION. 
Let  fall  the  perpendicular  AD,  which  divide  at  £  in  the 
given  ratio,  and  erect  the  perpendicular  CE ;  this  straight 
Une  is  the  Iocum  required.    For  CE  being  parallel  to  BD, 
AC :  AB  : :  AE  :  AD,  that  is,  in.  the  given  ratio. 


PROP.  n.    THEOR. 

If  a  straight  line,  drawn  through  a  given  point 
to  the  circumference  of  a  given  circle,  be  divided 
in  a  given  ratio,  the  loctis  of  the  point  of  section 
will  also  be  the  circumference  of  a  given  circle. 

LeiAB,  terminating  in  a  given  circumference,  be  cut 
in  a  given  ratio ;  the  segment  AC  will  likewise  terminaie 
in  a  given  circumference. 

ANALYSIS. 

Joio  A  with  D  the  centre  of  the  given  circle,  and  draw 
CE  i>arallel  to  BD.  It  is  ob- 
vious (VI.  1.  EI.)  that  AC  :  AB 
: :  AB  :  AD ;  whence  the  ratio 
of  A£  to  AD  being  given,  AE 
and  the  |>oint  E  are  given.  A- 
gain,  since  (VI.  2.  El.)  AC:  AB 
: :  CE  :  BD,  the  ratio  of  CE  to 
BD  is  given,' and  consequent- 
ly CB  is  given  in  magnitude. 
Wherefore  the  one  extremity  E 
being  given,  the  other  extremi- 
ty oT  CE  must  trace  the  circumference  of  a  given  circle* 
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COMPOSITION. 

Join  AD,  and  divide  it  at  E  in  the  given  ratio,  and  in 
the  same  ratio  make  DB  to  the  radius  BC,  with  which, 
and  from  the  centre  E,  describe  a  circle. 

For  draw  AB  cutting  both  circumferences,  and  join 
CE  and  BD.  Because  CE  :  BD  : :  AE  :  AD,  alternately 
CE :  A£  : :  BD  :  AD  ;  wherefore  the  triangles  CAE  and 
BAD,  having  likewise  a  common  angle,  are  similar,  and 
consequently  AC :  CB  : :  AE  ;  AD,  that  is  in  the  given 
ratio. 


PROP.  III.    THEOR. 

If,  lihrough  a  given  point,  two  straight  lines  be 
drawn  in  a  given  ratio  and  containing  a  given  an- 
gle ;  if  the  one  terminate  in  a  straight  lii^e  given  in 
position, .  the  other  will  also  terminate  in  a  straight 
line  given  in  position. 


Let  the  ratio  of  B  A  to  AC,  with  the  angle  BAC  and  its 
vertex  A,  be  given;  if  the  extremity  B  lie  in  the  straight 
line  BD,  the  extremity  C  will  have  for  its  locus  another 
straight  line  given  likewise  in  position.^ 

ANALYSIS. 

Let  fall  the  perpendicular  AD  upon  BD,draw  AE  forming 
with  AD  an  angle  DAE  equal  to  BAC,  and  make  AB :  AC 
: :  AD  :  AE;  CE  being  joined,  is  the  locus  required. 

Because  the  angle  DAE  is^  by  construction,  equal  to 
BAC,  it  is  given ;  and  the  perpendicular  AD  being  given, 
the  straight  line  AE  is,  therefore,  given  in  position.  But 
AB  :  AC  ; :  AD  :  AE,  and  this  being  a  given  ratio,  AE  is 
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hence  given  also  in  magnitude.    Again^  since  the  angle 

BAG  i6  equal  to  DAE,  the  angle  9AP  is  equal  to  CAE ; 

awd  because  AP :  AC::  AD:  Af^ 

^Kerpateiy  AB  :  AD  ::  AC  :  A£  s 

wherefore  the  triangles  APD  and 

AC^i  having  their  vertical  ^^gleB 

^oiJ»  and  the  sides  coafaining 

t^uMie   angles   proportioQalj   ar^ 

(VI.  U*  ^.)  similafj  and  consor 

qii^iltly  the  ungle  C£A  it  equal 

to  BDA,  and  therefore  a  right  angle ;  consequently  th^ 

straight  line  EC  is  given  in  position. 

COMPOSITION. 

Having  let  fall  the  perpendicular  AD^  and  made  the  an- 
gle DAE  equal  to  BAC,  make  AD  to  AE  in  the  given 
mAOf  and,  at  right  angles  to  AB,  drpur  EC ;  this  is  the 
lopi$  required.  For  the  triangles  fH^V  and  CA^^  having 
their  vertical  angles  equal,  and  the  angles  at  D  and  £ 
right  angles,  are  similar,  and  consequently  AB:AB 
:  1  AC  e  AB,  or  alternately  AB  !  AC  ::  AD  &  AE^  that  is^ 
in  the  given  ratio. 


PROP.  IV.    THEOR. 

If;  through  a  given  pointi  two  straight  lines  be 
dravm  in  a  given  ratio,  and  containing  a  given  an- 
g]f ;  if  the  one  terminate  in  a  given  cwi^jiftfyfen^t 
the  other  will  also  terminal  in  a  given  circumfe* 
rence* 

« 

^iCt  ihe  angle  BAC,  its  vertex  Aj,  ^d  the  j:*tio  pf  itP 
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hem  of  C  will.ako  be  a  given  circle. 

ANALYSIS. 

Join  A  with  D  the  centre  of  the  given  circle,  draw  AE 
at  the  given  angle  with  AD,  and  in  the  given  ratio,  and 
join  DB  and  £0.  . 

Because  the  point  A  and  the  centre  D  are  given,  the 
f tr^igj^t  jyu^e  AP  is  given  f  9M  i\^cfi  ^e  a^^gl^  DAJ6,  be* 
ing  eqwl  to  5AC,  is  gf ven,  ^E  is  ^iven  in  position.  But 
AD  being  to  AE  in  the  given  ratio,  AE  must  be  given 
also  in  magnitude,  and  co^i^e*- 
quently  the  point  E  is  given. 

Again,  the  whde  wgle  BAC 
being  equal  to  DAE,  the  pdit 
BAD  is  equal  to  C AE ;  and  be- 
cause AB  :  AC  ::  AD  :  AE,  al* 
femately  AB :  AD  i:  AG  :  AS ; 
wherefore  the  triangles  ADB 
and  A  EC  are  similar,  and  hence 
XB  :  BD  ::  AC  :  AE,  or  alter,, 
nately    AB  :  AC  ::  BD  :  CE; 

consequently  the  fourth  term  GIB  is  giTien  In  «nafni«iid«>; 
and  its  extremity  E  being  given,  the  ^jfchw  mwlt  lie  iii« 
given  circumference^ 

COMPOSlTIOJf. 

Having  drawn  AE.  at  the  given  togle  with  AO,  tnttke 
AD  to  A E  in  the  given  rati^^  and  m  the  same  rati*  1^ 
DB  be  made  to  EC ;  a  circle  described  fVom  Ae  eenutt  ft 
with  the  distance  EC,  is  the  hem  required. 

For  At)  :  AE  : :  DB  :  EC,  «nd  alternately  AD  :  DB  : : 
AE  :  £C ;  but  the  .aogte  fiAO  i»  iftliia)  to  £;48>  lN90«ise 
the  whole  BAC  ifl  ^u^  to  UAE ;  iconj^equetiUy  tb«  IvL 
•ogiss  ABJD  aMd ACAattamOH  aadAB;  AB  le  ▲€< AE 
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or  altenuitdy  AB :  AC  : :  AD  :  AE^  that  is^  in  the  given 
ntio. 


PROP.  V.    THEOR. 


The  middle  point  of  a  given  straight  line  which 
is  placed  between  the  sides  of  a  right  angle,  lies 
in  the  circumference  of  a  given  circle. 

Let  AB  be  placed  in  the  right  angle  EDF^  the  loam  of 
its  bisection  C  is  a  given  circle. 

ANALYSIS. 

Join  DC.  Then  (IL  30.  El.)  because  the  base  of  the 
triangle  ADB  is  bisected, 
AD*  +  DB*  s  tAC»  +  2DC*  ; 
bat.  since  ADB  isa  rightangle, 
AD*+DB*  =  AB»  (U.  14. El ); 
wherefore  £AC*+2DC*s?  AB* 
;s4  AC'^aud  consequently  2  DC* 
=2 AC%  or  DC  =  AC.  How 
ACj  beingthehalfofAB,  is  gi- 
ven, and  therefore  DC;  whence 
the  locus  of  the  point  of  bisec- 
tion C  is  a  circle  described 
from  D,  with  the  radius  DC. 

COMPOSITION. 
From  D,  with  a  distance  equal  to  half  the  given  line^  t 
describe  a  circle ;  this  is  the  locus  required. 
For  draw  the  radius  DC,  make  ACsDC  and  produce 

1 


B  r 


BQpK.IlI. 


<m 


AC  to  B.  Because  AC=DC,  the  angle  ADC=DAC  (I. 
8.  £1.) ;  but  the  angles  DAC  and  DBC  are  together  equal 
to  a  right  angle  (L  M.  El },  and  therefore  equal  to  ADC 
and  BUC;  whence  the  angle  DBC  is  equal  to  BDC^^;^ 
consequently  (L  9.  El.)  the  side  DC  is  equal  to  BC.  The 
Sjegments  AC  and  BC  ai^  t^s^  each  of  them^  equal  to  DC^ 
and  hence  AB  itself  is  douhle  of  DC^  or  is  .^qual  to  the 
g^ven  ftraight  line. 


PROP.  VI.    THEOR. 


If  a  straight  line,  drawn  from  a  given  point  to  a 
straight  l^ne  given  in  pfisU;]QH,  cqi^t^n  a  givep  rect- 
angle, the  hcH^  pf  j*^  ppipt  pf  s^Ji^fi .  will  be  a 
given  circle. 

Let  the  rectangle  AB,  AC  bfe  gi^en,  while  the  point  B 
aad  the  straight  line  BD.4i^e  gWen  in  ^itidn  ;  th^  point 
C  will  lie  in  the  circumfereQcie  of  a  giv^n  ^iffi}^*     • 

ANAI.YSIS. 

Draw  AD  perpepdi^ular  \p  BD,  and  make  the  rectangle 
AD.  ApzrAB.  AQ.  Si^Qj?  ad  is  eyijclently  giyeiji  both  i^ 
position  and  magnitude,  AE  and  the  .  '       ' 

point  E  are  given.  Join  CE.  Be- 
cause ADx|AE:3:ABx AC,  AD:AB 
::AC:AE^  and  the  triangles  DAB 
and  CAE,  having  the  sides  about  the 
common  angle  at  A  proportional,  are 
therefore  similar;  and  conseqi^ently 
the  angle  ACE  is  equal  to  ADB,  or 
a  right  angle.  Whence  (III.  26.  El.) 
the  point  E  must  lie  in  a  semicircle,  of  which  AE,  the 
diameter,  is  given* 
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COMPOSITION. 

Having  drawn  the  perpendicular  AD^  make  the  rectangle 
AD,  A£  equal  to  the  given  space,  and  upon  the  diameter 
AE  describe  a  circle;  this  is  the  locm  required.  For  draw 
AC  and  CE.  The  triangles  ABD  and  AEC  are  similar, 
since  they  have  a  common  angle  at  A,  and  those  at  D  and 
C  right  angles ;  wherefore  AB  :  AD  :  :  AE  :  AC^  and 
ABk  AC=AD)C  A^  that  ia,  equal  to  the  given  space. 


PROP.  Vn.    THEOR. 

If  a  straight  line,  containing  a  given  rectangle, 
be  drawn  through  a  given  point  to  the  circumfe- 
rence of  a  given  circle,  the  locus  of  its  point  ofseo 
tion  will  be  either  a  straight  line  given  in  position 
on  a  given  ctrde,  according  as  it  originates^  or  hot» 
in  the  given  circumference. 

Lei  the  rectangle  AC,  AB  be  equal  to  a  given  space, 
and  the  segment  AC  terminate  in  a  given  circumference, 
the  point  of  origin  A  may  either  lie  in  that  circumference 
or  not. 

1.  Suppose  the  given  point  A  lies  in  the  given  circum- 
ference }  the  locui  of  C  is  the  straight  line  given  in  posi- 
tion. 
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.     ANALYSIS^ 

.  Draw  the  diameter  AE  and  make  AE  X  AD 
wherefore  the  point  D  is  given, 
and  join  CE  and  BD.  Beicause 
AE  X  AD  =  ABx  AC,  AC  :  AE 
::  AD*;  AB;  whence  the  triangles 
CAE  and  DAB^Iiaving  likewise  a 
common  angle  at  A,  are  similar.^ 
Consequently  the  angle  ADB  he^ 
iDg  thns  equal  to  ACE^  is  a  right 
angle,  and  the  straight  line  DB  is 
hence  given  in  position. 

COMPOSITION. 

Having  drawn  the  diameter  AE,  make  the  rectangle 
AE,  AD  equal  to  the  given  space,  and  erect  the  perpen^ 
dicular  DB ;  this  is  the  locus  required^  For  draw  ACB 
and  join  CE.  The  right  angled  triangles  ACE  and  ADB 
being  evidently  similar,  AC  :  AE : :  AD :  AB>  and  AC  )<  AB 
ssAEx  AD,  or  the  given  space. 

2.  Suppose  that  the  point  A  does  not  jie  ia  the  giveii 
drcomference ;  then  the  hcus  of  B  is  «  giv'en:  ciitole^ 

ANALYSIS. 

Draw  the  diameter  EAD,  and  produce  CAF  to  the  eir-*" 
cumference.  ..  The  rectangle 
AC,  AF,  being  equal  to  AD, 
AE,  is  given,  and  has  there- 
fore a  given  ratio  to  the  rect- 
angle AC,  AB)  whence  the 
xatio  of  AF  to  AB  is  giyert,  , 
and  consequently  (HI.  %.)  AB 
terminates  inf  the  circmnfei'-' 
cnce  of  a  given  circle. 
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COMPOSITIO^f. 

Having  drawn  the  diameter  EAP^  make  the  rectangle 
AD^  AH  equal  to  the  given  space,  and  (III.  2.)  describe  a 
circle,  EBGF,  such  that  a  straight  line,  passing  through 
shall  be  cut  by  the  circumference  in  the  ratio  oF  AE  to 
AH;  this  circle  is  the  locus  required.  For  A£  :  AH 
::  AF:AB  : :  AFX  AC  :  AB  X  AC;  wherefore  AFx  AC: 
ABxAC  ::  AExAD  :  AHxAD,  and  the  first  term  of  this 
analogy  being  equal  to  the  third,  the  second  term  is  equal 
to  the  fourth,  or  ABxAC:sAHxAD,that  is^eq^ual  to  the 
given  space. 


PROP.  Vni.    THEOR. 

§ 

If  faxro  stmight  linc$»  copUining  a  given  reel- 
angle,  be  drawn  from  a  given  point  at  a  given 
angle ;  should  the  one  t^rminat^  in  a  straight  ^ne 
given  in  {K)«ition>  the  Qtb^r  will  terminate  in  the 
circumference  of  a  given  circle. 

Let  the  point  A,  the  angle  BAC,  and  the  rectangle  un- 
der its  sides,' BA,  AC,  be  given ;  if  the  direction  BD  be 
given,  then  will  the  locut  of  C  be  a  given  circle, 
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ANALYSIS. 

From  A  let  fall  the  perpendicu- 
lar AD  upon  B  D.  Draw  AE,  to 
contain  with  AD  an  angle  equal 
to  the  given  angle^  and  a  rectangle 
equal  to  the  given  Apace ;  and  join 
CE. 

Since  AD  is  evidently  given  in  position  and  magnitude, 
AE  is  likewise  given  in  position  and  magnitude ;  and  the 
rectangle  AD^ AE  being  equal  to  AB.  AC^  therefore  AD :  AB 
: :  AC  :  AE ;  but  the  angle  DAE  is  equal  to  BAC^ 
and  hence  DAB  is  equal  to  EAC«  Wherefore  the  triangles 
ABD  and  AEC^  having  each  an  equal  angle  and  its  c<^n- 
taining  sides  proportional^  are  similar;  and  consequently 
the  angle  ACE  is  equal  to  the  right  angle  ADB.  Whence 
the  locus  of  C  is  a  circle^  having  AE  for  its  diameter. 


COMPOSITION. 


Having  let  fall  the  perpendicular  AD^  draw  AE^  making 
the  angle  DAE  equal  to  the  given  angle^  and  the  rectangle 
DA^  AE  equal  to  the  given  space^  and  on  AE^  as  a  diame- 
ter^ describe  a  circle ;  this  is  the  loom  required. 

For  join  CE;  and  the  triangles  DAB  and  EAC  being 
right  angled  at  D  and  C,  and  having  the  vertical  angles  at 
A  equal^  are  evidently  similar^  and  consequently  AD :  AB 
::  AC  :  AE ;  and  hence  the  rectangle  ABj  AC  is  equal  to 
AD>  AE^  that  is,  to  the  given  space. 
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PROP  IX.    THEOR. 

ft 

If  two  straight  lines  in  a  given  ratio,  and  cot-' 
taining  a  given  angle^  terpiinajte  in  two  diverging^ 
lines  which  are  given  in  position,  the  locus  of  their 
vertex  will  be  likewisfs  a  straight  line  given  in  po- 
sition. 

I^t  the  straight  linef  AB^  ACj  in  a  given  ratio,  and 
containing  a  given  aogle^  be  limited  by  the  given  diverg- 
ing lines  DEj  DF ;  then  will  their  vertex  A  'i^  i^  a  given 
direction. 

*  ■  « 

ANALYSIS. 

Join  DA,  and  produce  BA  to  meet  DF  in  G*  The  tri- 
angle DBG  is  givei^  in  species;  for  the  angles  at  P 
and  B  are  given,  and,  consequently^  the  angle  at  G, 
Ag^n,  the  triangle  ACQ  is 
given  ID  species,  since  all  its 
angles  are  given.  Hence 
the  ratio  of  AC  to  AG  is 
given ;  but  the  ratio  of  AB 
to  AC  is  given,  and  conse- 
quently that  of  A B  to  AG  u^  i-  i  c  G  j* 
and  that  pf  BG  to  AG. 

Hence,  idso,  the  ratio  of  BG  to  DO  is  given,  and  thjer^ 
fore  the  ratio  of  AG  to  DG ;  and  the  angle  at  G  bebg 
given,  the  triangle  DAG  \i  (VI.  15.  El.)  cousequently  given 
in  species.  Wherefore  the  angle  GDA  is  given,  and  hence 
Uie  straight  lipe  DA  b  given  in  position. 
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COMPOSITION. 

In  DE  take  any  point  H^  and  draw  HI  and  HL^  making 
with  DE  and  DF  angles  equal  to  the  respective  inclina- 
tions *of  the  bounded  lines^  produce  IH  toM,  so  that  MH 
shall  have  to  HL  the  giyen  ratio^  find  IN  a.third  pro* 
portional  to  IM^  IH^  and  join  I>NA ;  this  straight  line 
is  the  locta  required. 

Because  IM  :  IH  : :  IH :  IN,  therefore  (V.  1 1 .  and  7.  El,) 
MH  :  IM  :  :NH :  IH;  but  (VL  «.  El.)  AB  :  AG  : :  HN  : 
IH,  and  the  triangles  AC6  and  HLI  being  evidently  simi- 
lar, AG :  AC ::  IH :  HL ;  therefore  (V.  16.  El.)  AB  :  AC  : : 
MH  :  Hhj  that  is^  in  the  given  ratio. 


PROP.  X.    THEOR, 

Three  diverging  lines  being  given  in  position,  if 
a  straight  line  cut  them  at  given  angles,  and  such 
that  the  rectangle  of  its  first  segment,  by  a  given 
line,  shall  be  equal  to  both  the  rectangles  of  its  se- 
cond and  third  segments  by  given  lines ;  the  locus 
of  its  point  of  origin  will  be  a  straight  line  given  in 
position.  ^ 

Let  ABCD  cut  the  diverging  lines  EF^  EG  and  l^H  at 
jj^ven  angles,  and  let  AB^KLsAC.ML^^AD.NM;  theA 
will  the  hcui  of  the  point  A  be  a  straight  line  given  in  po* 
«ition. 


^00  CZOUBTVtCkti  AITALTSIS. 


ANALYSIS. 

Beeaute  AC.MLs  AB.ML  +  BC.ML^  and  AD.NNTs 
ARNM  +  BD.NM,  therefore  AB.  KL  s  AB.  ML  + 
BC.ML+  ARNM  ^.BD.NMiaQd  cooflequeatly  AB.KLs 
AB(ML+NM)H-BC.ML4* 
BD.  NM,   and  AB.KN  =r 
BCML+BD.NM.    Make 
BC  :  BD  ::  NM  :  MO,  and 
BC.MO=BD.NM;  whence 
AB.KNs  BC(ML4.M0)  =& 
BC.OL,    and    AB:BC:: 
OL :  KN.    The  ratio  of  AB 
to  BC  is,  therefore,  given ; 
but  the  triangle  BCE  being 
given  in  species,  the  ratio  of 
BE  to  BC  is  given,  and  con- 
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sequently  the  ratio  of  AB  to  BE  is  given ;  and  since  the 
conUined  angle  ABE  is  given,  the  triangle  BEA  is  like- 
wise given  in  species ;  and  thence  the  point  A,  and  the 
straight  line  EA,  are  given  in  position. 

COMPOSITION. 
Having  assumed  in  EH  any  point  H,  dratr  H6F  in  tfae 
given  inclination,  make  FG  :  GH  ::  NM  :  MO,  and  pro> 
dace  HF  tiU  KN  :  OL ::  FG  :  IF;  EI  is  the  straight  Une 
required.   For  BC :  AB  ::  FG  :  IF ::  KN  :  OL,  and  ABJ^N 
sBC.OL ;  but  BC  :  CD  ::  FG  :  GH  ::  NM  ;  MO,  and 
BC.  MO  s=  CD.  NM.    Wherefore    AB.KN=BC.OL= 
BCML+CD.NM,  and  AB.KM=AB.NM  +  BC.ML  + 
CD.NM  =  BC.ML  +  AD.JSM,  and  hence  AB.KL  =s 
AB.  ML  +  BC.  ML  +  AD.  NM  r=  AC.  ML  +  AD.  NM. 
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PROP.  XL    THEOR. 

Four  diverging  lines  being  given  in  position,  if  a 
straight  lioe  cut  them  at  given  angles,  and  such 
that  the  rectangles  of  its  first  and  second  segments 
by  given  lines  sHall  be  equal  to  both  the  rectangles 
of  its  third  four  segments  by  given  lines  ;  the  hew 
of  its  point  of  origin  will  be  a  straight  line  given 
in  position. 

Let  ABCDE  cut  the  diverging  lines  FG,  FH,  FI,  and 
FK  at  given  angles,  and  let  AB.MN  +AC.NO  =  AD.OP 
4-  AE.PQ ;  then  will  the  locus  of  the  point  A  be  a  straight 
line  given  in  position. 

ANALYSIS. 

Because  AB.MN+AC.NO  =  AD.OP+AE.PQ,  it  fol- 
lows, by  decomposition,  that  AB.MO+BCJ^O=AB.OQ 
+BD.OP+BE.PQ,  and  con- 
sequently  AB.MQ  +  BC.NO 
=  BD»OP  +  BE,PQ.  Make 
BD:BC  ::  NO  :  OR,  and 
BD  :  BE  : :  PQ  :  PS ;  then 
BD.OR=  BC.NO,and  BD.PS 
=BE.PQ;  whence  AB.MQ 
+  BD.  OR  =  BD.  OP  + 
BD.PS,  or  AB.MQ:sBD.SR, 
andy  therefpre,  AB  :  BD  :: 
SR  :  MQ.  But  the  triangle 
BDF  being  given  in  species, 
the  ratio  of  BD  to  Bf*  is  given ; 
and  consequently  the  ratio  of 
AB  to  BF  is  given,  and  the  contained  angle  ABF  being 
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given^  the  triangle  BFA  is  likewise  given  in  species ;  and 
hence  the  straight  line  FA  is  given  in  position. 

COMPOSITION. 

Having  assomed  in  FK  any  point  K,  draw  KIHG  at  the 
given  inclination,  make  GI :  6H ::  NO  :  OR,  and  GI :  GK 
n  PQ  :  PS,  and  produce  KG  till  MQ  :  SR  ::  GI :  GL  ; 
FL  is  the  straight  line  required. 

For  BD  :  BC  ::  GI :  GH  ::  NO  :  OR,  and  BD.OR  =: 
BCNO ;  bnt  BD  :  BE  ::  GI :  GK  ::  PQ :  PS,  and  BD.PS 
csBB-PQ;  agam,  MQ  :  SR  ::  GI :  GL  ::  BD  :  AB;  and 
AB.MQ=BD.SR.  Whence  AB.MQ+BC.NO=;:BDJSR 
+  BD.OR  =  BD^O  =  BD.PS  +  BD.OP  =  BEJ'Q  4- 
BD.OP. 


PROP.  XII.    THEOR. 

If  a  straight  line  given  in  position,  be  cut  at  given 
angles  by  two  straight  lines^  which  intercept,  from 
two  given  points  in  it,  segments  that  have  a  given 
!ratio,  the  hew  of  the  point  of  concourse  is  a  straight 
line  given  in  position. 

Let  AB  and  AC  be  drawn^  such  that  the  angles  ABF, 
and  ACF,  with  the  ratio  of  DB  to  EC,  are  given ;  the  iocut 
of  A,  the  point  of  conconrse,  is  a  straight  line  gwen  in 
position. 
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'  ANALYSIS, 

Make  FD  to  FE  in  the  given  ratip^  and  join  FA. 
Since  therefore  FD :  FE : :  DB :  EC,  it  follows  (V.  19.  EL) 
that  FD :  FE : :  FB :  FC ;  consequently  the  ratio  of  FB  to 
FC,  and  thence  that  of  FB  to  BC,  are  each  given.  But 
the  angles  FBA  and  FCA  bein^  given,  the  triangle  BAC 
is  evidently  given    in 

species,  and   therefore  H 

the  ratio  of  AB  to  BC 
is  given,  and  hence  the 
ratio  of  FB  to  AB  is  also 
given.  The  triangle 
FBA  having  thus  two 
sides  containing  a  given 
angle  and  in  a  given 

ratio,  is  (VI.  15.  £1.)  given  in  species;  and  consequently 
die  angle  BFA  is  given^  and  the  straight  line  FA  given  in 
position. 

COMPOSITION. 

Having  made  FD  to  FE  in  the  given  ratio,  draw  DO 
and  EG  at  the  given  angles  with  TI,  and  join  F  with 
their  point  of  concourse;  FGH  is  the  /oci£5  required. 

For,^om  any  point  A  in  FH,  draw  AB  and  AC  at  the 
given  angles  with  F,  and  consequentiy  parallel  to  GD  and 
GE.  Because  AB  is  parallel  to  GD,  and  AC  to  GE» 
rG:FA  : :  FD  FB : :  FE  :  FC  (VI.  1.  El.)  and  alternately 
FD:  FE: :  FB : FC;  wherefore(V.  19.  cor.  1. El.)  DB: )SC 
: :  FD :  FE;  that  is^  in  the  given  ratio. 
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PROP.  XIII.    THEOR. 

If  from  two  given  points  there  be  inflected  two 
straight  lines,  of  whose  squares  the  difference  ii 
given,  tlie  locus  of  their  point  of  concourse  vrill  be 
a  straight  line  given  in  position. 

Let  AC  and  BC^  drawn  from  the  points  A  and  B,  have 
the  difference  of  their  squares  given ;  the  locus  of  C,  the 
point  of  concourse^  is  a  straight  line  given  in  position. 


ANALYSIS. 

Draw  CD  perpendicular 
to  ABj  which  bisect  in  £• 
The  difference  between  the 
squares  of  AC  and  BC  is 
(U.  se9.  £1.)  equal  to  twice 
the    rectangle   under   AB 
and  ED ;  consequently  that 
arectangle^  and  its  eontain* 
ing  side   ED,  are    given ; 
whence    the  point  of  bi- 
section E  being  given^  the 
point  D  is  given,,  and  the 
perpendicular  CD  is  therefore  given  in  position. 


COMPOSITION. 
Bisect  AB  in  E,  and  make  (IL  11.  El.)  the  rectangle 
Mder  2  AB  and  ED  equal  to  the  given  space;  the  perpen- 
dicular DC  is  the  locm  required. 
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For  (11. 29.  El.)  AC*— BC»  s  AB.  «ED  =  «AB.  ED, 
and  consequently  the  difference  of  the  square  of  AC  and 
BC  is  equal  to  the  given  space. 


PROP.  XIV.    THEOR. 
If  from  two  given  points  there  be  inflected  two 

« 

straight  lines  in  a  given  unequal  ratio,  the  locus  of 
their  point  of  coDCOUMe  is  a  given  circle. 

If  the  inflected  lines  be  equal,  their  vertices  will  (1. 2.  El.) 
lie  in  a  straight  line  bisecting  the  base  at  right  angles* 

Let  AC  and  BC,  drawn  from  the  points  A  and  B,  have 
a  given  ratio,  but  not  that  of  equality;. then  will  C,  the 
point  of  concourse,  lie  in  the  circumference  of  a  given 
circle. 

ANALYSIS. 

Draw  CD,  making  the  angle  BCD  equal  to  BAC,  and 
moeUog  AB  produced  in  D;  The  triangles  0AC  mid 
DCB,  haying  the  angle  i^t  Jpl  icpB[iB|ionj  and.tb^. siQgles .at 
A  and  C  equal,  are  evidently  similar ;  and  hence  AD :  AQ 
: :  CD :  CB,  and  alternately 
AD :  CD  : :  AC :  CB,  that  is 
in  the  giiren  ratio.  But 
AD :  CD : :  CD :  BD,  and  con- 
sequently  AD  is  to  BD  in  the 
duplicate  of  the  given  ratio 
of  AD  to  CD,  and  which  is, 
tberefore,likewise  given.  Con- 
sequentlyBD^aad  the  pointD, 
are  given;  and  CD  being  thence  given,  its  ei^tremity  0 
must  lie  in  the  circumference  of  a  circle  described  with 
that  radius. 


366  GBOftTBTEICAL  ANALT01a>^ 

COMPOSITION. 

Divide  AB  in  the  given  ratio  at  Ej  and  in  the  same 
ratio  make  ED  to  BD ;  the  circle  described  from  the  cen* 
tie  D,  and  with  the  radius  DE,  ia  the  locm  required. 

For,  since  A£  :  £B  : :  ED :  BD,  it  follows  (V.  19.  £1.) 
that  AD :  ED,  or  CD : :  ED,  or  CD :  BD;  hence  the  tri- 
angles DAC  and  DCB,  thus  having  the  sides  which  con- 
tain Uieir  common  angle  at  D  proportional,  are  similar^ 
and  therefore  AC  :  AD : :  BC :  CD,  or  alternately  AC ;  BC 
: ;  AB :  CD^  or  EDj  that  ii||  in  the  given  ratio. 


PROP.  XV.   THEOR. 

A  point  and  a  str^ght  line  being  given  in  posi* 
tion,  the  locus  of  another  point,  the  square  of  whose 
distance  from  the  former,  is  equal  to  the  rectangle 
under  its  distance  from  the  latter  and  a  g^vcit 
straight  lin^— is  a  given  circle. 


The  point  A  and  the  straight  line  DE  being  given  in 
position,  let  the  square  of  BA  be  equal  to  the  rectangle 
under  the  perpendicular  BC,  and  K;  the  locus  of  B  is  a 
given  circle. 

ANALYSIS. 
Draw  DFA  parallel  to  CB,  make  AO  equal  to  the  half 
of  K,  and  bisect  it  in  O,  join  BO,  and  let  fall  the  perpea 
dicukr  BF. 


^ 
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V   Because  AO  is  bisected  in  G,  OB^— Al^  or,  AB'^— OB» 

{III.  29.  EI.)=2A0xGF=KxGF;but  AB*=KxBC,or 

KxDF,  and  hence  OB^ 

sKxDG.     Since  tiiere* 

fore  DG  is  given,  OB  is 

also  given;  and  the  one 

extremity  O  being  given, 

the  bthei;  extremity  B  must 

lie  in  the  circumference  of 

a  given  circle. 


COMPOSITION. 

Having  drawn  DAB  parallel  to  CB,  make  AOsj.  K^ 
and  AG=f  AO,  and  find  OH  a  mean  proportional  be- 
tween K  and  DG ;  a  circle 'described  from  O  with  the  ra« 
dius  OH,  is  the  locus  required* 

For  OB*— AB%or  AB*— 0BS=-2  AOxGF=K  x  GF; 
and  since,  by  construction,  OH*,  or  OB*,  =  K  X  DG,  it 
follows  that  AB*  =;  K  X  DF,  or  K  X  BC. 


PROP,  XVI.    THEOR. 

.  If,  from  two  given  points,  there  be  inflected  two 
straight  lines,  such  that  the  difference  of  the.  square 
of  the  one  and  a  given  space,  shall  have  to  the^ 
square  of  the  other,  a  given  unequal  ratio-:— their 
point  of  concourse  will  lie  in  the  circumference 
of  a  given  circle* 

Let  AC  and  BC  be  the  inflected  lines^  and  the  rectangle 
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AC,  AD  be  made  equal  to  the  given  space  |  th»  if  the 
difference  between  the  aquaxe  of  Ap  aod  tliat  rectangle, 
or  the  rematning  rectangle  AC,  CD,  have  a  given  unequal 
ratio  to  the  square  of  BC,  the  locus  of  the  point  C  will  be 
a  given  circle. 


ANALYSIS. 

Make  (VI.  4.  El.)  AE  to  BE  in  the  given  ratio,  join  CE 
and  BD,  produce  CB  to 
meet  the  circumference  of 
a  circle  described  about 
the  triangle  ADB,  and 
join  A  P. 

Because  (TIL  36.  El.) 
the  rectangle  AC,  CD  is 
equal  to  FC,  BC,  it  fol- 
lows that  the  rectangle 
FC,  BC  is  to  the  square 
of  BC,  or  (V.  24.  cor.  2. 

El.)  FC  is  to  BC,  in  the  given  ratio  of  AE  to  BE ;  where- 
fore (VI.  l.cor.  1.  El.)  AF  is  parallel  to  CE,  and  conse- 
quently the  angle  ECB  is  equal  to  AFB,  which  is  equal  to 
CDB  the  opposite  exterior  angle  of  the  quadrilateral 
figure  ADBF.  Through  the  point,  C,  D,  B,  describe  a 
circle  cutting  AB  in  G,  and  join  CG  and  DG  ;  then  (III. 
96.  Ei.)  the  rectangle  BA,  AG  is  equal  to  CA,  AD,  or  tothe 
given  space,  and  hence  AG,  and  the  point  G  are  given. 
The  angle  CDB,  or  ECB,  is,  therefore,  equal  to  CGB,aBd 
consequently  the  triangles  BECand  CEGare  similar,  and 
6E  :  CE  : :  CE  :  BE;  whence  CE=GE  x  BE,  which  is 
a  given  rectangle,  and  thusCE  is  given,  and  the  kcuiof  C 
a  given  circle. 


¥  i 
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COMPOSmON^ 

Make  the  rectangle  AB^  A6  equal  to  the  given  space 
and  A£  to  BE  in  the  given  ratio^  and  find  EH  a  mean 
proportional  behireen  GE  and  BE ;  the  locm  required  is  a 
circle  described  from  E  with  the  radius  £H« 

For^  through  the  points  A^  D^  B^  and  through 
C,  B,  G,  describe  circles,  produce  CB  to  F,  and  join  AI^ 
CG,  and  DG.  Because  GE.BE  =  HE%  GE :  HE,  or  CE 
:  :  HE,  or  CE :  BE,  and,  therefore,  the  triangles  GEC 
and  CEB  are  similar,  and  the  angle  EGC  is  equal  to 
ECB;  but  the  angle  EGC,  or  BGC,  is  equal  to  CDB> 
which  again  is  equal  to  AFB;  consequently  the  alter- 
nate angles  ECB  and  AFB  are  equal,  and  the  straight 
lines  CE  and  AF  paraUel.  Wherefore  AE ;  BE : :  FC  :  BC 
: :  FC.BC,  or  AC.CD :  BC*.  But  CA. AD=B A. AG,  or  the 
gitto  space;  and  h^nce  the  difference  between  the  square! 
of  AC  and  that  space,  or  the  rectangle  AC^CD,  is  to  the 
square  of  BC>  in  the  given  ration 


LEMMA. 

If  a  straight  line  AB  be  cut  anyhow  in  the  point  C,  but 
divided  at  C,  so  that  the  segment  AC  shall  be  the  n^ 
part  of  BC;  then  n.  AD»+BD*aiAB.BC+  (n+i)  CD\ 

For  upon  AB  describe  a  semicircle,  and  erect  the  per- 
pendicular CE,  join  AE,  BE,  draw  DF  papUel  to  CE  and 
meeting  AE  or  its  extension,  and  join  BF. 
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The  angle  AEB  in  a  semicircle  being  a  right  angle, 
AC :  CE : :  CE  :  BC  (VI.  17.  cor.  El.)  and  consequently' 
(V.  «3.  El.)  AC :  BC  : :  AC* :  CE* ;  but  BC  =  n.  AC,  and 
therefore  CE»ssii.  AC*. 
—Again,  AB  :  AE  :  : 
AE:AC,  and  AB:AC:: 
AE*  :  AC*  ;  and  since 
AB  =  (ii+x)  AC;    it 
follows    (V.   5.   Elem.) 
that  AE*=(«+i)AC» 
I^ow  CE  and  DP  being 
parallel,  CE:DF;:AC 
:  AD,  and(V.£l.cor.  1. 
E1.)CE*:DP::AC*AD« 
and    CE*    being  equal 
to  n.  AC%  therefore  (V.  8.  and  5.  £1.)  DF*  s  n.AD».   la 
the  same  manner,  it  is  shown  that  £P  ss  (n-f  i)  CD*. 
Bat  (VI.  17*  cor.  1.  Ei.)  BE*  =  AB.BC,  and  the  triangles 
BDFand  BEF  being  right  angled,  BD»  +  DF*  =  BF*  == 
BE*-f  EP,  and  consequently  by  substitudon,  11.AD*  -|-. 
BD*  =  AB.BC  +  (»+ 1)  CD». 


PROP.  XVII.    THEOR. 

If,  from  given  points^  there  be  inflected  straight 
lines,  whose  squares  are  together  equal  to  a  given 
space, — their  point  of  concourse  will  terminate  in 
the  circumference  of  a  given  circle. 

1.  When  there  are  only  two  given  points. 

Let  AP  and  BP,  drawn  from  the  points  A  and  B,  have 
the  sum  of  their  squares  given ;  the  locus  of  their  point  of 
concourse  is  a  given  circle. 
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ANALYSIS. 

Bisect  AB  in  O,  and  jpin  OP.  The  squares  of  AP  and 
BP  are  (II.  dO.  EL)  equal 
to  twice  the  squares  of 
AO  and  OP*  Hence  the 
sum  of  the  squares  of  AO 
and  OP  is  given ;  but  AO 
and  its  square  being  gi- 
ven^ the  square  of  OP  and 
OP  itself^  must  be  given;  . 
wherefore  the  locus  of  the 

extremity  P  is  e  circle,  of  which  the  point  of  bisection  is 
the  centre. 

COMPOSITION. 

Bisect  AB  in  O,  find  (IIL  37.  £1.)  AF  the  side  of  a 
square  equal  to  half  the  given  space,  and  make  (IL  17.  £1.) 
OE*  ss  AF*  —  AO* ;  the  point  O  is  the  c^tre^  and  OP  the 
radius,  of  the  required  circle* 

For  (IL  SO.  El.)  AP*  +  BP  =  sAO*  +20P*  = 
s  SAO*  +  £0£*  =  2AF*,  or  the  given  space, 

2.  When  three  points  are  given« 

Let  the  straight  lines  AP,  BP  and  CP,  inflected  from 
the  points  A,  B,  and  C,  have  the  sum  of  their  squares 
given ;  the  hcus  of  their  point  of  concourse  is  a  given 
cirde. 
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ANALYSIS. 


Bisect  AB  in  E,  and  (II.  SO.  El.)  AP*  +  BF«  = 
2AE*  +  SEP*;  conse- 
quently AP*  +  BP»  + 
CP*  =  £AE»  +  «EP* 
+  CP*.  Now  2AE»  = 
AB.BE,  and  letting  fall 
the  perpendicular  PP, 
(II.14.e.)«EP»=2EF* 
+2PFS  and  CP»  =  PF» 
+  CF».  Wherefore 
AP»  +  BP»  +  CP»  t  AB.BE  +  5PP»  +  SEP*  +  CP, 
Trisect  EC  (1.40.  El.)  in  the  point  O,  and  join  PO ;  and, 
by  the  Lemma,  2EF»+CP=  EC.CO  +  SOF*.  Whence 
AP»+BP  +  CP*=AB.BE+  EC.CO  +  SPP  +  30F*= 
AB.BE  +  EC.CO  +  3P0».  But  the  intermediate 
pointo  of  division  E  and  O^  are  evidendy  given,  and  thettce 
vhe  rectangles  AB^  BE  and  EC,  CO^  are  gi\en;  where- 
fore SPO»  is  given,  and  consequently  PO  itself.  Since 
one  extremity  of  that  line  then  is  given,  the  other  extre- 
mity P  mjkist  lie  in  tfae  circumference  of  a  given  circle. 


COMPOSITION. 

Bisect  AB  in  E,  trisect  EC  in  O,  and  find  (III.  37.  EI.) 
OP  sach  that  its  square  shall  be  triple  the  excess  of 
the  given  space  above  the  tectangies  AB,BE  atid  EC,  CO ; 
the  locns  required  is  a  circle,  of  Which  O  is  the  cen- 
tre, and  DP  the  radius.  For3PO*  =  3PF»  +  30F%  SPO* 
+  EC.CO  ='  3PF*  +  EC.CO  +  30F»  =  3PF»  +  «EF» 
+  CF*  =  2PE»  +  PP  +  CF»  =  «PE*  +  CP* ; 
consequently  the  given  space,  or  3P0*  +  AB.BE  + 
EC.CO  =  2AE»  +  2PE»  +  CP=  AP  +  BP»  +  CP». 
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S.  When  there  are  four  given  points. 

Let  AP,  BP,  CP  and  PP  drawu  from  thc^  points  A,B,G, 
and  D^  have  the  ma^  of  their  sqi^ares  given ;  ^the  houi  of 
their  concourse  P  is  a  given  circle. 

ANALYSIS. 

^  • 

Bisect  AB  in  E,  trisect  EC  in  F,  and  join  PE  and  PF. 
It  is  manifest,  from  the  last  case,  that  AP*+BP*+CP  =» 
AB.BE  +  EC.CF  + 
SPP;i»ddDpnoeach, 
and  AP*  +  BP»  + 
CP*  +  DP»  =  AB.BE 
+  EC.CF  +  8PP  + 
DP^.  Lei;  fall  the  per- 
pendicular P6  upon 
J)F,  and  the  given  space 
19  equal  to  AB.  QE  + 
EC.CF  +  3PG*  + 
SFG*  +  P<5»  +  PG»; 
and    hence   4PG*  + 

SFG^  +  DG*  must  be  equal  to  1^  given  space^  ]^t  FO 
be  made  th^  fourth  part  of  DF,  ^nd  join  PO  :  tben^  by 
the  Lemm,  3FG*+DG*  =:  FD;DO  +  40G».  Where- 
fore FB-DlQ  +  40ei'  +  4PG%  w  FD.DO  +  4PO»j 
is  equal  to  a  given  space,  and  hence  4P0%  ^nd  PO  it3eli^ 
are  given.  Now  the  point  O  being  given^  P  must  lie  in 
the  circumference  of  a  given  ^ircte^ 

'   ''  COMPOSITION, 

Bisect  AB  in  E,  trisect  EC  in  F,  and'  qu^dri^ect  FD  ia 
O ;  from  the  given  space  take  away  the  acf uniulate  rect* 
angles  AB.BE  +  EC.CF+.  FD.nO«  af^d  find  (III.  S7.  EI.) 
the  side  of  a  sqi|are  equal  to  this  difference :  That  straight 
line  is  the  dii^meter  of  a  circle,  which  is  the  locus  required. 
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For  join  PE,  PF^  PO^  and  let  fall  the  perpendicular 
PG  upon  DP;  then  FD.DO+4PO*=FD.DO+40G»  + 
4PG*  =  3FG*  +  DG»  +  4PC*  =  SFG*  +  3PG*  + 
DP*  =  jjPP  +  DP*.  Wherefore  AB.BE  +  EC.CF  + 
3PF*  +  DP*,  is  equal  to  the  given  space.  But,  from  the 
composition  of  the  last  case,  it  is  manifest  that  AP*  +  BP* 
+  CP»ssAB.BE  +  EC.CF  +  SPF*;  consequently  AP*+ 
BP»  +  CP  +  DP*  are  together  equal  to  the  given 
spacct 


By  pursuing  this  mode  of  investigation,  it  is  obvious 
that  the  proposition  will  be  successively  extended  to  any 
number  of  given  points. 

Scholium.  The  property  i|ow  demonstrated  is  capable 
of  being  generalized.  Thus,  if  any  multiples  of  tfaesqoarea 
of  the  iifflected  lines,  be  together  equal  to  a  given  space, 
the  locm  of  their  point  of  concourse  is  still  a  given  circle  s 
For,  conceive  so  many  points  to  be  collected  at  each 
centre  of  inflection,  and  the  squares  of  the  lines  which 
proceed  from  them  will  in  effect  evidently  receive  a  cor- 
responding multiplication.^— But  the  property  may  be 
traced  out  more  clearly,  and  through  all  its  shadings,  by 
help  of  a  simple  extension  of  the  Lemma.  Let  AP  and 
BR  be  two  straight  lines  inflected  from  the  points  A  and 
B,  and  let  the  segment  OB  s 
v.OA;  then,  joining  PO  and 
drawing  the  perpendicularOPL, 
it  was  proved  that  v.AL*  4. 
BL*  =  AB.BO  +  (i;+i)  OL*; 
add  («+i)PL'  to  each,  and 
«(AL«+PL»)  +  BL'  +  PL*  = 

AB.BO  +  (t>+i)OL«+Pl-*),  or  ^.AP»+BP»=  AB.BO  + 
(«+  i)  OP*.  Multiply  both  by  m,  and  suppose  nv:=:m,  and 
there  ^results  w.AP»  +  ii.  BP*=».  AB.BO  +  (m+lt)OP^ 
By  repeated  application  of  this  principle^  it  may  be  de- 
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monstrated  that  i».AP*  +  11.BP*  +  p.CP*  +  q.DV\  &c. 
=  (m  +n  +p  +q,  &c.)  OP,  together  with  certain 
multiples  of  given  rectangles,  and  consequently  that 
their  point  of  concourse,  has  for  its  locus  a  circle,  whose 
centre  is  O  and  radius  OP.  But  the  property  must  like- 
wise hold,  if  all  those  multiple  squares  were  divided  by  the 
same  number,  that  is,  if  instead  of  the  squares  of  the  in^* 
fleeted  lines,  there  were  substituted  only  simile  rectilineal 
figures  constructed  upon  them. 


DEFINITION. 

A  Porimi  proposes  to  demopstrate  that  one  or  more 
things  may  be  found,  between  which  and  innumerable 
other  objects  assumed  after  some  given  law,  a  certain  spe* 
cified  relation  is  to  be  shown  to  exist. 

The  nature  of  a  porism  consists  in  affirming  the  possibility  of 
finding  such  conditions,  as  will  render  a  problem  indeterminate, 
or  ca'pable  of  innumerable  solutions. 


PROP.  XVIII.    PORISM. 

Three  points  being  given,  a  fourth  may  be  founds 
such  that  any  straight  line  drawn  through  it  shall 
have  its  distances  from  two  of  those  equal  to  its 
distance  from  the  third. 

Let  A,  B,  and  C  be  given  points,  another  point  D  may 
be  foimd,  so  that,  HDI  being  drawn  through  it,  the 
perpendiculars  AH  and  BI,  let  fall  on  the  one  side,  shall 
be  equal  to  C6  on  the  other. 
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ANALYSIS. 

Through  the  point  D,  draw  CDK,  and  ii|k>b  t|iis  let 
fidi  the  perpendicdan  AK,  BL^  and  jom  AB^  ma^ng 
ABinE. 

Sbce  CDK  passes  tbrongh  C,  its  distances  KA  and  LB 
pa  either  side^  from  the  two  remaining  points,  n^ust  evi^ 
dently  be  equal  Hence  (L 
23.  El.)  the  right-angled  tri- 
angles AEK  and  BEL  are 
eqoal,  and  consequently  the 
side  AE  is  equal  to  Dp; 
wherefore  E«  being  thus  the 
point  of  bisection,  is  given. 
Draw  the  perpendicular  EF ; 
and  it  is  evident  (IL  13.  El.) 
that2EF=?AHandBL  Now 
CG  and  EF  being  parallel, 

CD;  DE  :;  CG :  EF,  and  (V.  13.  p.)  CD  :  2DE  :: 
CG  :  fiFE,  or  AH  +  BI;  but,  by  hypothesis,  CGa 
AH  +  BI,  and  therefore  (V.  4.  El.)  CDmSDE.  Whence, 
CE  being  given,  the  point  J)  is  given. 

COMPOSITION. 

Bisect  AB  in  E,  join  CE  and  trisect  it  in  D ;  this  is  the 
point  required. 

For  let  fall  the  perpendicular  EF.  Because  CG  and 
EF  are  parallel,  CD  :  DE  ::  CG  :  EF ;  but  CD  ?=  «DE, 
and  therefore  (V.  4.  El.)  CG=s«EF,  that  is,  AH+BL 

The  porism  now  demonstrated  may  be  viewed  as  origi- 
nating in  the  solution  of  this  problem ;— To  draw^ through 
the  point  M,  a  straight  line  MM,  su9h  that  the  perpcadi- 
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cu«aT8  AH  and  Bl,  let  fall  upon  it  from  the  points  A  and 
Ji,  shall  be  together  equal  to  the  perpendicular  C6^  from 
the  point  C  on  the  other  side.  The  poiiit  D  is  found  as 
before,  and  thence  the  position  of  MDN  is  assigned.  But 
this  straight  line,  it  is  evident,  wUl  become  indeterminate 
if  the  point  M  should  happen  to  coincide  with  D  ;  on  tl^at 
supposition,  the  problem  would  admit  of  innumerable  an« 
9wers,  or  ttie  diameter  MDN  might  lie  in  every  possible 
di|:ection. 


PROP.  XIX.    PORISM. 

/ 

A  pircle  and  %  s^r^igl^t  line  being  given  in  posi<> 
tion,  a  point  may  be  found,  such  that  any  strs^ight 
line,  drawn  through  it  and  limited  by  these,  shall 
contain  a  given  rectangle. 

Xiet  the  straight  line  AB,  and  the  circle  HDF,  be  given 
in  position ;  it  is  required  to  determine  a  point  f,  which 
may  divide  any  connecting  straight  line  DFE  into  seg- 
ments containing  a  rectangle  that  will  be  given. 

ANALYSIS.  .     . 

Through  F  draw  HFG  perpendicular  to  AB.  By  hypo- 
thesis, the  rectangle  HF.F6  is  likewise  equal  to  the  given 
;pace,  and  thierefore  equal  to  Df,  F£ ;  whence  (V.  6.  £1.) 
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DT  :  HF  : :  F6  :  F£»  and  the 
triangles  DFH  and  6FE,  hav- 
ing the  vertical  angles  at.  F 
equal,  are.consequently  similar, 
and  the  angle  FDil  is  thus 
equal  to  FGE,  or  is  a  right 
angle.  Wherefore  HDF  is  a 
semicircle,  of  which  AF  is  the 
diameter;  hut  the  centre  C 
being  given,  the  perpendicular  HCG  is  thence  given,  and 
consequently  the  extremity  of  the  diameter,  or  the  point 
F.  Again,  the  points  H,  F,  and  6  being  given,  the  rect* 
angle  under  the  segments  HF  and  F6  is  given. 


COMPOSITION. 

From  the  centre  C,  let  fall  upon  AB  the  perpendicular 
HCF6,  cutting  the  circumference  in  F ;  this  point  has 
the  property,  that  any  intersecting  line  drawn  through  it 
will  contain  a  given  rectangle.  For  join  DH,  and  the  tti* 
angles  FGE  and  FDH  are  similar;  whence  FG  :  FE  : 
TD  :  FH,  and  consequently  FE.FD  =  FG.FH,  which  is 
manifestly  given. 

This  porism  also  may  be  considered  as  arising  out  of 
the  solution  of  a  simple  problem : — Through  the  poiat 
M,  to  draw  a  straight  line  DMFE,  so  that  its  segments 
DF  and  FE  shall  contain  a  given  rectangle.  The  point  F 
being  found  as  before,  DM£  is  consequentlj^  given  in  po- 
sition. But  when  the  point  M  coalesces  with  F^  the 
straight  line  DE  can  thus  have  no  determinate  positionj  or 
it  will  fulfil  the  conditions  of  the  problem  in  whatever  di- 
rection it  be  drawn. 
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PROP,  XX.     PORISM.  ^ 

A  circle  and  a  point  being  given,  another  point 
may  be  found,  such  that  straight  lines  drawn  from 
tliem  to  any  point  in  the  circumference,  shall  have 
a  ratio  which  will  be  given. 

The  point  B  may  be  founds  so  that  AC  and  BC,  inflec- 
ted to  the  given  circumference  £CF,  «hall  have  a  ratio 
which  may  be  likewise  assigned. 

ANALYSIS. 

Draw  AB,  cutting  the  circle  in  E  and  F ;  join  CE,  CF, 
and  produce  AC.  Because  £,  F  are  points  in  the  circum- 
ference, AC  :  BC  : :  AE  :  EB,  and  AC  :  BC  : :  AF  :  FB; 
wlience  (VI.  11.  cor.  El.)  CE  bisect9  the  vertical  angle 
ACB,  and  CF  the  adjacent  angle  BCD;  consequently 
the  angle  ECF,  being  the  half  of  both  of  these,  }s  a 
right  angle,  and  (III.  26.  £1) 
ECF,  a  semicircle.  Where-  - 
fore  AF,  thus  passing  through 
the  centre  O,  is  given  in  posi- 
tion. Now,  since  AF  :  FB  : : 
AE: EB,  alternately  AF :  AE:: 
FB :  EB ;  hence  EF,  being  cut 
externally  and  internally  in  the 

same  ratio,  £0  is  (VI.  7*  £1-)  a  mean  proportional  be- 
tween AO  and  BO,  or  EO*=AO.  BO.  But  AO  and  EO 
pire  given,  and  therefore  BO  and  the  point  B  are  given. 
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Again,  because  AO  :  EO  ::  £0  :  BO,  by  divisioa  and  &U 
teinatioD,  AE  :  £B  ::  EO :  BO;  that  is,  the  inflected  lines 
have  the  given  ratio  of  EO  to  BO. 

COMPOSITION. 

Draw  AF  through  the  centre  of  the  given  circle,  md 
make  AO :  EO  ::  EO  :  BO ;  B  is  the  point  required.  For 
join  CO.  Because  EO  is  equal  lo  CO,  therefore  AO :  CO :: 
CO :  BO ;  consequently  the  triangles  ACO  and  C0O; 
having  besides  the  common  angle  at  O,  are  similar,  and 
AC  :  AO  ::  BC  :  CO,  or  alternately  AC  :  BC  ::  AO  :  CO, 
that  is,  in  a  given  ratio. 

The  porism  now  demonstrated  is  evidently  derived  from 
the  local  theorem,  v^hich  forms  the  14lh  Proposition  of 
this  Book. 


PROP.  XXI.     PORISM. 

A  circle  and  a  straight  line  being  given  in  posi- 
tion^ a  point  may  be  found,  such  that  any  atrsuglit 
line  drawn  from  it  to  the  g^ven  line,  shall  be  a  mean 
proportional  between  the  segments  intercepted  by 
the  given  circumference. 

Let  the  straight  line  AB,  and  the  circle  HKF  be  given 
in  position ;  it  is  possible  to  assign  f  poin^  D,  through 
which  a  straight  line  FDC  being  drawn,  CD  shall  be  a 
mean  proportional  between  the  segments  CJ^  i^nd  CF» 
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analysis; 

From  1)  let  fall  ut)on  AB  the  perpendicular  IDG,  and 
join  CI  and  HK.  Because  CB  :  CD  ::  CD  :  CF,  CD»  = 
CE.CF=  (III.  36.  El.)  CK.CI ;  and,  since  GI  passes  through 
the  pbint  D,  GH  :  GD  :: 
OD  :  6l,  and  GD»-  GH.GI. 
But  (II.  J4.  El.)  CD*  =  CG» 
4*  GD*,  and  consequently 
Ck,CI=CG*+GtI.GI;  take 
these  away  from  CI*  =  CG»-|- 
GI%  and  there  remains  CI.KI 
=  GLHL  Whence  CI:GI. 
: :  HI  :  KI,  and  consequently 
the  triangles  CIG  and  HIK, 
having  a  common  vertical  an- 
gle, are  similar. '  Wherefore 

the  angle  HKI,  being  thus  equal  to  CGI,  stands  in  a  se- 
micircle, of  which  HI  is  the  diameter;  consequently  GI 
is  given  in  position,  and  the  points  G,  H,  and  I  being 
thence  given,  the  rectangle  undfer  GH  and  GI,  or  the* 
square  of  GD,  is  given,  and  therefore  the  point  D. 

COMPOSITION. 

Through  the  centre  O,  draw  the  perpendicular  GOI ; 
and  find  (HL  18.  EI.)  GD  a  mean  proportional  to  GH 
and  GI ;  D  is  the  point  required.  For  (V.  6.  El.)  GD*  = 
GH.GI,  and  (HI.  S9.  El.)  CE.CF  =  CG*  +  GH.GI  = 
CG*  +  GD*  sr  CD*. 


•< 


This  porism  may  be  supposed  to  derive  its  origin  from 
the  problem  : — **  Through  a  given  point  P,  in  the  diame- 
ter of  a  circle,  to  draw  a  straight  line  CLPM  to  the  •per- 
pendicular AB,  so  that  the  rectangle  under  the  segments 
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CL  aod  CM  shall  be  eqaal  to  the  square  of  GN.*'  Since 
(UI.  39.  El.)  CL.CM=CG*+GH.GIs=CG*+GD»=Ciy, 
it  follows  that  CDsGN ;  wherefore  the  point  D  being 
given^  the  point  C  is  also  given,  and  consequently  the 
straight  line  CLPM.  The  problem  is  solved,  then,  by  mak- 
ing GiyssGH.GIj  and  describing,  from  D  with  the  ra- 
dius GN,  a  circle  to  intersect  the  perpendicular  in  C.  It 
is  hence  evident,  that  C  is  independent  of  the  point  P. 
Let  CLM,  therefore,  coincide  with  CEF,  and  CE.CFs 
GN*sCD*,  But  this  property  must  likewise  obtdin^  what- 
ever be  the  position  of  the  point  C. 


PROP  XXII.    PORISM. 

A  point  being  given  in  the  diameter  of  a  given 
T^ircle,  another  point  in  the  same  extension  may  be 
found,  such  that  the  angle  contained  by  two  straight 
lines  drawn  from  it  to  the  extremities  of  a  chord 
passing  through  the  given  point,  shall  be  bisected 
by  the  diameter. 

In  the  diameter  FH  of  a  given  circle,  let  A  be  a  girea 
point  through  which  any  chord.  BAG  is  drawn;  a -point 
D  may  be  found  in  the  extension  of  the  diameter,  so  that 
DC  and  DB  being  joined,  the  angle  ADC  shall  be  equal 
to  ADB. 
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ANALYSIS. 

Join  £B,  and  draw  EO  and  BO  to  the  centre  O*  The 
triangles  £0D  and  BOD,  having  the  side  £0  equal  to 
BO^  OD  common^  and  the 
angle  ODE  equal  to  ODB, 
and  being  likewise  of  the 
same  affection^  since  the  an- 
gles DEO  and  DBO  are 
evidently  both  acute — ^are 
(I.  24.  £1.)  equals  and  con- 
sequently the  angle  E06 
is  equal  to  BOG.  Whence 
the  triangles  OEG  and  OBG 

are  (L  3.  £1.)  also  equals  and  therefore  £B  is  perpendicu- 
lar to  the  diameter  FH.  Wherefore  (VI.  9-  £1.)  FA:  AH 
::  FD  :  DH  ;  but  the  ratio  of  FA  to  AH  being  given^  and 
consequently  that  of  FD  to  DH,  the  point  D  (VI.  6.  £1.) 
is  given. 

COMPOSITION. 

Make  (VI.  3.  El.)  OA  :  OH  ::  OH  :  OD,  and  then  D  is 
the  point  required.  For  join  OC  and  OB.  Because  OH 
=  OC,  OA  :  OC  : :  OC  :  OD ;  wherefore  the  triangles 
AOC  and  COD,  having  thus  the  sides  about  their  com- 
mon angle  DOC  proportional,  are  similar ;  and  hence  the 
angle  OCA  is  equal  to  ODC.  In  the  sanie  manner,  it  is 
proved  that  the  angle  OBA  is  equal  to  ODB.  But  BOC 
being  an  isosceles  triangle,  the  angle  OCA  is  equal  to 
OBA ;  whence  the  angle  ODC  is  equal  to  ODB. 

This  porism  is  likewise  derived  from  the  local  theorem 
given  in  Prop.  14.  For  AC,  DC,  and  AB,  DB  being  in- 
flected in  the  same  ratio,  AC  :  AB  ::  DC  :  DB ;  and  con- 
sequently (VI.  11.  cor.  El.)  the  angle  BDC  ia  bisected  by 
DA. 
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PROP.  XXIII.    PORISM. 

A  point  being  given  in  the  circumference  of  a 
circle,  another  point  may  be  foundi  so  that  two 
straight  lines  inflected  from  them  to  the  opposite 
circumference,  shall  cut  off,  on  a  given  chord,  ex- 
treme segments,  whose  alternate  rectangles  shall 
have  a  given  ratio. 

Let  the  circle  ADBE^  the  point  A,  and  the  chord  DEj 
be  given  in  position,— another  point  C  may  be  fomid^ 
snch  that  straight  lines  AB  and  CB  ioflected  to  the  oppo- 
site clfcomference,  shall  form  segments  oontainmg  recU 
angles  DG,  F£,  and  J)B,  GE^  in  the  ratio  of  KML  to  LM:. 

* 

ANALYSIS. 

Join  CA,  and  produce  it  to  meet  the  extensi  on  of  the 
chord  ED  in  H. 

Because  KM  :  LM  : :  DG.  FE  :  DF.  GE,  by  division 
KL  :  LM  : :  DG.  FE—  DF.GE  :  DF.GE;  bnt  DG.FE— 
DF.GE=  (DF+FG)  (GE+FG) 
—  DF.  GE  =  FG.DE,,  and 


consequently    KL  :  LM 
FG.DE  :  DF.GE.     Make 
KL:LM::DE:DH,  th^n 
KL:LM::FG.DE:FG.DH; 

whence  FG.  DH  =  DF.  GE, 
and,  adding  DF.FG  to  both, 
FH.FGs;  DF.FE  =  (lU.  36. 
EI.)  AF.FB.    Wherefore  FH  :  FB ::  AF :  FG,  and  (VL 
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15.  EL)  ihe  triangles  AFH  and  GFB  are  similar,  and  con- 
sequently the  angle  AHF  is  equal  to  FBQ  ;  but  the  angle 
AHF  is  given,  since  the  points  A,  H,  and  D  are  given, 
and,  tberefoire,  the  chord  AC,  cutting  off  from  the  given 
circumference,  a  segment  that  contains  a  given  angle  ABC 
or  JFBG  is  given,  wd  thence  the  point  C. 

COMPOSITION- 

Produce  the  chord  ED  to  H  in  the  ratio  of  KM  to  LM, 
join  HA,  and,  at  any  point  B  in  the  circumference,  make 
the  angle  ABC  equal  to  AHF;  C  is  the  point  required. 

For,  the  triangles  AFH  and  GFB  being  evidently  simi- 
lar,  FH  :  FB  ::  AF  :  FG;  and  FH.FG=FB.AF=  DF.FE ; 
whence  FH.FG— DF.FG  =  DF.FE-DF.FG,  or  FG  x DH 
=  DFx  GE.  But  KL:  LM  ::  DE  :  DH  ::  FG  x  DE  : 
FG  X  DH,  and  therefore  KL  :  LM  ::  FG  x  DE  :  DFxGE ; 
consequently  (V.  9.  El.)  KM  :  LM::FGxDE+  DFxGE, 
orDGxFE:DFxGE. 

The  porism  now  investigated  alrises  naturally  out  of  this 
problem :—''  From  two  given  points  A  and  C,  one  of 
which  lies  in  a  given  circumference,  to  inflect  straight 
lines  AB  and  CB,  so  as  to  intercept  on  the  chord  DE  seg- 
ments that  contain  rectangles  DG,  FE  and  DF,  GE, 
which  are  in  a  given  ratio."  For,  the  point  H  being  as- 
sumed  as  before,  the  analysis  requires  that  the  angle  ABC 
should  be  made  equal  to  AHF.  Whence,  if  on  AC,  a 
segment  of  a  circle  were  described  containing  that  angle, 
its  contact  or  intersection  with  the  given  circumference* 
would  determine  the  pomt  of  inflection.  Supposing,  there- 
fore, the  two  circles  entirely  to  coincide,  the  problem 
will  in  that  case  become  indeterminate,  or  admit  of  innu- 
merable answers. 
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PROP.  XXIV.    PORISML 

Two  points  and  two  diverging  lines  being  gtren 
in  position,  straight  lines,  inflected  from  those  points 
to  one  of  the  diverging  lines,  intercept  segments,  oa 
the  other,  from  points  that  may  be  found,  and  con- 
taining a  rectangle  which  will  be  likewise  assign- 
able. 

Let  DF  and  EF  be  inflected/ from  the  poipU  D  and  E, 
to  the  dtvergiog  line  AC ;  they  will  cut  off  Kgmeots,  on 
ABt  from  potou  I  and  K  which  may  be  Ibimd^  so  itM  tbe 
reclangle  iUj  GK  sball  be  given^ 


ANALYSIS. 

Join  EI  and  EA^  DA  and  DK»  and  produce  ED  to  meet 
AC  in  P.  Since  A,  ¥,  and  P  are  so  many  points  of  inflec- 
tion, it  is  evident^  from  the  hypotbcsii^  thai  iA^AK«l&GK 
0IN.NK;  whence  1H:IA 

: :  AK  :  OK,  and,  by  divi«    ^  C 

sion,  AH :  lA  ::  AG  :  GKj^ 
and  alternately  AH  :  AG 
! :  lA  :  GK.  Through  E, 
draw  IXM  parallel  to  A9 
and  meeting  AC  and  FD 
produced;  then  (Vi.  4. 
£1.)  LE:  LM::AH:AG 
t:  lA  :  GK.  Again,  be*> 
cause  lA.AKss  iN.NK, 

IN :  I A ::  A  k :  N  K,  by  division  AN :  I A  ;:  AN :  KK  and 
sequently  lAsNK  Wherefore,  by  substitution,  LE :LM :: 
NK :  GK,  and  LE  :  EM  ; :  NK  :  GN,  or  alternately 
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LE:NK  ::  EM:GN,  that  is>  (VI.  2.  H.)  ED;DN; 
iience  (VL.  l6.  E^l*)  the  triangles  LDE  and  KDN  are  sioai- 
)ar,  and  LDK  forms  one  single  straight  line.  Join  DO. 
Since  lA  =  NK,  LE  :  lA  ::  LE  :  NK,  that  is  (VI.  %.  El.) 
EO  :  Ol  ::  ED  :  DN,  and  therefore  (VL  1.  cor.  1.  El.) 
DO  is  parallel  to  AB.  But  th«  pi&rallels  OD  and  LM  be- 
ing given  ia  position^  the  points  O  and  L^  and  thence  I 
and  K^  are  given,  and  consequently  the  rectangle  I A^  AK 
is  given* 

COMPOSITION. 

Draw  DO^  EL  parallel  to  AB  and  meeting  the  exten* 
sion  of  AC^  join  EO,  LD,  and  produce  them  to  meet  AB 
in  I  and  K  ;  these  are  the  points  required.  For  DF  and  EF 
being  inflected,  LE :  IA ::  OE :  OI ::  ED  :  DN  ::  DM :  DG 
: :  LM  :  GK,  and  alternately  LE  :  LM  : :  I A :  G£  ;  but 
LE  :  LM  ::  AH  :  HG,  and  therefore  IA  :  GK  ::  AH :  AG; 
consequently  (V.  8.  and  11.  £1.)  IA  :  IH  ::  GK :  AK^  and 
LA.AK  =  IH.GK. 

Theporism  thus  investigated  follows  from  this  problem : 
''  Two  straight  lines  AB  and  AC  being  given  in  position, 
with  the  points  I  and  K,  £  and  D,  to  find  a  point  F,  such 
that  the  inflected  lines  EF  and  DF  shall  intercept  seg- 
xneqts  IH  and  GK^  containing  a  given  space :"  For^  when 
the  points  I  and  K  have  the  position  before  assigned,  the 
construction  becomes  indeterminate. 


PRCJP.  XXV.    PORISM. 

. 

Three  diverging  lines  being  given  in  position,  a 
fourth  may  be  found,  such  that  straight  lines  can 
be  drawn  intersecting  all  these  and  divided  by 
them  iiito  proportional  segments. 


r^-^tr      ■-  rr" 


S8S 


OBOMBTBICAL  ANALTSXi, 


Let  AB,  CD,  arid  AE  be  giveo  diverging  lines,  and 
HIKL  any  transverse  line  cut  by  them  in  given  ratios ;  a 
fourth  diverging  line  FG  naav  be  found  limiting  the  seg- 
ment KL» 

ANALYSIS. 

Produce  EA  and  GF  to  meet  in  M,  through  K  and  P 
draw  NO  and  PO  parallel  to  AB  and  FG,  and  meeting  ii^ 
O,  join  CO ;  let  WVK'V  be  another  transverse  line  divid-r 
ed  into  proportional 
^pgments,  draw  P'i'O' 
parallel  to  PIO  and 
meeting  CO  in  Cy,  and 
join  O'K'  and  produce 
it  to  N'- 

Because  KO  is  pa- 
rallel to  PH,  HI :  IK 
;:  PI :  lO ;  and,  since 
the  parallels  PO  and 
P'O  are  cut  by  the 
diverging  lines  CP,  '^U 
CI,  and  CO,  PI :  10 

: :  PI' :  PO' ;  consequeatly  HT :  PK'  : :  FP  :  PO',  and 
O'N'  is  parallel  to  ON.  Again,  IK  :  KL  ::  OK  :  KN  an4 
PK' :  K'L' ::  O'K' :  K'N ' ;  wherefore  OK :  KN  ::  O'K' :  K'N'; 
and  hence  the  straight  lines  OC,  EA,  and  GF  all  con- 
verge to  the  same  point  N.  Now  CA  :  AF  : :  OK  :  KN 
::  IK  :  KL ;  whence  the  ratio  of  CA  to  AF  being  given; 
AF  and  the  point  F  are  given;  but  the  point  L  is  giveoj 
and,  therefore,  FLG  is  given  in  position,     . 

COMPOSITION. 

Make  CA  to  AF  in  the  given  ratio  of  the  segment  IK 
to  KL,  and  join  FL ;  this  is  the  diverging  line  required* 
For  draw  NK  and  PI  parallel  to  A3  and  FG,  and  meeting 
in  O,  join  CO,  and,  assuming  in  it  wother  point  O;, 
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draw  likewise  the  parallels  OK'N'  and  OI'P,  intersectiog 
AE  aad  AB  in  K'  and  I' ;  the  traasveise  line  H'l'K'I/  is 
cut  similarly  to  HIKL. 

For,  since  NO,  N'O  are  parallel  to  AB,  and  OP,  O'P' 
parallel  to  FG,  it  follows  that  HI :  IK : :  PI :  10  ::  P*!' :  I'O' 
: :  H'l'  :  I'K'.  Again,  because  CA  :  AF  : :  IK  :  KL  :: 
OK  :  KN;  whence  OC,  EA,  and  GF  converge  to  the  same 
point,  and  consequently  IK  :KL  ::  OK:KN  ::  O-K^K'N' 
t:I'K':K'L'. 

The  porism  now  demonstrated  arises  ont  of  the  indeter- 
uunate  case  of  a  celebrated  problem  : — "  Four  straight 
lines,  AB,  CD,  A£  end  F6,  being  given  in  position,  to 
draw  a  transverse  line,  HIKL, 
that  shall  be  cut  by  them  into 
segmeDta  in  a  given  pruportioD." 
Suppose  it  done;  produce  GF 
and  EA  to  meet  in  M,  draw  the 
parallels  NKO  and  PIO,  and 
join  MTO.    Because  TA  :  AF 
t:OK:KN::IKiKI.,  thera- 
tio  of-  TA  to  AF  is  given,  and 
hence  the  pointT  and  thestraight 
Ime  MO  are  given  in  position. 
Again,  PI:  10  ::  HI :  IK,  and 
therefore  the  ratio  of  PI  to  PO 
'is  given;  but  the  triangle  CPI,  .^^ 
being  evidendy  given  in  species, 

the  ratio  of  CP  to  PI  is  given  ;  whence  the  ratio  of  CP 
to  PO  is  given,  and  the  triangle  CPO  is  given  in  species. 
The  straight  lines  MO  and  CO  being,  therefore,  both  gi- 
Ven  in  position,  tbeir  intersection  O  is  given ;  consequent- 
ly the  parallels  ON  and  OP  are  given  in  position,  and 
Ihence  are  likewise  given  their  intersections  K  and  I,  and 
Ute  transverse  Ime  HIKL. 

The  construction  is  easily  derived :  lot,  having  produ- 
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eed  BA  awl  OF  to  meet  in  M,  make  FA  :  AT  ::  Z  :  Y, 
and  diaw  MTO.  Agaio,  take  any  point  Q  in  CB,  drnw 
OS  parallel  to  F6,  and  make  QR  :  RS  ::  X  :  Y,  join  CS 
and  produce  it  to  meet  MO  in  O,  and  draw  01  and  OK 
parallel  to  FG  and  AB ;  HIKL,  wbieb  passes  throogh  the 
points  of  intersection  1  and  IL,  is  the  straight  line  required. 
For  HI :  iK  ::  PI :  lO  :;  QR  :  RS  ::  X  :  Y^  and  IK  :KL 
::  OK  :  KN  :  TA  :  AF  ::  Y  :  Z. 

Now,  if  the  ratio  of  C  \  to  AF  should  be  the  same  as 
that  of  Y  to  Zj  the  point  T  will  coincide  with  C,  and  the 
straight  line  TO  with  CO.  The  problem,  therefore,  be- 
comes, in  this  case,  porismatic,  or  every  point  whatever 
in  CO  has  the  property  which  belonged  before  to  the  single 
point  O. 


DEFINITION. 

Isoperimeiricai  figures  aie  such  as  have  tqjoal  perimje* 
ters^  or  the  same  extent  of  linear  bonndaiy. 


PROP.  XXVI.    PROB. 

In  a  straight  line  given  in  positioB,  to  find  a 
point,  whose  distances  from  two  given  points  on 
the  same  side  shall  together  be  the  least  possible. 

Let  it  be  required,  from  the  points  A  and  B  lo  some 
point  in  CD,  to  draw  AG  and  BG,  forming  jointly  a 
minimum. 
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ANALYSIS. 

From  B^  either  of  th«  p(iven  points^  jet  Ml  BE  a  perpen* 
dicular  upon  CD,  and,  liavidig  pFoduced  U  €i%ually  on  the 
opposite  side,  join  GF.    It  is  abvirtHi»  thai  the  triaaglei 
BEG,  FEG  are  equal,  aac| 
consequently  that  BG:;pQF| 
whence  AG-f-GP  is  a«f»Mii- 
mwju    But  the  points  A  and 
F  are  evidently  both  gilreQ> 
and  since  (I.    18.  El.)  the 
shortest  communicatioia  be^ 
im^m  them  U  a  straigbt  IJM^, 
its  intersection  G  with  CDt^ 
given,  and  theirefore  the  in- 
flected lines  AG  and  BG  are  given  in  position. 

It  hence  appears,  that,  when  the  combined  distance  of 
the  points  A  and  B  from  the  straight  line  CD  is  the  least 
possible^  the  incident  angles  AGC  and  BGD  are  equal. 
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PROP.  XXVII.    THEOR. 


Straight  lines  drawn  front  tw6  givett  pofnfe  ttt 
the  circumference  of  a  given  circle  are  the  least  pos- 
sible, when  they  make  cfc^l  attigles  with  a  tangent 
applied  at  the  point  e£  uakfleetion.* 

Of  «£  the  sttraig^  lined  inflededr  6*0111  the  points  A  and 
Burthedrcfomfemicie  of  tha^cirob  OI>0^  ADaodBP 
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which  meet  the  tangent  EF  at  equal  angles^  foim  toge* 
ther  a  MMMNttik 

For,  by  the  last  proposition,  AD 
and  BD,  falling  at  an  equal  inci- 
dence, are  jointly  shorter  than  any 
other  lines  inflected  from  the  points 
A  and  B  to  the  straight  line  EF; 
but  (L  10*  EL)  such  lines  drawn  to 
that  tangent  are  less  than  the  exte- 
rior lines  which  terminate  in  the 
circumference;  whence,  for  both 
these  reasons  combined,  AD  and 
BD  must  form  the  mimmum  of  all  the  straight  tines  inflec* 
ted  to  the  circumference  GDH. 


JROP.XXVin.    PROB, 

To  find  a  pointy  whose  distances  from  three  gi- 
ven points  are  the  least  possible. 

Let  it  be  required,  from  the  points  A,  B,  and  C^  ta 

draw  AD,  BD,  and  CD,  such  that  their  sum  shall  be  a 

•  • 

ANALYSIS. 

If  the  distance  BD  were  supposed  to  remain  constaat^ 
thf  position  of  D,  in  the  circumference  of  a  circle  de- 
scribed from  B  with  the  radius  BD,  must,  by  the  last  pxo- 
nosition,  be  such,  when  AD  and  CD  compose  a  mnbmm, 
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that  the  angle  ADB  shall  be  equal  to  CD6.    For  the 
same  reason^  if  AD  contioued  invariable^  BD  and  CD, 
completing  the  mimmum,  must  form  with  it  equal  angles 
ABB  and.  ADC.    Whence  the 
straight  lines  AD^  BD,  and  CD 
all  make  equal  angles  about 
their  point  of  concourse. 

Hence  this  construction  : — 
Connect  the  triangle  ABC^ 
and  upon  each  of  the  sides  AC 
and   BC   describe  equilateral 

triangles,  and  again  circumscribe  these  by  circles,  which 
will  intersect  in  the  point  D.  For,  the  angles  ADC  and 
CDB,  being  the  supplements  of  angles  of  equilateral  trian- 
gles, are  each  equal  to  two  third  parts  of  two  right  angles, 
or  to  one-third  of  four  right  angles ;  consequently  three 
such  angles  will  stand  about  the  point  D. 


PROP.  XXIX.    PROB. 


In  a  straight  line  given  in  position,  to  find  a 
pointy  at  which  the  straight  lines,  drawn  to  two 
given  points  on  the  same  side,  will  contain  the 
greatest  angle. 


Let  it  be  required  to  draw  AC  and  BC,  so  that  the  angle 
ACB  shall  be  a  maximum. 
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ANALYSIS. 


Describe  a  circle  about  the  points  C^  A,  aiMf  B.  Be* 
cause  the  angle  ACB  is  greater 
than  any  other  which  has-  hs 
Tertez  in  DE>  the  circumfer- 
ence must  lie  within  that  straight 
fine,  and  therefore  DE  touches 
the  circle ;  but  (III.  SO.  El.>the 
point  of  contact  C  is  given. 

It  is  hence  erident^.  that 
GA.OB  s  GC^  and^  therefore, 
the  point  C  b  assigned. 


PBtJP.  XXX.    PROB. 

To  find  a  triangle  with  a  given  pmmeter,  and 
standing  on  a  givea  base,,  which  shall  contain  the 
greatest  area. 

Let  it  be  required  to  find  a  triangle  ABC,  constitoted 
on  the  base  AC,  and  containing,  within  a  given  perimc^ 
ter,  die  greatest  possible  suiface. 

ANALYSIS.      . 

Since  the  base  of  the  triangle  ABC  is  constanti  while 
its  area  forms  a  maximutti,  the  corresponding  altitude  most 
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evidently  be  the  greatest  possible,  and  consequently  the  Ter- 
tex  B  lies  in  a  parallel  the  remotest  from  AC.  Wherefore 
lines  inflected  from  the  points  A  and  C,  to  any  point  in 
that  parallel,  must  be  together  great- 
er than  those  drawn  to  any  other  pa- 
rallel ;  or  they  must  be  greater  than 
the  sum  of  AB  and  C  B.  Hence  those 
sides  are  conjointly  the  shortest  pos. 
ttble,.  and^  therefore, (1 11. 26.)  the  an- 
^e  ABJ)  ia  equal  to  CBE;  but  DB 
being  parallel  to  AC,  the  alternating  angles  BAC  and 
BCA  are  likewise  equal,  and  consequently  their  opposite 
sides  CB  and  AB  are  equal.  The  triangle  ABC  is  thus 
isosceles  9  and  it  is  al^  given,  for  its  sides  are  aU  gi^ea. 


Cor.  Hence  aaequilaliefa]  polygon-  is  that  which,  under 
ai  given,  numbei;  of  sides,  contains,  within  the  same  peri 
meter,  the  greatest  possible  surface  :  For  the  rest  of  the 
figure  remaining  constant,  suppose  any  two  adjacent  sides 
to  vary,  and  the  accrescent  triangle  so  fonmed  will  be  9 
nummtim,  when  those  sides,  are  equal.  The  polygon,  da- 
riving  its  expansion  from  the  a(vgr.egate  accession  of  the 
exterior  triangles,  must  thenefore  be  the  greatest  possible^ 
when  such  triangles  are  uniformly  isosceles  and  oons^' 
quently  all  the  sides  of  the  figure  are  equal; 
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.  PROP.  XXXL    THEOR. 

If  a  polygon  have  all  its  sides  given  except  one^ 
it  will  contain  the  greatest  area,  when  it  can  be 
inscribed  in  a  semicircle^  of  which  that  indetermi- 
nate side  is  the  diameter. 

Let  the  polygon  ABCDEF^  haying  given  sides  AB^  BC^ 
CD,  DE  and  EP,  stand  apon  a  base  AF,  which  is  yaiiable ; 
the  area  will  attain  its  majimum,  when  AP  becomes  the 
diameter  of  a  circumscribing  semicircle. 

For,  AD  and  FD  being  inflected  to  any  point  D^  the 
spaces  ABCD  and  DBF  will  remain  the  same,  while  the 
angle  ADF  is  enlarged,  or  the 
points  A  and  F  are  distended. 
Whence  the  polygon  must  con- 
tdn  the  greatest  area,^  when 
the  included  triangle  ADF  is  a 
maximum.  Now,  this  will  take 
place  when  the  altitude  of  the 
triangle,  or  the  perpendicular  let  fall  from  the  vertex  F 
upon  AD,  is  the  greatest  possible.  Wherefore  (I.  £2.  El.) 
ADF  is  a  right  angle,  and  consequently  (III.  26.  £1.)  the 
point  D  lies  in  a  semicircumference ;  but  the  same  reason 
applies  to  every  other  intermediate  point  B,  C,  or  E,  of 
the  polygon,  which,  consequently,  in  its  state  oi  maximum, 
is  disposed  within  a  semicircle  described  on  the  variable 
side  AF. 
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Cor»  1.  Hence  a  polygoD^  whose  sides  are  all  given^ 
contains  the  greatest  area^  when  it  can  be  inscribed  in  a 
circle.  For  let  ABCD  be  a  polygon,  which  has  each  of 
its  sides  AB,  BC^  CD«  and  AD  given.  Draw  the  diame- 
ter AF,  and  join  DF.  The  polygon  ABCDF  is  thus  a 
fnaximum  ;,bat  the  triangle  ADF  being  evidently  determi- 
nate^ the  remaining  polygon  ABCD  is  likewise  a  nuigi^ 

rnum. 

« 

Cw.  £.  Hence  a  regular  polygon  is  that  which^  with  a 
given  perimeter,  formed  by  a  given  number  of  sides,  con- 
tains the  greatest  area.  For,  by  the  corollary  to  the  last 
Proposition,  the.  sides  are  all  equal ;  but  its  angles  are 
(HI.  15.  &  ^0.  EL)  also  equal,  since  it  occupies  the  cir- 
cumference of  a  circle. 


PROP.  XXXn.    THEOR.       . 

A  circle  contains,  within  a  given  perimeter,  the 
greatest  possible  area. 

t 

From  the  preceding  investigations,  it  appears,  that,  the 
perimeter  and  number  of  sides  being  given,  the  figure  of 
greatest  capacity  is  a  regular  polygon.  Let  ABCDEF  be 
such  a  polygon,  bounded  by  the  given  perimeter :  Bisect 
the  corresponding  arcs  of  the  circumscribing  circle,  and 
another  regular  polygon  MBGCHDIEKFLA  will  arise, 
having  twice  the  number  of  sides.  Draw  the  diameter 
MI^  and  join  MD  and  OD.   Both  polygons  are  alike  com- 
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PLANE  TRIGONOMETRY. 


Trigonometry  is  the  science  of  calculating,  from 
certain  data^  the  sides  or  angles  of  a  triangle.  Its 
conclusions  are  grounded  on  the  application  of  the 
principles  of  Geometry  and  Arithmetic. 

The  sides  of  a  triangle  are  measured,  by  referring 
them  to  some  definite  portion  of  linear  extent^ 
which  is  fixed  by  convention.  The  mensuration  of 
angles  is  effected,  by  means  of  that  universal  stand- 
ard derived  from  the  partition  of  a  circuit.  Since 
angles  were  shown  to  be  proportional  to  the  inter- 
cepted arcs  of  a  circle  described  from  their  vertex, 
the. subdivision  of  the  circumference  therefore  de- 
termines their  magnitude.  A  quadrant,  or  the  fourth 
part  of  the  circumference,  as  it  corresponds  to  a 
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right  angle,  hence  forms  the  basis  of  angular  mea* 
sures.  But  these  measures  depend  on  the  relation 
of  certain  orders  of  lines  connected  with  the  circle, 
and  which  it  is  necessary  previously  to  investigate. 


DEnNrriONS. 

1.  The  ccmpUmtnt  of  an  arc  is  its  defect  from  a  qua- 
drant ;  and  its  suppkmeni  is  its  defect  from  a  semicircnm* 
ference. 

£•  The  one  of  an  arc  is  a  perpendicular  let  fall  from 
one  of  its  extremities  upon  a  diameter  passing  through 
the  other. 

8.  The  tfcfud  itne  of  an  arc  is  that  portion  of  a  diameter 
intercepted  between  its  sine  and  the  circumference. 

4.  The  tangent  of  an  arc  is  a  perpendicular  drawn  at 
one  extremity  to  a  diameter,  and  limited  by  a  diame- 
ter extending  through  the  other. 

5.  The  secant  of  an  arc  is  a  straight  line  which  joins  the- 
centre  with  the  termination  of  the  tangent. 

In  naming  the  sine,  tangenif  or  secant  of  the  complement  of  at. 
arCf  it  is  usual  to  employ  the  abbreyiated  terms  of  conned  catau" 
gentf  aad  cosecant.    A  farther  contraction  is  frequently  made,  in 
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•noting  the  raditts  and  other  lines  connected  with  the  circle^  by  re- 
taining: only  the  first  syllable  of  the  word,  or  6ven  the  mere  ini- 
tial  letter. 

Let  ACFE  be  a  circle,  having  the  diameters  AF  and 
CE***!.  nght  angles ;  having  taken 
any  arc  AB,  produce  the  radius 
OB,  and  draw  BD,  AH  pei^eii- 
dicular  to  AF,  and'BG,CI  per- 
pendicular  to  C£.  Of  this  as- 
sumed arc  AB,  the  complement  is 
BC,  and  the  supplement  BCF  ;  the 
sine  is  BD,  the  cosine  BG  or  OD, 
the  versed  sine  AD  9  the  coversed  sine 
CG,  and  tjbe  supplementary:  versed 

sine  FD ;  the  tangent  of  AB  is  AH,  and  its  cotangent  CI  ;>  and 
the  secant  of  the  same  arc  is.  OH,:  and  its  cosecant  0I« 

Several  obvious  consequences  flow  from  these  defini^^ 
tions : — 

1,  Since  the  diameter  which  bisects  an  arc  bisects  also 
the  chord  It  right  angles^  it  follows  that  half  the  chord 
o.f  any  arc  is  equal  to  the  sine  of  half  that  arc. 


2.  In  the  right  angled  triangle  ODB,  BD*+OD»=OB* ; 
and  hence  the  squares  of  the  sine  and  cosine  of  an  arc  are 
together  equal  to  the  square  of  the  radius. 

3.  The  triangle  ODB  being  evidently  similar  to  OAH, 
OD  :  DB  ::  OA  :  AH ;  that  is,  the  cosine  of  an  *rc  is  to  * 
the  sine>  as  the  radius  to  the  tangent. 
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4.  From  the  smilar  triangles  0P3  and  OAH,  01)  :0B 
::  OA  :  OH ;  wherefore  the  radius  is  a  mean  proporttCMial 
between  the  cosine  and  the  secant  of  an  ^rc. 

5.  Since  BD^s  AD.FD^  it  is  evident  that  the  sine  of  aa 
arc  is  a  mean  proportional  between  the  versed  sine  and 

■  • 

the  supplementaiy  versed  sine^  or  between  the  sum  and 
diflference  of  the  radius  and  the  cosine. 

.     •  ■      .*       •     -I 

6.  Hence  also  the  chord  of  |A  a|c  iaa  ii|^aB4>rop9]lFr 

tional  between  the  versed  une  and  the  diameter;  {6t 
AB'  s  AD.AF. 

7.  The  triangles  OAH  and  ICO  being  similar^  AH:  OA 
::  OC  :  CI ;  and  hence  the  radins  is  a  mean  proportional 
between  the  tangent  of  an  arc  and  its  cotangent 

8.  Since  OI>sBG«=:  CG.C£,  it  follows  that  the 
cosine  of  an  arc  is  a  mean  proportional  between  the  sum 
and  the  difference  of  the  radius  and  the  sine. 

The  circumference  of  the  circle  is  commonly  divided 
into  360  equal  partSj  called  degrees^  each  of  them  being 
subdivided  into  60  minutes^  and  these  again  being  each 
distinguished  into  60  seconds.  It  very  seldom  is  required 
to  carry  this  subdivision  any  farther.  Degrees^  minutes, 
seconds^  or  thirds^  are  conveniently  noted  by  these  marks. 


// 


Thus,  £3*  £7'  43''  42'",  signifies  S3  degrees,  27  minutes, 
43  seconds,  and  42  thirds. 
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SchoUim.  To  discern  more  clearly  the  connexion  of  the 
lines  derived  from  the  circle,  it  will  be  proper  to  trace  their 
successive  vahies,  while  the  coryespondipg  arc  is  supposed  to 
increase.   Let  the  arc  A^  bp  made  equal  to  AB,  draw  the 
diameter  FOA,  extend  the  diameters  6'OB  aijd  60B',  join 
BB'and  bV,  and  at  A  applf  the  double  tangent  HAH'. 
It  is  evident  that  BE  =:  te,  or  that  the  sine  of  the  arc  AB 
is  equal  to  the  sine  of  its  supplement  ABb.    But  B'E  and 
Ve,  which  lie  on  the  opposite  ^ide  of  the  diameter,  are 
likewise  equal  to  BE;  that  is, 
the  inverted  sine  of  an  arc  is 
equal  to  the  sine  of  that  ^rc  arid 

its  supplement,  augmented  each 

by  a  semlcircumference.    The 

arc  AB,  and  its  defect  ABA  F^B 

from    a    whole    circumference, 

have  both  the  same  cosine  OE; 

and  the  supplemental  arc  ABb, 

and  its  defect  from  a  whple  cir- 

I 

cumference,  have  likewise  the  same  cosine,  although  with 
an  inverted  position.  AH  is  the  tangent  not  only  of  AB, 
but  of  the  arc  ABbVb',  which  is  compounded  of  the  ori-* 
ginal  arc  and  a  semicircumference ;  and  the  equal  line 
AH^  on  the  opposite  side,  is  at  once  the  tangent  of  the 
supplementary  arc  ABA,  and  of  ABbFb'B'  compounded  of  . 
that  arc  and  a  semicircumference. 

As  tde  prolonged  diameter  6'OBH,  therefore,  turns 

^  about  the  centre,  the  sine  and  tangent  both  increase  till 

the  arc  attains  gO%  when  the  sine  becomes  equal  to  the 

xadius,  and  the  tangent  vanishes  into  unlimited  extent. 


ah^ 
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Between  90^  and  18(f  ^  the  sine  again  dimmishes,  and  the 
tangent^  re-appearing  in  the  opposite  direction,  likewise 
contracts  by  successive  diminutions.  In  the  third  qaa^ 
drantj  the  sine  emerges  with  a  contrafy  position,  and  in* 
crtases  till  it  becomes  equal  to, the  radius;  while  the  tan- 
gent, resuming  its  Brst  position,  stretches  out  till  it  va- 
nishes awayr  Between  £70^  and  360* ,  the  opposite  sine 
again  contracts^  and  the  tangent,  re«appearing  on  the 
aame  side,  shrinks  also  by  degrees  to  a  point 

The  same  phases  are  thus  repeated  at  each  succeeding 
revolution.  Hence  the  sine  of  an  arc  a  is  equal  to  the 
sine  of  the  arc  (im — i)  180^  4*^^  und  to  the  opposite  sine 
ofC^m— i)180^+a  and  of  2m.  180''— a;  and  tlie  tangent  of 
an  arc  a  is  equal  to  the  tangent  of  the  arc  (2m—i)J8if+a, 
and  to  the  opposite  tangents  of  the  arcs  (2m — 1)180* — a 
and  of  2m.  180*— a. 

An  arc  may,  by  a  simple  extension  of  analogy,  be  con- 
ceived to  comprehend  innumerable  other  arcs.  Thus,  the 
arc  AB,  in  fact,  represents  all  the  arcs  which  have  their 
origin  at  A  and  their  termination  at  B ;  it,  therefore,  in- 
cludes not  only  the  small  arc  AB,  but  that  arc  as  aug- 
mented by  successive  revolutions,  or  the  repeated  addition 
of  entire  circumferences.  Hence  the  sine  or  tangent  of 
an  arc  a  are  the  same  with  the  sine  or  tangent  of  any  arc 
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PROP.  I. :  THEOR. 

.  .  The  rectangle  under  the  radius  and  the  sine  of 
the  sum  or  difference  of  two  arcs,  is  equal  to  the 
sum  or  difference  of  the  rectangles  under  their  al- 
ternate sines  and  cosines. 


Let  A  and  B  denote  two  arcs^  of  which  A  is  the  greater; 
then,  RxS,  AdEB  =  S,AxCos,B=t:Cos,AxS,B. 

For,  having  made  BC'=BC,  it  is  evident  that  AC  and 
AC  will  represent  the  sum  and  difference  of  the  arcs  AB 
and  BC  ;  join  OB  and  CC,  and  draw  HFH'  parallel,  and 
CE,  FG,  BD,  and  H'CE  perpendicular,  to  the  radius  OA* 

The  triangles  COF  and  C'OF,  having  the  side  CO 
equal  to  CO,  OF  common,  and  the  contained  angles  FOC 
and  FOC  measured    by   the  equal  ^ 

arcs  BC  and  BC^  are  eqiTal ;  where- 
fore  OF  bisects  CC  at  right  angles. 
But  the  triangles  OBD  and  OF6 
being  similar,  OB  :  BP  ::  OF  :  FG, 
or  HE,  and  consequently  OB  X  HE 
=  BD  X  OF.  The  triangles  OBD 
and  CFH  are  likewise  similar,  for^the  right  angle  CFO 
being  equal  to  HFG,  if  HFO  be  taken  from  both,  the  xe- 
maining  angle  CFH  is  ^qual  to  OFG  or  OBD ;  whence 
OB :  bD::CF :  CH,  and  OB  X  CH=OD  X  CF.  Wherefore' 
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OB  X  HE+OB  X  CH,or  OB  X  CEsBD  X  OF4.OD  X  CF. 
Bat  BD  aad  OD  are  the  tiae  and  cosine  of  the  arc 
AB,  CF,  aod  OF  the  Hne  and  cosine  of  BC,  and  CE  is 
the  sine  of  the  componnd  arc  AC.  Conaeqaendy 
RxS,  ACsrS^AB  X  Co»,BC+Co^B  xS,BC. 

Again,  taking  the  difference  of  the  rectangles, 
OBxH'Er-OBxOrH',  that  is,  OBxCfi^>3BDxOF^ 
ODxCF»  w4  beoet  Rx6«AC  s.  S,AB  x  CkMtBC- 
Cos^xSJKX 

Cor.  1.  If  the  two  arcs  A  and  B  be  eqaa]>  it  is  obvioos 
Ifaat  RxS>2Ass  S«A  X  8Coa»A. 


Cor.  9.  Let  the  arc  A  contain  45*';  then  RxS,45^^B 
xSj45«  (Co8,B=i=S3)7  v'iR^Cos,  BsteS^),  or  S^«^ 
s(CoS|B=t=S,BVi. 


PROP.  II.    THEOR. 

The  rectangle  under  the  radius  and  the  cosine  of 
the  sum  or  difference  of  two  arcs,  is  equal  to  the 
difference  or  the  sum  of  the  rectangles  under  their 
respective  cosines  and  sines. 

ft 

Let  A  and  B  denote  two  arcs,  of  which  A  is  the  greater  ; 
then  RxCos,  A^BssCos,  A  X  Cos,  j^  =*=  S,AxS,Bi. 
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For^  in  the  preceding  figure,  the  triangles  OBD  and 
OFG  being  similar,  OB  :  OD  ::  OF  :  OG,  and  OBxOG 
cODxOF ;  and  the  triangles  OBD  and  CFH  being  like- 
wise similar^  OB  :  BD ::  CF :  FH,  or  G£,  and  consequent- 
ly OBxGE=BDxCF.  Wherefore  OB xOG-OBxGE 
c=OBxOE=ODxOF— BDxCF  ;  that  is,  RxCos,AC=: 
Cos,  ABx  Cos,  Be— S,AB  X  S,BC* 

Again,  taking  the  sum  of  those  rectangles,  OBxOG+ 
OBxGE'=OB  X  OE'=! OD  XOF -f  BD  k €F;  Whencfe 
RxCos,  AC'=Cos,  ABxCos,  BC+S,ABxS,BC. 

Car.  1.  If  A  an4-B  repriesent  two  equalarcs,  it  will  fol^ 
low,  that  R  X  Gos,2A  }^Coaji--rS^,^';.ba%:^^ 
Cos»,A  =  R»  —  S%A,  and  therefore  R  X  Co8,2A  = 
R»  —  2S*,A ;  or  SS»,  A=R  (R— Co8,2A)  =  R  X  VS,2A, 
and  S*,A  cs  JR  X  VS,2A,  or  S, A  ^  y'CiRCR— Cos,  2A)). 
Wherefore  S%A  -.-  S%B  =  iR  (VS,2A-^  VSjsB)  = 
iR(Co8,2B  — Cos,2A).  '  '        1/ 

Cor.  2.  Instead  of  A  in  the  last  corollary,  substitute 
45«+B,  and  S,45^  +  B  s=  ^  (iR  (R^^os,  90*  +^B))i5 
V^(4R(R+S,£B)  ).  But,  by  the  2d  corollary  of  the  pre- 
ceding proposition,  S,45*'+B5=(Cos,B+S,B) //| ;  Whence 
Cos,B  +  S,B  =  V(R(R+S,gB)),  Again;  S,45*'^B  = 
^  (%R  (R  —  Cos,  90**  —  2B)  )  ^  (ill  (R  —  S,2B)  )>  s 
(Cos,  B  —  S,B)  v'  i;  consequently  tJos,  B  ^.  S>B  5? 
^(R(R~S,aB)), 


r  (*       J-  :      :.  .>   ft 
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PRQP.jn.    THEOR. 

Of  three  equidifferent  arcs,  the  rectangle  under 
the  radius,  and  the  sum  or  difference  of  the  sines 
of  the  extremes,  is  e^ual  to  twice  the  rectangle  un- 
der the  cosine  or  sine  of  the  combion  difference 
and  the  sine  of  the  mean  arc. 

•  * 

Let  A — ^B,  A,  and  A+B  represent  three  arcs  increasing 
by  the  difference  B;  then  R(S,A4rB  +  S^— B)  =s 
fiCos^XS^^  and  RCS^M^— S,A=B)s2S^BxCosA 


These  properties  may  be  dedaced  Aoin  the  preceding 
theorems;  bat  they 
are  more  easily  per* 
ceived,  by  referring 
immediately  to  the 
original  Bgure.  The 
triangles  OBD  and    i 
OFG  being  similar, 
OB:BD::OF:FG, 
or  OB  :  BD  : :  20F 
:2FG,orCE+CE', 
andOB(CE+C'E';=: 
20FXBD ;  thatis,R(S,AC  +  S,ACO=  2Co8,BCxS,AB. 
Again,  OB :  OD ::  CF :  CH  ::  2CF :  2CH  or  CEr-CE',  and 
OB(CE-^E')=2CF  X  BD}  consequenUyR(S,AC— S^AC) 
s  2S^C  X  Cos,AB. 
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Car.  1.  Hence  also  R(Cps^  —  B  +  Cos, A  +  B)  = 
2Cos,B  X  Cos, A,  and  R(Cos,  A— B  — Cos^A  +  B)=: 
2S,B  X  S,A. 

For  OB  :  BfD  ::  OF  :  OG  :;  20F  :  £0G,  or  OE'+OE, 
and  OB(OE'+OE)=  20F  x  OD ;  that  is,  R(Cos,AC'  + 
Cos,  AC)  =  2Co8,BC  X  Cos,  AB.  Again,  OB  :  BD  :: 
CF  :  FH  ::  2CF  :  2FH,  or  OE'— OE,  and  OB(OE'— OE) 
=  2CF  X  BD ;  that  is,  R  (Cos,AC'  ~  Co8,AC)  c 
2S,BC  XS,AB. 


Cor.2.  Since  VS,B=R— Cos,B,  it  follows  that  R(S,A+B 
+S,A  — B)  =  2RxS,A  —  2VS,B  x  S,A,  and  consequently 
RxS;a+B==2RxS,A--RxS,T^^  — 2VS,BxS,A,  or 
B(S,A+b:-S,A)  =  R(S,A-  S,  A=^—  2VS,Bx  S,  A.  In 
the  same  way,  it  is  shown  that  R(Cos,A  —  B — Cos,  A)  = 
R(Co8,A— Cos,  A+  B)+2VS,B  x  Cos,A. 

Cor.  3*  If  the  mean  arc  contain  60* ;  then  R(S,tk)®+B 
— S,(j0^— B)=2S,B X Cos,60%  or  S,B X  2S,30».  But  twice 
the  sine  of  30^  being  (cor.  1.  defin.)  equal  to  the  chord  of 
60"*  or  the  radius,  it  is  evident  that  8,60"*+  B— 8,00*"— B 
=S,B,  or  S,60^+B=8,60^~B+S,B. 


This  property  also  follows  from  Prop.  14.  Book  IV.  of 
the  Elements. 


Cor.  4.  Let  the  mean  arc  be  45** ;  then  It(S,45°4*B— > 
S,46*— B)5S2S,B X Co8,46'=2S,B  -/iR*.  Wherefore,frojn 
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the  f  d  coroUitiy  to  the  last  proposiliooj  SS3  ^  =5 
i/(iR(R  +  S>«B)  )  —  •  (|R  (R  —  S,2B)  ),  and  conse- 
qucnUy  2S,B  =  •  (  R(R  +  S,«B))  -  ^(R(  —  S,eB.)) 

Car.  5.  Prodace  CE  to  the  circumference^  draw  CI 
meeting  the  production  of  FG  in  K^  and  join  OK.  Since 
FK  is  parallel  to  CI  and  bisecU  CO,  it  likewise  bisects 
IC;  and  hence  OK  is  perpendicular  to  KO,  which  isf^ 
therefore^  the  sine  of  half  the  arc  I  AC%  or  of  half  the  som 
of  the  arcs  AC  and  AC^,  as  CF  is  the  sine  of  half  their 
difference.  Bat  (IL29.EI.)  IC**— CC'»=:ICx2C'E'.  or 
OK*  —  CP  =  CEx  CE' ;  consequently  S»^B— S%BC  = 
S^AC  x'S>AC%  or^  employing  the  general  notation, 
8%-S«3=rS,A +Fx  Sr-AB=U.cor.i)i  Jl(CdMB-Cos,aA.> 

«  « 

SekoSmn.  By  help  of  this  proposition,  die  smes  and  co-sines 
pf  multiple  arcs  are  easily  determined;  but  the  expressions 
for  Uiem  will  become  simpler,  if  the  radiqs  be  supposed 
equal  to  unit  For  A.^A,  and  3A  being  three  equidiffe* 
rent  arcs,  S,  4.  +  S,3  A  s?  aCos,  A  x  S,  2A  =  «Cofl^  A  X 
fiCos,  Ax  S,  A,  or  S,  sA  =  4  Cob^.A  x^A— S^;  and 
Caa,A<fCo8,3A=2Co8,A  x  Cos,iA  =s  «Co8,A(2Co6*,A— i) 
s:  4Coi,»A  —  «Cos,A,  or  Coe,  9  A  =s  4Cos»,  A— 3Co8,  A. 
Again,  since  SA,  SA,  and  4A  are  equidifferent  arcs, 
S,2A  +  S.  4A  =  eCos,  A  y  S,3A  =  8Co8»,A  x  S,A— 
«Co8W^XS,  Aor  S,4Ass8Co«»,  A  X  S,A— 4Co8,A  xS,A ; 


Cos,  2A  ^+  Cos,  4A  =  2C08,  A  X  Co«,  3 A  =s 
fiCps^A  (4Co.«, A-  SCos^A)  =  ^Cos*,  A~8Co8»^  +  ^, 
In  like  manner,  assuming  the  equidifferent  arcs  SA.  4A« 
5 A,  and  the  sine  and  cosine  of  5A  are  found;  and  this  mode 
of  procedure  may  be  continually  repeated.  To  abridge  the 
notation,  however,  it  will  be  proper  to  exp][f§^  the  ^ne  and 
cosine  of  the  arc  a  by  s  and  c.  The  resnlta  are  thus  exhi« 
bited  in  a  tabular  form. 


8,2a  :s  9cs. 

SfSasz  ^8  —  f • 

Sy  4a  =  Sch  -7  4?c*. 

S,  5a  =  16c**  — 12^**  4.*. 

S,  6a  =  82c*«  —  32  ch  +  6ct. 

S,  7a  =r  Q^s^  SO&^s  +  24c»*  —  s. 

&c*  &c.  &c.  * 


Cos,  2a  =:  2^  —  i; 
Cos,  3a  ==  4€'  ^  Sc* 

Cos,  4a  =:  8c«  — .  8c*  4-  i-, 
Cos,  6a  =  16c^-*.20b3  +  8e. 
Co8|  6a  s  92c<s  .-^Sc*  +  18c*  —  i. 

&C.  &€•  &C. 
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If  ID  these  expressions^  i  — «*  be  substitated  for  c*^  the 
nnes  of  tbe  odd  mulUples  a,  and  the  cosines  of  the  even 
naltiples  will  be  represented  merely  by  the  powers  of  tbo 
sine  of  a. 

S,BazzS$  —909)  +  IW. 
S,  7a  =  7«  —  56i>  +  112f<  —  64t^ 

&c.  5cc.  &c. 

Cot,  2»  =  — 2<*  -I-  I. 

Cos,  4a  =  +  ^  — ^  +  I* 

Cos,6a  =  — S2f^  +  48«'  — 18f*  +  u 

&c.  &c.  i&c. 

By  tracing  out  the  law  of  derintioo^  it  would  appear  that, 
in  general, 

2.3       ^       2^        4.5 

!•*— I     II* — o     n* — 2K  ,    .     ^ 

2.$        4.5         6.7    ^ 

where  n  is  any  odd  number ;  and  that 


Cos,fMi  =  dt  S     *"  3=  ii.2^'«*^dbn 


'       2 

a  3 

where  n  is  any  even  number,  the  upper  signs  bebg  used  when  half 
the  number  also  is  eveui  and  the  lower  signs  when  that  half  is 
odd. 
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PROP.  IV.    THEOR. 

The  sum  of  the  sines  of  two  arcs  is  to  their 
difference^  as  the  tangent  of  half  the  sum  of  the 
arcs  to  the  tangent  of  half  the  difference. 


If  A  and  B  denote  two  arcs;  the  S,A  +  S,B  :  S,  A  —  S,B 
J^+B        Al-B, 

For^  let  AC  and  AC'  be  the  sum  and  difference  of  the  arcs 
AB  and  BC^  or  BC^;  draw  the  perpendiculars  CE^andCE'^ 
extend  the  chord  CC*,  and 
Jipply  at  B  the  parallel  tan- 
gent HBL^  meeting  in  K 
and  L the  diameter  produ- 
ced, and  draw  OCH,OPB 
and  O'C'H'.  Because  CE 
is  parallel  to^C'E',  and  CK 
toHL,CE:C'ES:CK:C'K 
(VI.  2.  El.)  HL  :  H'L ;  and  consequently  CE  +  C'B' : 
CE— C'eI  :  :HL+H'L:  HL-HL',  that  is,2BL :  2BH,or 
BL :  BH.  But  CE  and  C'E'  are  the  sines  of  the  arcs  AC 
and  AC/ and  BL  and  BH  are  the  tangents  of  AB  and  BC 
or  of  half  the  sum  and  half  the  difference  of  those  arcs 

Wherefore  S, AC  +  S,  AC' ;  S,  AC  —  S, AC' : :  T,J^£±^' 

Si 


JC'.V. 


K  X, 


AC— AC*. 


-:r. 
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Cor.  1.  The  sines  of  the  snm  and  difference  of  two  arcs 
are  proportional  to  the  snm  and  difference  of  their  tan- 
gents. For  CE  :  CfEf : :  HL«  or  BL  +  BH  :  H%  or 
BL  — -  BH;  that  is^  resuming  the  general  notation, 
S,AT^  s  SA^^2sT,A  +  T,B:T,A  — T,B. 

Cor.  8.  Let  the  greater  arc  be  equal  to  a  quadrant;  and 

R  +  SjBjR  —  S,B  :  :  T,45*'  +  4B  :  T^5«— iB,  or 
Cot.  45^  +  iB.  But,  the  radius  being  a  mean  propor- 
tional between  the  tangent  and  cotangent  of  any  arc, 
it  follows  that  •(R(R  +  S,B)  )  :  ^  (R(R— S,B)):  : 
R  :  Ty46*--iB;  or,  since  (cor.  7«  def.)  the  cosine  of  an  arc 
is  a  mean  proportional  between  the  sum  and  the  diffe- 
rence of  the  radius  and  the  sine,  R  -)•  S,  B :  Cos^  B : : 
RrT^iS'^B,  and  R— S3 :  Cos,  B,  or  Cos,  B :  R  +  S,B 
: :  R:  T.  45*  +  iB.  But  Cos,B  ;  S,B;;R;  T,  B,  and 
Cos,B:R::R:  Sec,  Bi  whence T,45«  +  \B  ==  T,B  + 
Sec,  B. 

If,  instead  of  B,  there  be  substituted  its  complement, 
the  former  analogy  will  become  R-|«Cos,B  :  S,B ::  R  :T,iB. 

CcjT^  S.  Let  the  greater  arc  be  45* ;  and,  from  the  fii»t 
corollary,  S^6°  +  B :  S,45'  —  B,  or  Cog,  45°+  B  : : 
R+T,B  :.K— T,B.  But  Co8,B :  S3  «  R :  T,B,  and  there- 
fore Co6,B  +  S,B  :  Co8,B— S,B ::  R  +  T,B :  R  +  T,B  ; 
whence,  applying  cor.  2,  Prop.  II.  j/  (R(R  +  S,  SB)  ) 
:  v' (R  (R  —  S,  2B)) : :  R  +  T,B  :  R  — T.B.       

Again,  because  Co8,4d*— B :  S,45»— B  ;;R  ;  T,45° — B, 
it  follows  that,  R  +  T^ :  R — T,B  : :  R :  T,  45'— B, 


13 


y^ 
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PROP.V.    THEOR. 

As  the  difference  or  sum  of  the  square  of  the 
radius  and  the  rectangle  under  the  tangents  of  two 
arcs,  is  to  the  square  of  the  radius, — so  is  the  sum 
or  difference  of  their  tangents,  to  the  tangent  of  the 

* 

sum  or  difference  of  the  arcs. 

Let  A  and  B  denote  two  arcs^  of  which  A  is  the  greater; 


then  R»  =?=  T,A  X  T,B  :  R» : :  T^  =»=  T,B :  T,A  dfc  B. 
For  (3  cor.  def.  T.)  R :  T,A ::  Cos,  A :  S, A,  and  R  :T,B 
Cos,B  :  S,B;  whence  (V.  21.  El.)  R*:  T,AxT,B  :: 
Cos,  A  X  Cos,B  :  S,A  x  SA  and  (V.  8.  and  11.  El.) 
R»  =?=T,AxT,B  :  R» : :  Cos,  A  X  Co8,B=f:S,A  x  S,B  : 


Cos,A  X  Cos,B,  thatis,R»=t:T,  A  xT,B:R* ::  R  x  Cos,A=l=B: 
Cos,  A  X  Cos,B.  Bnt(3  cor.def .  T,)  Cos,  aSB  x T, A^Bss 
R  X  S,AdbB,  and  Cos, A  x  Cos,B  (T,A  da  TJ3f  =s 
Cos, A  X  T,A  X  Cos,  B  ?l=  Cos,  A  x  Cos,B  x  T,R  = 
R  X  S,A  X  Cos,B=fcR  X  Cos,  A  x  S,B=s  (Prop.  1^  T.) 


R»xS,A=i=B;  wherefore  (V.  3.  El.)  R  x  Cos,A=tB: 
<ios,  A  X  Cos,B  : :  T,A  =t:  T,B  :  T,A"S^,  and  conse- 


quently R»  =1=  T,AxT,B  :  R» !; T,A  =fc  T,B  :  T,A=t=B. 


2  o 


4lfe 
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Oiherwite  ihm: 
Lei  AB  and  BC^  dt  Wff,  be  twb  %itB,  of  which  AB  is 
the  greater;    make  AD^  or  AD', 
•qtel  to  BC^  «ad«)pply  the  lespec- 
life  tangeati.    Becaifte  OAC  •§  a 
tfjgki  f^lediria^glcw  and  OG^OF^ 
mft  draipiip  naki^g  cqwd  angles 
with  OA  and  OE,  it  follows,  from 
cor.  £.  prop*  2B,  Book  VL  of  the 
Elements,  thatOA^.  AE  x  AG :  OA^ 
:  B(7  :  AP,   and   consequently 
R>>T,AB  XT,BC;R*;;T,AB+T,BC; 
T,AB^bC.  Again,  shice06,0F 
malce  eqnal  angles  with  O A,OE,  it  ia 
evident,  from   cor.  1.    to   Ibe   same  proposition,   that 
OA»  +  AEx AG  :  t)A*  :  :  ElQ  •.  XP ,   .and    \icnce 
K»  +  T,AB  X  T,BC :  R»: :  T,  AB-T,BC  :t;S^a 

Car.  1.  IM  the  two  arcs  be  ^iml ;  send  1^—1^,  A :  R^ 
::flfr,A:T,2A. 

Cor^  fi.  Let  the  greater  arc  contain  45^;  and  sincfe 
T',45*  =  R,  U  IbUows  that  R*=t=RxT,B  :  R»  ; :  R  =fc:T,B 
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:T,45*=i=B,  orR::|=T,B:Rafc:T,B::R:  T,'45*=fcB. 
Car.  3.  The  radius  being  expressed  by  unit,  the  sum  of 
the  tangents  of  the  angles  of  any  triangle,  is  equal  to  the 
numbejT  arising  from  their  continued  product*     For,  let 
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h,  Bj  and  C^  denote  the  several  angles  of  the  triangle ; 
and  since  two  of  tbesej  such  «a  A  aod  B^  are  supplemen* 
taiy  to  the  remaining  one  C^  the  tangent  of  A-fB  is  the 
same  (schol.  def.  T.)  as  that  of  the  third  angle  iaan  oppo- 
site direction.     Whence  'i!^^!'^^^  »  —  TA    and 

T^+T,B=— T,C  +  T,A.T,B.T,C,  or T^+T,B+T,C.  sa 
T^XB.T,C. 


Scholium.  Assuming  the  radius  equal  to  unit^  expressions 
«re  hence  easily  derived  for  the  tangents  of  multiple  arcs* 
Let  t  denote  the  tangent  of  an  arc  a ;  then  t — C :  x  : : 

8/:T,2a  =:  -?L  and  i^t.JLn  ::t+JL^  :  T,  Sa  ss 


i—t* 


I— ^ 


I— <• 


^ 7*  In  like  manner,  it  will  be  found  that. 

&c.  &c«  Slc* 
It  may  be  theoce  iiiferr<d|  that 


nt""^* 


'fi  +  n. 


Tinas:- 


^         3        4         g 


l*«*4l« 
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PROP.  VI.   THEOR. 

« 

The  supplemental  chord  of  half  anarc^  is  a  mean 
proportional  between  the  radius,  and  the  sum  of 
the  diameter  and  the  supplemeotal  chord  of  the 
whole  arc. 

This  properly,  which  is  only  a  modification  of  cor.  1. 
Prop.  2,  will  admit  of  a  more  direct  demonstration.    For 
draw  the  chord  AB,  the  semlchords  A£  and  BE,  and  the 
supplemental  chords 
CB  and  C£,  and  the 
radios  OE.    The  iso- 
sceles triangles  ABB 
and  COE  are  similar, 
for  the  angles  OC  B  and 
EAB  at  the  base  stand 

^on  equal  arcs  AB  and 

BB  ;  consequently  AB  :  AB :  :  CO  :  CE.    But,  ACBE 

being  a  quadrilateral  figure  contained  in  a  circle,  CEABss 

^AE-CB  +  BB.CA  =  AB  (CA  +  CB),    or    AB  :  AB 

*::  CB :  CA  +  CB  ;  wherefore  CO  :  CE ::  CE:  CA+  CB, 

orCB'sCA/^^+^°) 

Cor.  1.  Heuce,  in  small  arcs,  the  ratio  of  the  sine  to  the 
arc  approaches  that  of  equality.    For,  lei  the  semiarcs  AE 


■iki 
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and  £B  be  again  bisected  in  F,  and  G ;  and,  continuing 
their  subdivision  indefinitely,  let  the  successive  interme- 

^  diate  chords  be  drawn.  The  ratio  of  the  sine  BD  to  the 
arc  AB  may  be  viewed  as  compounded  of  the  ratio  of  BD 
to  the  chord  AB,  of  that  of  AB  to  the  two  chords  A£  and 
EB,  of  that  of  AE  and  EB  to  the  four  chords  AF,FE,EG, 
and  GB,  and  so  forth.  But  these  ratios,  it  has  been  shown, 
are  the  same  resp'ectively  as  those  of  the  supplemental 
chords  CB,CE,CF,  &c.  to  the  diameter  CA.  And  since 
each  of  the  ratios  CB :  CA,  CE :  CA,  CF :  CA,  &c.  ap- 
proaches to  equality^  it  is  evident  that  their  compounded 
ratio,  or  that  of  the  sine  to  its  corresponding  arc,  must 
also  approach  to  equality. 

Cor.  2.  Hence  the  ratio  of  the  sine  BD  to  the  arc  AB 
is  expressed  numerically,  by  the  ratio  of  the  continued 
product  of  the  series  of  supplemental  chords  CB,CE,CF, 
&c«  to  the  relative  continued  power  of  the  diameter  CA, 
That  ratio  may,  therefore,  be  determined  to  any  degree 
of  exactness,  by  the  repeated  applicatiop  of  the  proposi- 
tion in  computing  those  derivative  chords.  But  a  very 
convenient  itpproximation  is  more  readily  assigned.  Make 
CD  to  CI  as  CB  to  CA,  CI  to  CK  as  CE  to  CA,  CK 

.  to  CL  as  CF  to  CA,  and  so  forth,  stretching  always  to- 
wards the  limit  Z;  then  the  ratio  of  CD  to  CZ,  be- 
ing  compounded  of  these  ratios,  must  express  the  ratio 
of  the  sine  BD  to  its  corresponding  arc  AB.  Kow 
CD :  CB ::  CB :  CA; conaequjently  CB=CI,  and  CD :  CI;: 
CI  :  lA^  or   the  point  I  nearly  bisects   PA*     Agaio^ 


j-^/y,-'  -i?  .^ .  .__g 


^ 
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CP  s  CA  (  2^±£^),iiiidlherrforeCEdiffenfromCA, 

bj  on}j  tbe  fovrlh  part  of  the  difference  between  CB  and 
CUL  These  differences  being  small  in  comparison  ctf  the 
qoanlilies  themsehes,  the  series  of  supplemental  chords 
may  he  considered  as  forming  a  regular  progression^  each 
•occeeding  term  of  which  approaches  four  times  nearer 
to  the  length  of  the  diameter.  Wherefore  IK  =  iDI, 
KL  s  UK,  and  so  cootinnallj.  Bat  (V.  SO.  £L>  as  the 
di£ference  between  the  first  and  second  term,  is  to  the 
firsC  so  is  the  difference  between  the  first  and  last  term ,  or 
DI  itself,  to  the  sum  of  all  the  terms^  or  the  extreme  limit 
DZ;  that  is,  4 :  S ::  DI :  DZ ;  and  consequently  DZsf DA. 
The  ratio  of  the  sine  BD  to  the  arc  AB  is^  tberefiire^ 
nearly  that  of  CD  to  CD  -|-  }  DA,  or  of  SCD  to 
CD+fiCA. 

This  approximation  may  be  difierentlymodV&ed.  Since 
3CD  x:  eOA~3DA,  and  CD  +  «AC=60A— DA,  it  foU 
lows  that  the  BD  is  to  AB  as  60A— SDA  to  60 A  -*  DA. 
But  this  ratio,  which  apinroaches  to  equality,  will  not  be 
sensibly  affected,  by  annexing  or  taking  away  equal  small 
difierenoes.  Whence  the  sine  is  to  the  arc,  as  60A^DA 
to  60A'-4DA,  or  30D  to  OA  +  «0D.  But  OD  is  to  OA, 
as  the  aine  of  AB  is  to  its  tangent ;  and  consequently  the 
triple  of  that  arc  is  equal  to  its  tangent  together  with 
twice  its  sine. 

Agaia^  both  terms  of  the  ratio  increased  by  the  mi- 
nute differenoe  DA,  become  6DA-^2DA  and  60A;  where* 
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f«>r«  RD  «  to  AR  aa  3Q  A-^PA  to  90A>  cf  ^  aQC + OP 
to  30C*  Beoce,  if  CP 
be  made  equal  to  the  ra- 
dius CO^  and  PBH  drawn 
to  meet  the  tangen^^f-the 
arp  AB  ¥Hl  be  nearly 
«qttal  tOk  the  ii^evceptoit  portk»  AH.    Foi  9B  :  AH : 

PP;PA^cvr  9QC  +  OD :  SQCi  *^*t  »9^^  *e  si<i^  BDi^ 
to  its  arc  AB; 


Another  approximation^  of  much  higher  importance^ 
may  be  hence  derived ;  for  PD :  PA  : :  BD :  AH,  or  as  the 
sine  to  i«  «ic  v/^Hg^  Bm  (Y,  5.  IS}.)  fj>  y  CD  is  to 
PAx  CD  in  the  same  ratio,  and  PAxCD  =  PDxCD+ 
ADxCD^»  (III.  36.  eon.  l.>  PDxCD  4-  BD^;  whence 
PDXCD  is  to  PBxCD  +  BD^  as  the  sine  to  its 
arc  nearly.  .  If  the  are  be  small,  it  is  evident  that 
OD  will  be  very  nearly  equal  te  AO,  and  consequent- 
ly PD  may  be  assumed  equal  t#  SAO  and   CD  equal 

to  2A0.    Wherefore  6A(y  ;  6A0»  +  BD*  :  :  BD :  AB 

nearly;  or,  the  radius  being  unit,  and  a  and  s  denoting  a 

small  arc  and  ^tgsiae,  6 :  Q+$* : :  s :  ^i  and  hence  a=s  -|-  - 

o 

nearly.  But  since  a  and  s  are  very  small,  a>  will  approach 
extremely  near  toa^,  and  it  may,  therefoiie,  be  infevrecl  con- 
versely that  szz  a  —  —. 

A  convenient  fipproxim^^tieH  for  %\^  versed  spic^  ^  aa 
arc  is  easily  derived  frcvu  the  foodiuiiieqt^l  property  ol  the 
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lines  themselves;  for  SAO, AD  =  AB*  s  BD*  4.  AD%  or 

employing  v  to  denote  the  versed  sine,  ^vsrs*  +  x^,  and 

r=  -^-f -^Ifj  therefore,  the  arc  he  small,  it  may  be  snf- 

s* 

.    ficiently  near  to  assume  'Ozsl—\  hut  should  greater  acca- 

racy  he  required,  suhstitute  this  value  of  v  in  the  seccMid 

term  of  the  complete  expression,  and  «s:-L  -f  Jl,  which 

8      ft 
will  form  a  vtrj  close  approximation. 


Calculation  of  the  Trigonometrical  JUnei. 

The  preceding  theorems  contain  all  the  prmcipie^  re- 
quired in  constructing  Tiigonometrical  Tables.  The 
radius  heing  denoted  by  unit,  the  .several  lines  connected 
with  the  circle  are  referred  to  that  standard,  and  are  gene- 
rally computed  to  seven  decimal  places. 

The  first  object  is  to  compute  the  Sines  for  eveiy  arc 
of  the  quadrant. 

Since  the  semicircumference  of  a  circle  whose  radius  is 
unit  was  found,  by  the  scholium  to  Prop.  38.  Book  VI.  of 
the  Elements,  to  be  S.14159£6,  the  length  of  the  arc  of 
one  minute  is  .0002909^  which,  in  so  small  an  arc,  may  be 
assumed  as  equal  to  the  sine,  and  consequently  the  versed 
sine  of  a  minute  s=  ^(.0002909)'  =  .000,000,042,508. 
Whence,  by  cor.  fid.  to  Prop.  8d.  S,A  4-  l'  ==  2S,A  — 
tS,A  X  .000,000,042,3i)8— S,A— r ;  and  therefore,  by  a 
series  of  repeated  operations,  the  intermediate  arc  being 
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successively  l',  2^  S',  4*,  &c.  the  sines  of  2',  3',  4',  5',  &c.  ia 
their  order  wiU  be  calculated. 

The  numbers  thus  obtained  yrill  at  first  scarcely  differ 
from  an  uniform  progression,  the  versed  sine  of  1%  which 
forms  the  multiplier  of  deviation,  being  .so  extremely 
small.  It  is  hence  superfluous  to  compute  rigidly  all  those 
minute  variations.  The  labour  may  be  greatly  shortened^ 
by  calculating  the  sines  for  each  degree  only,  and  em- 
ploying some  abridged  process  for  filling  up  the  sines,  cor* 
responding  to  the  subdivision  in  minutes. 

The  arc  of  one  degree  being  equal  to  .01745339  it  fol- 
lows from  the  scholium  to  Prop.  6.,  that  the  sine  of 
I*'  =  .0174533— J  (.0174533)*  =  .0174524,  and  hence  the 
versed  sine  of  l^=f (.01 74524)*  =.0001523.  Wherefore 
S,A+1*  =  2S,A  —  2S,A  X  .0001523  — S,A^l*> ;  or,  ij 
from  twice  the  sine  of  an  arc  diminished  by  its  6566i^^part  the 
sine  of  an  arc  one  degree  lower  he  subtracted,  the  remainder 
tmli  exhibit  the  sine  of  an  arc,  which  is  one  degree^  higher , 

S,2^=2S,1*— 2S,1*  X  .0O01523=.0349048— .0000053 
=.0348995 

S,3^=2S,2^— 2S,2°  X  .0001523— S,l^=. 0697990— .000010(5— 
.0174524  =  .0523360.^ 

8,4^=28,3*^—28,3**  X  .0001 523— 8,2**=.  1046720— .OOOOI6O— 
.0348995  =  .0697565. 

After  this  manner,  the  sines  fdr  each  degree  is  computed 
in  succession. 

But  the  sines  may  be  found,  independently  of  the  pre- 
vious quadrature  of  the  circle.  Assuming  an  arc  whose 
chord  is  already  known,  it  is  easy,  from  prop,  to  determine^ 
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Ae  raccessive  chords  and  aapplementai  cborcls 
tiaued  bisection.    Let  that  are  be  60^ }  ita  choid  k  eq«9] 
to  the  radius,  and  (IV.  fltX  cof.  SL)  its  sopplemmtal  diord 
S4/te:K79iOSQe076*     Vt^eaee  the  fl»pple«te»tal  cW^rd 
of  dCfs^(«4-l*7S90508076)3s].tfdl^jl6Hb5.     la  ihU 
vay,  by  oontinoed  eztractioDs,  the  8iim>lenieaUil  ebords  «>C 
15%  7^  so/  S*  45',  aiNl  1*  b%\  are  snccesttYelj  ocwopvted^ 
the  last  ooe  being  equal  to  XjmiS&VlSS.    Again  tbe 
chords  themseWes  are  deduced  by  a  series  of  aasio^Wi 
for  1.9318516525  :  I  ::  1  :^1969aQ(XX)4  37  ehcua  oC  15% 
and  so  repeatedly,  till  the  chord  of  1^  52'i,  which  is 
J0M72S46SS.    Hooce,  Uking  the  halves  of  those  num- 
bers, the  sine  of  56;^  9  .016S617317  and  the  eosino  €if 
56  i  B  .ggg866ld79i  and  therefore  (cor-  S.  defin.)  the  tfui^ 
gent  of  that  arc  is  .01636302 15 ;  CQBseqoenlly  the  arc  itself 
|(e  X  .0163617317  +  J016S63991S)  3  .O^^a6»40^6^  and 
thence  the  length  of  the  arc  of  amkinteis  JQQ0>«QOJ3aaeQfi6« 
Wherefore  the  sine  of  I's.OOOeOOBBBft— i(.QQ099OB8M)^ 
sr  .00029088826046,  and  the  versed  sine  of  \'  m 

i(.00029088826046)"  =  .000,000,042308. 
Employing  these  data,  therefore, 

S,2  =2S,l'— 2S,1'X  .000,000,042308=.00O,581,T76,aWS  I 
S,3'=«2S,2 -2S,2  X  .000.000,042S08-^l'i«p.aOO*Sr2,6«4,5Ut ; 
and  so  forth. 

But  it  is  veiy  seldom  requisite  to  push  the  estimation  to 
such  extreme  nicety.  The  sines  being  calculated  for 
each  degree  as  before,  those  corresponding  to  the  subdi* 
vision  in  minutes,  may  be  found  by  a  moro  expeditious 
method*     If  the  sines  increased  uniforinly,  the  sine  of 
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A*  +  n   would   exceed  that   of   A    by   the    quantity 


n 


120  (SiA+ 1^--S,A— 1»)  =2  B.    But  the  rate  of  augmcfa- 

tation^  being  continually  retarded,  occasions  a  defect 
equal  to  «•  X  S,A  X  .000,000,0*2308  s  C,  Again,  since 
this  retardation  itself  gradually  relaxes,  it  requires  a  small 
compensation,  which  may  be  estimated  at  (60  —  n)Bx 
•0000013  =  D.  The  sine  of  A**  +  n  is  then  very 
nearly  =  S,A  +  B  —  C  +  D.  Thus,  the  sines  of  31% 
32%  and  33*^  being  respectively  ,5150381,  .5299193,  and 
.5446390,  let  it  be  required  to  find  the  sine  of  32^  40^ 

'HereB  =  l^  (S,$r  —  S,S1^)  c:  XW98670,  C  =  1600  X 

S,5ft**  X  .0000000423  ;=:  .0000359,  and  D=20  X  .0098670 
X  .0000013  =  .0000003.  Whence  S,S2*^^40'=  .52991 93+ 
.0098670—6000859  +  .OOOOOOS  r=  .5307507. 

After  the  sines  are  calcalated  up  to  60%  the  rest  are  de- 
duced from  cor.  3.  Prop.  3.  by  simple  addition.  Thus, 
8,61**  =  S,o9*  +  S,l*»  =  .8571673  +  40l74524=.8746l97. 

The  VERSED  SINES  and  supplementary  versed  sines  are 
only  the  difference  and  sum  of  the  radius  and  the  sines. 


The  Tangents  are  easily  derived  from  the  sines,  by 
help  of  the  analogy  given  in  the  3d  corollary  to  the  defi- 
nitions. Thus,  Cos,  320  :  8,32** : :  R  :  T,SS%  or,  .8480481 ; 
.5299193  : !  1 :  .6^48694^  =  T,32*.  Beyond  45%  the  cal- 
culation is  simplified,  the  radius  being  (cor.  7.  defin.)  a 
mean  proportional  between  the  tangent  and  cotangent,  os 
the  cotangent  is  the  reciprocal  of  the  tangent. 
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The  Secants  are  deduced  by  cor.  4*  to  the  defiaitions, 
aiDce  they  are  the  redprocals  of  the  cosines. 

« 

From  the  lower  tangents  and  secants^  the  tangents  of 
arcs  that  exceed  45^  are  most  easily  derived ;  for  (cor.  2, 
Prop.  4.  T.)  T,45^+a  =5  Sec,2a  +  T,2a,  Thus,  T^4ff*  = 
Sec,2*+T,2*,  or  1.0355303  =;l.O00609i^+. 0349208. 


PROP.Vn.    THEOR. 


In  a  right  angled  triangle,  the  radius  is  to  tiie 
sine  of  an  oblique  angle,  as  the  h/potenuse'to  the 
opposite  side. 

Let  the  triangle  ABC  be  right-angled  at  B ;  then 
B  :  S,CAB ::  AC  :  CB. 

For  assume  AR  equal  to  the  given  radius^  describe  the 
arc  RD,  and  draw  the  perpen- 
dicular RS.       The    triangles 
ARS  and  ACB  are  evidently 
similar,  and  therefore  AR :  RS 
::  AC :  CB.  But,  AR  being  the 
radius,  RS  is  the  sine  of  the  arc 
RD  which  measures  the  angle 
RAD  or  CAB  ;  and   conse- 
quently R :  S,  A  ::  AC  :  CB. 
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PROP.  VIII.    THEOR. 

In  a  right  angled  triangle,  the  radius  k  to  the 
tangent  of  an  oblique  angle,  as^  the  adjacent  side  to 
the  opposite  side. 

Let  the  triangle  ABC  be  right  angled  at  B;  then 
R:T,BAC  ::  AB:BC. 

For,  assuming  AR  equal  to  the  given  radius,  describe 
the  arc  RD,  and  draw  the  per- 
pendicular RT.    The  triangles 
ABiT  and  ABC  being  similar, 
AR  :  RT : :  AB :  BC.    But,  AR 
being  the  radius,  RT  is  the  tan- 
gent of  the  arc  RD  which  mea-  . 
sures    the  angle    at   A;    and     ^ 
therefore  R :  T, A : :  AB :  BC. 


Cor,  Hence  the  radias  is  to  the  secant  of  an  angle,  as 
the  adjacent  side  to  the  hypotenuse.  For  AT  is  the  se- 
cant of  the  arc'RD,  or  of  the  angle  at  A  ;  and,  from  si- 
milar triangks,  AR :  AT : :  AB :  AC. 
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PROP.  IX.    THEOR. 

The  sides  of  any  triangle  are  as  the  sines  of  their 
opposite  angles. 

Iq  the  triangle  ABC^  the  side  AB  is  to  BC^  as  the  sine 
of  the  angle  at  C  to  the  sine  of  that  at  A. 

For  let  a  circle  be  described  about  the  triangle  ;  and 
the  sides  AB  and  BC^  being  chords  of  the  intercepted 
arcs  or  of  the  angles  at  the  centre, 
are  (cor.^def.  T.)  equal  to  twice 
the  sines  of  the  halves  of  those 
angles,  or  the  tuigles  ACB  and 
CAB  at  the  circumference.   But, 
of  the  same  angles,  the  chords  or 
sines  (VI.  35.  El.)  are  propor- 
tional to  the  radius ;  and  conse- 
quently AB: BC : :  S,C:  S,A. 


PRO^.X.    THEOR. 

In  any  triangle,  the  sum  of  two  sides,  is  to  the 
difference,  as  the  tangent  of  half  the  sum  of  the 
angles  at  the  base,  to  the  tangent  of  half  their  dif* 
ference. 


T, 


In  the  triangle  ABC>  AB  +  AC :  AB— AC : :  T, 
C— B 


C+B: 
2 
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-^oir,  by  t^e  last  proposition,  AB  t  AC  : :  S,C  :  S,B, 
and  consequently  (V.  IS.  El.)  AB  +  AC  :  AB  —  AC  : : 
S/G  +  S,B  :  S»G--S,B.     But,  by  Pr©p,  4,  S,C  +  S,B  : 

S,C  —  S,B  ti  T>  ^1?  :  T^£l5  ;    wherefore 

AB+AC :  AB--AC : :  T,  ^it?:T,£z?. 

•  2  2 

Otherwise  thm  c 

From  the  vertex  A>  and  with  a  distaoce  equal  to  the 

greater  side  AB,  describe  ih^  semicircle  FBD,  meeting 

the  other  sid«  AC  exteaded  bo4h  ways  to  F  and  I)>  Join 

BD  and  BF,  which  produce  to  meet  straight  line  BE 

drawn  parelfel  \o  CB« 

ftetMne   the  isoscdtes 

triatig^  DAB,    has   the 

same  vertical  angle  with 
the  triangle  CAB,  each  of 

its  remaining  angles  ADB 
and  ABD  is  (I.  34.  El.) 
equal   to  half  the    sum 

of  the  angles  ACB  and  ABC;  and  therefore  (11.  13.  cor.) 
the  defect  of  ABC  from  that  mean,  that  is  the  angle  CBD, 
or  its  alternate  angle  BDE,  must  be  equal  to  half  the  dif- 
ference of  those  angles.  Now  FBD  being  (III.  (26.  El.) 
a  right  angle,  BF  and  BE  are  tangents  of  the  angles  BDF 
and  BBE,  to  the  radius  DB,  and  hence  are  proportional 
to  the  tangents  of  those  angles  with  any  other  radius.  But 
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since  CB  and  DE  are  parallel,  CF,  or  AB  4-  AC :  CD,  or 

AB  —  AC : ;  BF :  BE  ;  consequently  AB  +  AC :  AB— AC 

.  «ACB  +  ABC  .rpACB-ABC      An  .  a/^  a«     .^ 
'  •  ** ^  •  ^j         g jorAB+AC:AB— AC 

::Cot.  i  A  :  Cot.  B+iA,or  —  CoCC+|A- 

Cor.  Suppose  another  triangle  abc  to  have  the  sides  ab 
and  ac  equal  to  AB  and  BC,  but  containing 

a  right  angle :  It  is  obvious  that  T,£lt^:T  ^— 

. .  rp  ACB+ ABC  .  m  ACB  —  ABC, 

R:T,4?=6  : :  tACB+ABC.    ACB-ABC 

that  ii,  R  :T,  45=1 : :  CoU iB :  Cot.  B  +1a,    or, 
~  Cot.  C  +  4 A,      Now,  in  the  right  angled  triangle  ^c, 
ab,  or  AB,  is  to  ac,  or  AC,  as  the  radius,  to  the  tangent  of 
the  angle  at  b. 


PROP.  XL    THEOR. 

In  any  triangle,  as  twice  the  rectangle  under  Iwo 
sides,  is  to  the  difference  between  their  squares  and 
the  square  of  the  base,  so  is  the  radius,  to  the  co- 
sine of  the  contained  angle. 

In  the  triangle  ABC,  2AB  X  BC  :  AB*  +  AC*  —  BO 
B:Cos,  BAC. 
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For  let  fall  the  perpendi- 
'cular  BD*  In  the  right  an- 
gled triangle  ADB^  A6 :  AD' 
::  R :  S^ABD,  or  Cos,  BAG ; 
consequently  2AB  X  AC  : 
2AD  X  AC  ::  R  :  Cos,BAC. 
But  (II.  31.  ElOtwice  the  rect- 
angle under  AD  and  AC  is 
equal  to  the  difference  of  the 
squares  AB  and  AC  from  the 
square  of  BC.  Whence 
2ABxAC :  AB»  +  AC*— BC» ::  R  2  Cos,  BAG. 


PROP.  XII.    THEOR, 


In  any  triangle,  the  rectangle  under  the  semipe- 
rimeter  and  its  excess  above  the  base,  is  to  the 
rectangle  under  its  excesses  above  the  two  sides, 
as  the  square  of  the  radius,  to  the  square  of  the 
tangent  of  half  the  contained  angle. 

In  the  triangle  ABC,  the  perimeter  being  denoted  by  P^ 
4P  (4P— AC) :  ftP— AB)  (4P— BC) : :  R»  r  T»,iB. 

For^  employing  the  same  construction  as  in  Prop.  37^ 
Book  VI.  of  ihp  Elements;  since  the  triangles  BIE  and  B6D 
are  right  angled^  BI :  IE  ::  R:T,IBE,  orT,^B,  and 

BG :  GD ::  R :  T,GBD,  or  T,iB ;  whence 
(V.  21.  El.)  BIxBG :  lExGD ::  R* :  T^B. 
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But  it  was  proved  that 
lEx  GD=  AI  X  AG; 
wherefore  BI  x  BG :  AI  x  AG 
::R»:'P,iB.  Now  BI 
is  equal  to  the  semipe- 
rimeter,  BG  is  its  excess 
above  the  base  AC^  and 

AI,  AG  are  its  excesses 
above  the  sides  AB  and  BC; 
consequently  the  propor- 
tion is  established. 


PROP.  XIIL    THEOR. 

In  any  triangle,  the  rectangle  under  two  sides,  is 
to  the  rectangle  under  the  semiperimeter  and  its 
excess  above  the  base,  as  the  square  of  lYie  tadius, 
to  the  square  of  the  cosine  of  half  the  contained 
angle. 

In  the  triangle  ABC^  the  perimeter  being  denoted  by  P, 
AB  X  BC :  iP  (iP—AC):  :R» :  Cos/  iB. 

For^  the  same  constraction  remaining ;  in  the  right 
angled  triangles  BIE  and  BGD, 

BE:BI::R:S,BEI,  orCo8,iB, 
and  BD:  BG  ::R :  S^BDG^or  Cos, ^B; 
whence BEx  BD:BI  X  BG::R*:C<^%iB. 
But  the  qtxadrilateral  figure  EADC  being  right  angled 
at  A  and  C,  is  (III.  21.  cor.)  contained  in  a  circle,  and 
consequently  (III.  20.  EI.)  the  angle  AED  or  AEB  is  equal 
to  ACD  or  to  DCB ;  wherefoi«,  since  by  constmction  the 
angle  ABE  is  equal  to  DBC^  the  triangles  BAE  and  BDC 
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areisimilair^  wd  BE:  AR ::  BC:  BT>,  orB^X  BD: 
Hence  AB  X  BC:BI  x  BG  :  r^l* ;  €9.6% fl^. 
positioii  19  therefore  4epioiiatrfit^4* 


lABxBC. 

The  pro- 
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In  any  trii^ngle,  a3  |h#  rectangle  under  tWQ  sides 
is  to  the  rectangle  upder  theexces^e?  of  thesemipe- 
rimeter  above  those  sides,  so  is  the  square  of  the 
radius,  to  the  square  of  the  sine  of  half  their  con- 
tain(sd  angle.  ^ 

In  the  triangle  ABC^  the  perimeter  being  still  denoted 
by  P,    AB  X  BO  :  (5P  —  AB)  (iP— BC)  : :  H» :  SMB. 

For,  the  same  construction  being  retained,  in  the  right 
angled  triangles  BIB  and  B6D,  BE :  IE  : :  R :  S,iB,       ' 

andBD:GD::R:S,%B; 
whence  BE  X  BD :  IE  x  GD : :  R»  :  S^B. 
But  it  Jias  been  proved  that  BE  X  BD  =  AB  X  BC, 
and  IE  X  6D  =  AI  x  -^^^  or  the  rectangle  under 
the  excesses  of  the  semiperimjenter  above  the  sides  AB 
and  BC ;  wherefore  the  proposition  is  established. 

Otherwise  thw: 
Produce  the  sl^ort^r  gid?  BC  till  BD  be  equal  to  AB, 
join  AD,  let  BE  bisect  the  ^ 

vertical  angle,  and  draw  CG 
and  CF  parallel  to  BE  and  AD. 
Since  BE  is  perpi^ndicn- 
lar  to  ED  and  FC,  it  follow? 
thatBD,or  AB :  ED : :  R:  S,iB, 
and  BC :  TC,  or  EG ::  R :  S,4B.  _ 

WhereforeABxBC;EDxEG  ^  ^        ^^ 
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::R»:S*4B.  Now(IL«9.El.)  sEDxsEG-AC*— CD's 
II.  SS.  £L)  (AC  +  CD)  (AC  —  CD),  aod  conaeqaently 
„      /AC+CD\  /AC— CD\  ,   ,   AC  +  CD 

AC  4-  AB— BC  _  P— gBC  _  ^p_jQc  ^^  AC— CD_^ 
A(MAB-.BC)  ^  P-|AB  ^  ^p_^B    ^^^^^  ^^  ,„^ 

sUttttioD,  AB  X  BC :  %P— AB)  ({P— BC) : :  R«:  S>,iB. 


MIM 


The  eight  preceding  theorems  contain  the  grounds  of 
trigonometrical  caknlation.  A  triangle  has  only  five  es- 
sential or  variable  parts^^Uie  three  sides  and  two  angles^ 
the  remaining  angle  being  merely  snpplementa/.  Now, 
it  is  a  general  principle,  that,  three  of  tboee  parts  being 
given,  the  rest  may  be  thence  determined.  But  the  right 
angled  triangle  has  necessarily  one  known  angle ;  and,  in 
consequence  of  this,  the  opposite  side  is  deducible  from  the 
containing  sides.  In  right  angled  tri$mgles,  therefore, 
the  number  of  essential  parts  is  reduced  to  four,  any  two 
of  which  being  the  assigned,  the  others  may  be  found. 


PROP.  XV.    PROB. 


Two  variable  parts  of  a  right  angled   triangle 
being  given^  to  find  the  rest. 

This  problem  divides  itself  into  four  distinct  cases,  ac- 
cording to  the  different  combination  of  the  data. 
1.  When  the  hypotenuse  and  a  side  are  given. 
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£•  When  the  two  3ide8  contaiaing  the  right  angle  aj:e 
given. 
S.  When  the  hypotenuse  and  an  angle  are  given. 
4.  When  either  of  the  sides  and  an  angle  are  given. 


The  first  and  third  cases  are  solved  by  the  application 
of  Proposition  T,  and  the  second  and  fourth  cases  receive 
their  solution  from  Proposition  8.  It  may  be  proper,  how- 
ever, to  exhibit  the  several  analogies  in  a  tabular  forn^. 

C 


i 

i 

Sought. 

SOLUTION. 

I 

AC, 
AB 

A,or  C,   AC  :  AB  :  :  R  :  S,  C,  or  Cos,  A' 
BC       R  :  S,  A  : :  AC  :  BC. 

II 

AB, 
BC 

A..rC 
AC. 

AB  :  BC  :  :  R  :  T,  A,or  Cot,  C. 
Cos,  A  ;  R  ;  ;  AB  :  AC,  or 
R  :  Sec,  A  :  :  AB  :  AC. 

III 

AC 
A 

1 

AB 
BC 

R  :  Cos,  A  : :  AC  :  AB. 
R  :  S,  A  : ;  AC  :  BC- 

IV 

AB, 
A 

BC 
Ac 

R  :  T,  A  :  :  AB  :  BC. 
Cos,  A  :  R  :  :  AB  :  AC,  or 
R  :  Sec,  A  :  t  AB  :  AC. 

In  the  first  and  second  cases,  BC  or  AC  might  also  be 
deduced,  by  the  mere  application  of  Prop.  14.  Book  II.  of 
the  Elements:  For  AC*= AB»+BCSor  AC=v/(AB»+BC^) 


aod  BO  =r  AC«  —  AB*  =  (AC  +  AB)  (AC  ^AB)^ 
or  BC  3  ^(AC  +  AB)(AO-AB). 

Cor.  Hence  the  first  case  admits  of  a  simple  approxi* 
mation.  For,  by  the  2d  corollary  to  Proposition  6,  it  ap- 
pears that,  AC  being  made  the  radius^2AC-(- Afi  is  to  SAC, 
as  the  side  BC  u  to*  the  arc  which  measures  its  oppo* 
site  angle  CAB,  or  alternately  2 AC  4.  AB  is  to  BC, 
as  SAC  to  the  arc  corresponding  to  BC.    Bat  the  radius  is 

equal  to  an  arc  of  5?  17'  44  48^  or  57}  nearly ;  where- 
fore SAC  is  to  the  arc  which  corresponds  to  BC,  as  3  X  571, 
or  172*,  to  the  number  of  degrees  contained  in  the  angle 
CAB,  and  consequently  SAC  +  AB  ;  BC  ; ;  172^  :  the 
expression  of  the  angle  at  A,  or  AC  +  |AB  ;  BC : :  8ff* ; 
number  of  degrees  in  the  angle  at  A. 

This  approximation  will  be  the  more  correct,  when  the 
side  opposite  to  the  required  angle  becomes  small  in  com<p 
parfson  with  the  hypotenu^ ;  but  the  quantity  of  error  can 
never  amount  to  4  minutes. 

PRO?.  XVI,    PROB. 

Three  variable  ^arts  of  ah  oblique  angled  triangle 
being  given,  to  find  the  other  two. 

This  general  problora  includes  three  distinct  cases,  each 

.  of  which  again  h  brandbed  inU>  two  subordinate  divisions. 
1.  When  all  the  three  sides  are  given. 

£.  When  two  sides  and  an  angle  are  given ;  which  angle 
may  either  be  contained  by  these  sides>  or  subtended  by 
one  of  them. 

3.  When  a  side  and  two  of  the  angles  are  given. 
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The  first  case  admits  of  £our  different  s^ijilations^  derived 
from  Propositions  II9  12^  13,  and  14^  and  which  baye 
their  several  advantages.  The  second  case^  consisting  of 
two  branches^  is  resolved  by  the  application  of  propositions 
9  and  10  j  and  the  solution  of  the  third  case  flows  imme- 
daately  ffw$^  tt^  fof  saer  of  these  piropositions. 


1. 


a 

a 


CO 


SOLUTION. 


BC, 

and 

AC. 


B 


AB  X  BC  :  (4P— AB)(4P-.BC)  :  :  R»  :  SS  i  B 
|P(iP— AC):  (4P— AB)(%P— BC)  :  :  R»  :  T%  i  B. 
A&  X  BC  :  i  P  (4  P— AC) :  :  R» :  Co»»,4  B. 
2  AB  X  BC :  AB»  +  BC*  —AC* :  :  R    :  Cos,  'B. 


AB, 
BC, 

and    > 

c. 


II 


2 


Af  IaB  :  BC  :  :  S,C  :  S,A ;  whence  B,  and 


AC. 


AB, 
BC, 

ftnd 

B. 


A, 

or 

c, 

and 

AC. 


8,C  :  S,B  s  :  AB  :  AC. 


AB  +  BC  :  AB— BC :  :  Cot.  i  B  ::Cot.  A+JB, 

or  — Cot,  C— iB. 

rAB  :  BC  ;  :  R  :  T,  b;  and  

I    R  :  T,45^— b   :  :  Cot.  i  B  :  Cot,  AjijB, 

or  —  Cot,  C  —  iB. 
S,  A  :  S,B  :  :  AB  :  AC,  or 
AC  =^  (AB*  +  BC»— SAB  x  BC  X  Cos,  B.) 


III. 


XS7 
A, 
B, 

and 
tlience 


•QQ I  S,C  :  SA  :  :  AB  :  BC. 
AC  S,C:SB:':AB:  AC. 


1 
2 
3 

4 

5 
6 


8 

9 
10 


11 
12 


*•*  .• 
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For  the  resolttioQ  of  the  first  Case^  the  analogy  set  dowA 
firsts  is  on  the  whole  the  most  convenient^  pai ticularly  if 
the  angle  sought  do  not  approach  to  two  right  angles.  The 
second  analogy  may  be  applied  through  a  wider  extent, 
but  is  liable  in  practice  to  some  irregularity,  when  the  angle 
sought  becomes  very  obtuse.  The  third  and  fourth  analo- 
giesj  especially  the  latter,  are  not  adapted  for  the  calcula- 
tion of  very  acute  angles;  they  will,  however,  answer  the 
best  when  the  angle  sought  is  obtuse.  It  is  to  be  observed, 
that  the  cosines  of  an  angle  and  of  its  supplement  are 
the  same,  only  placed  in  opposite  directions ;  and  hence 
the  second  term  of  the  analogy,  or  the  difference  of 
AB'  +  BC*  from  AC*,  is  in  excess  or  defect,  according 
as  the  angle  at  B  is  acute  or  obtuse. 

These  remarks  arefounded  on  the  unequal  variation  of  the 
sine  and  tangent,  corresponding  to  the  uniform  increase  of 
an  arc.  Thus,  suppose  the  arc  A,  to  receVve  a  small  addi- 
tion a ;  then  by  S,K+a  =  S,A+  Cos.  a  +Cos,  A+S/i,or, 
since  Cos,  a  must  approach  extremely  near  to  the  radius, 
S, A+fl— S,  A=  Cos,  A +S/I  very  nearly.  W  herefore  the  va- 
riation of  the  siue  of  an  arc  is  proportional  to  its  cosine, 
and  consequently,  in  the  vicinity  of  the  quadrant,  the 
slightest  alteration  in  the  value  of  a  sine  would  occasion 
a  material  change  in  the  arc  itself.    Again,  by  Prop.  4, 

T,A+i=  ^^ji'^+Ta^ ''''  "^""^^^  T,  A+T/i+T»,A.T/i,  and 
T,A  +  fl— T,A  =  T/i  (i+T*,A);  whence  the  variation 
of  the  tangent,  is  proportional  to  the  square  of  the  secant, 
and  must  therefore  increase  with  extreme  rapidity  as  the 
arc  approaches  to  a  quadrant. 
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The  first  part  of  Case  IL  is  ambiguous^  for  an  arc  and 
its  supplement  have  the  same  sine.  This  ambiguity^  how- 
ever^  is  removed  if  the  character  of  the  triangle^  as  acute 
or  obtuse^  be  previously  known. 

For  the  solution  of  the  second  part  of  Case  IL  the  first 
analogy  is  the  most  usualj  but  the  double  analogy  is  the 
best  adapted  for  logarithms.  The  direct  expression  for 
the  side  subtending  the  given  angle  is  very  commodious^ 
where  logarithms  are  not  employed. 


PROP.  XVII.     PROB. 

Given  the  horizontal  distance  of  an  object  and 
its  angle  of  elevation,  to  find  it9  height  and  abso- 
lute distance. 

Let  the  angle  CABj  which  an  object  A  makes  at  the. 
station  B^  with  an  horizontal  line^  and  also  the  distance 
BC  of  a  perpendicular  AC^  to  find  that  perpendicular^ 
and    the    hypotenusal    or 
aerial  distance  BA, 

In  the  right  angled  tri- 
angle BCA^  the  radius  is 
to  the  tangent  of  the  angle 
at  B  as  AB  to  AC^  and  the 

radius  is  to  the  secant  of  the  angle  at  B^  or  the  ce* 
sine  of  the  angle  at  B  is  to  the  radius^  as  AB  to  BC. 


i^M».    - ^  -^       1     Md   ^  -^1 
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PROP.  XVIIL    PROB. 

Given  the  acclivity  of  a  line,  to  find  its  corre<* 
sponding  vertical  and  horizontal  length. 

In  the  preceding  figure^  the  angle  CBA  and  the  hjpo- 
tenusal  distance  BA  being  given  to  find  the  height  and 
the  horizontal  distance  of  the  extremity  A. 

The  triangle  BCA  being  right  angled,  the  radius  is  to 
the  sine  of  the  angle  CBA  as  BA  to  AC,  and  the  radias 
is  to  the  cosine  of  CBA  as  BA  to  BC* 

If  the  acclivity  be  small,  and  A  denote  the  measure 

A 
of  that  angle  in  minutes ;  then  AC  ss  BA  X ^  nearly. 

But  the  expression  for  AC^  will  he  rendered  more  accu- 

rate^by  subtracting  from  it^  as thiv^ found,  the  cpantltj  "^""s* 

In  most  cases  when  CBA  is  a  small  angle,  the  horizon- 
tal distance  may  be  computed  with  sufficient  exactness,  by 

deducting    tlii.,  or  BA  X  A*  X  .O00,000^04£3,from  the 
aBA 

bypotenusal  distance* 


PROP.  XIX.     PROB. 

Given  the  interval  between  two  station^  and  the 
direction  of  an  object  viewed  from  them^  to  find 

its  distance  from  each. 

Let  BC  be  given^  With  the  Cbglea  ABC  and  ACB^  to 
calculate  AB  and  AC. 
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In  the  triangle  CBA^  the  angles  ABC  and 
ACB  being  given^  the  remaining  or  supple- 
mental  angle  BAC  is  thence  given ;  and  con- 
sequently, S,BAC  :  S,ACB  ::  BC  :  AB,  and 
S,BAC  ::  S,ABC:BC:AC. 


PROR  XX.    PROB, 

Given  the  interval  between  two  stations,  and  the 
dinections  of  two  remote  objects  viewed  from  them 
in  the  same  plane,  to  find  the  mutual  distance,  and 
relative  position,  of  those  objects. 

Let  the  points  A,B  represent  the  two  objects,  andC,D 
the  two  stations  from  which  these  are  observed ;  the  in- 
terval CD  being  measured,  and  also  the  angles  CDA,CDB 
at  the  first  station,  and  DCB,DCA  at  the  second ;  and  it 
is  thence  required  to  determine  the  transverse  distance  AB^ 
and  its  direction. 

Find,  by  the  last  problem,  the  distances  AC  and  BC  of 
both  objects  from  one  of  the  sta-      . 
tions  C ;    then    the    contained  ^ 
angle  ACB,  or  the  excess  of 
DCA  above  DCB,  being  like- 
wise given,    the  angles  at  the 
base  AB  of  the  triangle  BCA, 
and  the  base  itself,  may  be  cal- 
culated, from  the  analogies  ex- 
hiltited  for  the  solution  oif  the 
second  branch  of  Case  IL     For  AC  +  BC  :  AC  — BC 
: :  Cot,  iACB :  Cot,4ACB+CAB,  and  thus  the  angle  CAB 
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ii  found;  or,  more  convenientlj  by  two  successive  opera* 
lions,  AC  :  BC::R;TAandR:T,46^=^  ::  Cot,iACBr 
:Cot,iACB+CAB.  Now,  S,CAB : :  S,ACB  : :  BC :  AB, 
01 AB  =  •( AC*+BC»  —  « AC  x  BC  X  Cos,ACB).  Again, 
the  inclination  of  A B  to  CD  is  evidently  the  supplement 
of  the  two  interior  angles  CAB  and  DC  A. 

Cor.  Hence  the  oonveree  of  this  problem  is  readily  solved* 
Suppose  two  remote  objects  A  and  B,  whose  mutual  dis- 
tance is  already  known,  are  obserred  from  the  stations 
C  and  D,  and  it  were  thence  required  to  deteimine  the 
interval  CD.    Assume  unit  to  denote  CD,  and  calculate 
AB  according  to  the  same  scale  of  mei^nres;  the  actual 
distance  AB  being  then  divided  by  that  result  will  give 
CD :   Jbor  the  several  triangles  wfaicb  combine  to  form 
the  quadrilateral  figure  C ABO,  are  evidently  gjLveu  in  spe- 
cies. 


In  this  and  the  following  problem,  the  angles  on  the 
ground  are  supposed  to  be  taken  by  means  of  a  theodo- 
lite. If  the  sextant  be  employed  for  that  purpose,  such 
angles,  when  oblique,  must  be  reduced  by  calculation  to 
their  projection  on  the  horizontal  plane.  This  reduction, 
however,  belongs  properly  to  Spherical  Trigonometry. 

In  surveying  an  extensive  country,  a  base  is  first  care- 
fully measured,  and  the  prominent  distant  objects  are  all 
connected  with  it,  by  a  series  of  triangles.  To  avoid,  in 
practice,  the  multiplication  of  errors,  these  triangles  should 
be  choseui  as  nearly  as  possible,  equilateral. 
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PROP.  XXL    PROB. 

The  mutual  distances  of  three  remote  objects  be- 
ing given,  with  the  angles  which  they  subtend  at 
a  station  in  the  same  plane,  to  find  the  relative 
place  of  that  station. 

Let  the  three  points  A,  B^  and  C^  and  the  angles  ADB 
and  BDC  which  they  form  at  a  fourth  point  D>  be  given; 
to  determine  the  position  of  that  point. 

Through  D  and  the  extreme  points  A  and  C  describe  a 
circle^  draw  DB  cutting  the  circumference  in  £^  and  join 
AE  and  CE. 

1.  In  the  triangle  AEC^  the  side  AC^  and  the  angles 
ACE  and  CAE^  which  are  equal  (IIL  20.  £1.)  to  ADB  and 

BDC^  being  given^  the  side  AE  is  found  by  Case  IIL 

^.  AH  the  sides  of  the  triangle 
ABC  being  given,  the  angle  CAB 
is  found  by  Case  L 

3.  In  the  triangle  BAE,  ibe 
sides  AB  and  AE  are  given,  and 
their  contained  angle  EAB,  or 
the  difference  of  CAE  and  CAB, 
are  given,  whence,  by  Case  IL, 
the  angle  ABE  or  ABD  is  found.  ^ 

4.  Lastly,  in  the  triangle  DAB,  the  side  AB  and  the 
angles  ABD  and  ADB  being  given,  the  side  AD  or  BD 
is  found  by  Case  IIL,  and  consequently  the  position  of 


446 


BLBMBNTS  OF 


tlie  point  D^  with  respect  to  A  and  B  is  detennined.  Bj 
a  like  process,  the  relative  position  of  D  and  C  is  deduced; 
or  CD  may  be  calculated  by  Case  II.  from  the  sides 
AC,AD>  and  the  angle  ADC,  which  are  given  in  the  tri- 
angle CAD. 

It  is  obvious  that  the  calculation  will  fail,  if  the  pouts 
B  and  E  should  happen  to  coincide.  In  fact,  the  circle 
then  passing  through  B,  any  point  D  whatever  in  Hae.  op- 
posite arc  ADC  will  answer  the  conditions  requited, 
since  the  angles  ADB,  and  BDC,  being  now  in  the  same 
segment,  must  remain  unaltered. 

Otherwise  thus. 

On  AB  describe  (III.  31.  El.)  a  segment  of  a  circle 
ADB  containing  an  angle  equal  to  that  sobteoded  by  the 
objects  A  and  B,  and  on  EC  detwiibe  anioAiet  segment 
BDC  containing  an  angle  equal  to  that  subtended  by  the 
objects  B  and  C ;  the  point  D,  where  the  two  circunsfe* 
rences  intersect,  will  evidently  mark  the  station  required. 

Join  AD,BD,CD,  draw  the  diameters  BF,BG,  and  joia 
AF,CG,DF  and  DG. 
The  angles  BDF  and 
BDO,  thus  occupying 
semicircles,  are  right 
angles,  and  therefore 
DGF  forms  but  one 
straight  line.  Hence 
these  successive  calcu- 
lations. ' 

1.  AH  the  sides  of 
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the  triangle  BAG  being  given,  the  angle  ABC  is  found  by 
Case  I. 

2.  In  the  right  angled  triangles  BAF,  BCG,  the  sides 
AB^BC,  and  the.  angles  AFB^BGC,  which  are  equal 
(III.  20.  El.)  to  ADB,BDC,  being  given,  the  hypotenu^s 
BF,BG,  or  the  diameters  of  the  circles  are  thence  found. 

3.  In  the  triangle  FB6  the  two  sides  BF>BGr  being  now 
given,  with  the  angle  FBGs:CBG— CBFsCBG— ABC+ 
ABF  =  BAG  +  BGA— ADG,  the  angle  BFG  is  found  by 
Case  IL 

4.  Lastly,  in  tlie  right  angled  triangle  BDF,  the  hypo- 
tenuse BF,  and  the  angle  BFD  or  BFG  being  given,  the 
Side  BD  is  found  ;  and  since  the  angle  FBD  is  also  known, 
the  position  of  the  point  D  is  assigned. 

Should  the  two  cirisles  have  the  same  centre,  their  cir- 
cumfereoices  must  obviously  coincide,  and  therefore  every 
point  in  the  containing  arc  will  answer  the  conditions  rci- 
quired.  When  this  porismatic  or  indeterminate  case  of 
the  problem  occurs,  the  distances  AB  and  BC  become 
chords  of  the  corresponding  observed  angles,  and  are  ccwr 
sequently,  by  Proposition  1,  proportional  to  the  sines  of 
those  angles. 

Scholium*  The  vertical  angles  employed  in  the  mensu- 
ration of  heights,  being  estimated  from  the  varying  di- 
rection of  the  level  or  the  plummet,  will  evidently,  when 
th^  stations  are  distant,  require  some  correction.  Let  the 
points  A  and  B  represent  two  remote  objects,  and  C  their 
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centre  of  gravitation;  with  the 
radios  CA  describe  a  circle^ 
drew  CB  cutting  the  circumfe- 
reoce  in  D  and  E,  and  join  £A 
and  AD.  The  converging  lines 
AC  and  BC  will  indicate  the  di* 
reetion  of  the  plummet  at  A  and 
B,  the  intercepted  arc  AD^  will 
trace  the  contour  of  a  quiescent 
fluids  and  the  tangent  AZ,  being  applied  at  A^  wiU  mark 
the  line  of  the  horizon  from  that  station.  Wherefore 
the  vertical  angle  observed  at  A  is  only  ZAB^  which 
is  less  than  the  true  angle  DA^,  by  the  exterior 
angle  DAZ.  But  (III.  29.  £1.)  DAZ  being  equal  to  the 
angle  AED  in  the  alternate  segment,  is  (IIL 19'  EL)  equal 
to  half  the  angle  ACD  at  the  ceotzie.  Hence  the  true  ver. 
tjcal  angle  at  any  station  vill  be  founds  by  adding  to  tlie 
observed  angle  half  the  measure  of  the  mtercepted  aic; 
and  this  measure  depending  on  the  curvature  of  the  earthy 
which  is  neither  uniform  nor  quite  regular,  must  be  dedu- 
ced, for  each  particular  place^  from  the  length  of  the  cor- 
responding degree  of  latitude. 

Such  nicety,  however,  is  veiy  seldom  required.  It  will 
be  sufficiently  accurate  in  practice  to  assume  the  mean 
quantities,  and  to  consider  the  earth  as  a  globe,  whose  cir- 
cumference is  24,856  miles,  and  diameter  7,912.  The 
arc  of  a  minute  on  the  meridian  being,  therefore,  equal  to 
6076  feet,  the  correction  to  be  added  to  the  observed 
vertical  angle  must  amount  to  one  second,  for  every  69 
yards  contained  in  the  intervening  distance. 

The  quantity  of  depression  ZD  below  the  horizon  is, 
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hence  easily  computed ;  for  (III.  36.  El.)  AZ»=EZ.ZD,  or 
very  nearly  ED.ZD ;  and  consequently  the  depression  of 
an  object  is  proportional  to  the  square  of  its  distance  AZ. 
In  the  space  of  one  mile^  this  depression  will  amount  to 
to  m^  parts  of  a  foot;  and  generally,  therefore, it  may  be 
expressed  in  feet,  by  two-thirds  of  the  square  of  the  dis- 
tance in  miles. 

But  the  effect  of  the  earth's  curvature  is  modified  by  an- 
other cause,  arising  from  optical  deception.  An  object  isne- 
ver  seen  by  us  in  its  true  position,  but  in  the  direction  of  the 
ray  of  light  which  conveys  the  impression.  Now  the  lu- 
minous particles,  in  traversing  the  atmosphere,  are,  by  the 
force  of  superior  attraction,  refracted  or  bent  continually 
towards  the  perpendicular^  as  they  penetrate  the  lower 
and  denser  strata;  and  consequently  they  describe  a  cur- 
ved  track,  of  which  the  last  portion,  or  its  tangent,  indi- 
cates the  apparent  elevated  situation  of  a  remote  point* 
This  trajectory^  suffering  almost  a  regular  inflexure,  may 
be  considered  as  very  nearly  an  arc  of  a  circle,  which  has 
for  its  radius  six  times  the  radius  of  our  globe.  Hence,  to 
correct  th^  error  occasioned  by  refraction,  it  will  only  be 
requisite  to  diminish  the  effects  of  the  earth's  curvature  by 
one  sixth  part,  or  to  deduct,  from  the  vertical  angles,  the 
twelfth  part  of  the  measure  of  the  intervening  terrestrial 
arc.  The  quantity  of  horizontal  refraction  however,  as  it 
depends  on  the  density  of  the  air  at  the  surface^  is  ex- 
tremely variable,  especially  in  our  unsteady  climate. 
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Note  I.-— Pages  i,  2,  and  S« 

X  HE  primary  objects  which  Geometry  contemplates  are>  from 
theirnature,  incapable  of  decomposition.  No  wonder  that  in- 
genuity has  only  wasted  its  efforts,  to  define  such  elementary  no- 
tions.  It  appears  more  philosophical  to  invert  the  usual  proce- 
dure,  and  endeavour  to  trace  the  successive  steps  by  which  th« 
mind  arrives  at  the  principles  of  the  science.  Though  no  words 
can  paint  a  simple  sound,  this  may  yet  be  rendered  intelligible,  by 
describing  the  mode  of  its  articulation. 

The  founders  of  mathematical  learning  among  the  Greeks  were 
in  general  tinctured  with  a  portion  of  mysticism,  transmitted  from 
Pythagoias,  and  cherished  in  the  school  of  Plato*  Geometry  be- 
came thus  infected  at  its  source*  By  the  later  Platonists,  who 
flourished  in  the  Museum  of  Alexandria,  it  was  regarded  as  a  pure 
intellectual  science,  far  sublimed  above  the  grossness  of  material 
contact.  Such  visionary  metaphysics  could  not  impair  the  solidity 
of  the  superstructure,  but  did  contribute  to  perpetuate  some  mis- 
conceptions, and  to  give  a  wrong  turn  to  philosophical  specula- 
tion. It  is  full  time  to  restore  the  sobriety  of  reason.  Geometry, 
like  the  other  sciences  which  are  not  concerned  about  the  opera- 
tions of  mind,  rests  ultimately  on  external  observation*  But  those 
ultimate  facts  are  so  few,  so  distinct,  and  obvious,  that  the  sub- 
sequent train  of  reasoning  is  safely  pursued  to^  unlimited  extent, 
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without  ever  appealbg  again  to  the  evidence  of  tbe  eeiiief.  The 
science  of  Geometry^  therefore^  owes  its  pelfection  to  the  extreme 
simplicitj  of  its  basiSf  and  derives  no  visible  advantage  from  the 
artificial  mode  of  its  constmction.  The  axioms  are  now  rejected 
as  totally  uselessf  and  rather  apt  to  produce  obscurity. 

The  term  iur/aeef  in  Latin  tuperfUAet^  and  in  Greek  w^pama^ 
conveys  a  very  just  idea,  as  marking  the  mere  expansion  which  a 
body  presents  to  our  sense  of  sight.  Ltne»  or  y^i^u^a^  ugmfies  % 
Urokei  and»  in  reference  to  the  operation  of  writing,  it  expressea 
the  boundary  or  contour  of  a  figure.  A  straight  line  has  two  ra- 
dical properties,  which  are  distinctly  marked  in  different  languages* 
It  holds  the  same  undeviating  coursef— 4ind  it  traces  the  shortest 
distance  between  its  extreme  points.  The  first  property  is  ex- 
pressed by  the  epithet  recta  in  Latin,  and  droiie  in  Freach  ;  and 
the  last  seems  intimated  by  the  English  term  UraigM^  which  is 
evidently  derived  from  the  verb,  to  stretch.  Accordingly  Proclus 
defines  a  straight  line  as  OreUheA  ^>etween  lU  extremities-^  i«'' 

The  word  point  in  every  language  signifies  a  marh^  thus  indica- 
ting its  essential  character,  of  denoting  position.  In  Greek,  the 
term  r^yyM  was  first  used ;  but,  this  being  degraded  in  its  applica- 
tion, the  diminutive  ^/awov,  formed  from  ^lyxa,  ti  ngnaU  came  af- 
terwards to  be  preferred.  The  neatest  and  most  comprehensive 
description  of  z  point  was  given  by  Pythagoras,  who  defined  it  **  a 
monad  having  position."  Plato  represents  the  hypostanSf  or  con- 
stitution of  a  point,  as  adamantine  $  finely  alluding  to  the  opinion 
which  then  prevailed,  that  the  diamond  is  absolutely  indivisible, 
the  art  of  cutting  this  refractory  substance  being  the  discovery  of 
modem  ages. 

The  conception  of  an  angle  is  one  of  the  most  difficult  perhaps 
in  the  whole  compass  of  Geometry*  The  term  corresponds,  in 
most  languages,  to  corner ^  and  therefore  exhibits  a  most  imperfect 
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J)icture  of  the  object.  ApoUonius  defined  it  to  be  "  the  collection 
of  space  about  a  point."  Euclid  makes  an  angle  to  consist  in  <<  the 
xhutual  inclination)  or  xXktk;,  of  its  containing  lines," — a  definition 
which  is  obscure  and  altogether  defective.  In  strictness,  it  can 
ap^ly  only  to  acute  angles^  nor  does  it  give  any  idea  of  angular 
magnitude ;  though  this  really  is  as  capable  of  augmentation  as 
the  tnagnitude  of  lines  themselves.  It  is  curious  to  observe  the 
shifts  to  which  the  author  of  the  Elements  is  hence  obliged  to  have 
recourse.  This  remark  is  particularly  exemplified  in  the  20th  and 
21  St  Propositions  of  his  Third  Book.  Had  Euclid  been  acquaint* 
€d  with  Trigonometry^  wMch  was  only  begun  to  be  cultivated  in 
his  titne,  he  would  certainly  have  taken  a  more  enlarged  view  of 
the  nature  of  an  angle. 

In  the  definition  of  reverse  angle f  1  find  that  I  have  been  anti- 
cipated by  Stevin  of  Bruges.  It  is  satisfactory  to  have  the  coun.» 
tenance  of  such  respectable  authority. 


Note  IT. — Pages  8  and  9. 

A  square  is  commonly  described  as  having  all  its  angles  right. 
This  definition  errs  however  by  excess,  for  it  contains  more 
than  what  is  necessary.  The  original  Greek,  and  even  the  Latin 
version,  by  employing  the  general  terms  o^oyuntiVf  and  rectangulum, 
dexterously,  avoided  that  objection.  The  word  rhofnius  comes 
from  psiA0M9,  to  slings  as  the  figure  represents  only  a  quadrangular 
frame  disjointed. 

It  scarcely  deserves  notice,  but  I  will  anticipate  the  objection 
which  may  be  brought  against  me,  for  having  changed  the  definition 
of  trapezium.  The  fact  is,  that  I  have  only  restricted  the  word  to 
its  appropriate  meaning,  from  which  Euclid  had,  according  to 
Proclus,  taken  the  liberty  to  depart.  In  the  original,  it  signifies 
M  table  ;  and  hence  we  learn  the  prevailing  form  of  the  tables  used 
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among  the  Greeks.    Indeed  the  ancients  woold  appear  to  bar^ 
had  some  predflection  for  the  figure  of  the  trapezium,  dace  tile 
doori  now  seen  in  the  ruins  of  the  temples  at  Athens^  are  not  ev<* 
actlj  oblong,  but  wider  bdow  than  above. 

Language  is  capable  of  more  precision,  in  proportion  as  it  be^ 
comes  copious.  As  I  hare  confined  the  epithet  righi  to  angles,  and 
€trttighi  to  lines,  I  have  likewise  ^appropriated  the  word  d^g'wia/  to 
rectilineal  figures,  and  diameter  to  the  circle.     In  like  manner,  I 
have  restricted  the  term  air  to  a  portion  of  the  circumference,  iu 
synonym  arch  being  assigned  to  architecture.     For  the  same  rea- 
son, I  have  adopted  the  term  equivahnif  from  the  celebrated  Le- 
gendre,  whose  Elements  de  Geametrie  is  one  of  the  ablest  woika 
that  has  appeared  in  our  times.     These  disUnctions  evidently  tend 
to  promote  perspicuity,  which  is  the  great  object  of  an  elemen- 
tary treatise. 


Note  IILi^Page  ffl. 

The  proposition  here  demonstrated  is  commonly  assumed  as  an 
axiom.  /  It  is  indeed  forced  upon  our  earliest  observation,  being 
suggested  by  the  stretching  of  a  cord,  and  other  familiar  occur- 
rences in  life.  But  thus  to  multiply  principles,  appears  quite  un- 
philosophicaL  The  two  radical  properties  of  a  straight  line—  the 
congruity  of  its  parts-^and  its  shortness  of  trace— are  distinct 
though  connected*  The  latter  is  shown  to  be  the  necessary  con- 
sequence of  the  former ;  but  it  would  be  impossible,  by  any  direct 
process,  to  infer  the  umformity  of  straight  lines,  from  their  mark- 
ing out  the  nearest  routes* 

In  the  demonstration,  I  could  not  avoid  introdncing  the  conu- 
deration  of  limits*  This  will  occasion,  I  presume,  no  material 
difficulty,  since  the  reasoning  is  tlie  8»me  as  that  by  wUdi  ptf 
most  familiar  conceptions  are  gradually  expanded* 
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Note  IV.— Page  27. 

This  proposition,  which  is  of  considerable  utility,  was  wanting 
to  complete  the  relation  of  triangles*  But,  to  constitute  the  same 
affection,  it  is  besides  requisite  that  the  characteristic  angles  should 
kave  a  like  position. 


Note  v.— Page  28. 

The  subject  of  parallel  lines  has  exercised  the  ingenuity  of  mo- 
dem  geometers ;  for  Euclid  had  only  sought  to  evade  the  difficul- 
ty, by  styling  the  fundamental  proposition  an  axiom.  The  inves- 
tigation now  given,  seems  the  best  adapted  to  the  natural  progress 
of  discovery.  It  is  almost  ridiculous  to  scruple  about  the  idea  of 
motion,  which  I  have  employed  for  the  sake  of  clearness.  But 
even  that  futile  objection  might  be  obviated,  by  considering  mere- 
ly the  successive  positions  of  the  straight  line  extending  through 
the  given  point. 

Note  VI.— Page  34f. 

That  invaluable  instrument,  Hadley^s  quadrant,  is  founded  on 
the  second  corollary,  annexed  as  an  obvious  consequence  of  the 
proposition.  A  ray  of  light  S  A,  from 
the  sun,  impinging  against  the  mirror  at 
A,  is  reflected  at  an  angle  equal  to  its 
incidence  ;  and  now  striking  the  half- 
silvered  glass  atC,  it  is  again  reflected 
to  E,  where  the  eye  likewise  receives, 
through  the  transparent  part  of  that 
glass,  a  direct  ray  from  the  boundary 
of  the  horizon.  Hence  the  triangle 
AEC  harits  exterior  angle  ECD  and 
one  of  its  interior  angles  C AE,  respec- 
tively double  of  the  exterior  angle  BCD 
and  the  interior  angle  CAB,  of  the  tri- 
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angk  ABC ;  wherefore  the  retnaming  interior  angle  AEC,  or 
SEZ,  if  dottble  of  ABC  ;  tbat  is,  the  altitude  of  the  son  above 
the  horizon  is  double  of  the  inclination  of  the  two  mirrors.  But: 
the  glass  at  C  remaining  fixed»  the  mirror  at  A  is  attaclied  to  a 
moteable  index»  which  marks  their  inclination. 

The  same  instnmient,  in  its  most  improved  statCf  and  fitted 
with  a  telescope,  forms  the  sextant,  which,  being  admirably  cal- 
culated for  measuring  angles  in  general,  has  rendeird  the  most 
important  senrices  to  geography  and  navigation. 


Note  VII.— Page  5l. 

This  famous  proposition  appears  to  have  been  brought  from 
the  East  by  Pythagoras.  The  method  here  given  of  demonstra- 
ting it,  from  the  transposition  of  the  several  parts  of  the  figure^  ia 
ascribed  to  the  Persian  astronomer  Nassir  Eddin,  who  flourish- 
ed in  the  thirteenth  century  of  out  xn,  -ander  the  munificent  pa* 
tronage  of  the  conqueror  Zingis  Khan< 


Note  VIII.     Page  55. 

It  was  a  favourite  speculation  with  the  Greek  geometers,  to 
express  numerically  the  sides  of  a  right-angled  triangle.  The 
rules  which  they  delivered  for  that  purpose  are  equally  simple  and 
ingenious.  For  the  sake  of  conciseness,  it  will  be  convenient, 
however,  to  adopt  the  language  of  symbols.  Let  n  denote  any 
odd  number ;  then, 

according  to  Pythagoras,  «, and  ,  or 

according  to  Plato,  2W,  w' — i  and  n*  +  i,   will  repre- 

sent the  perpendicular,  the  base,  and  hypotenuse,  of  a  right-angled 
triangle.     Thus,  n  being  supposed  equal  to  3,  the  numbers  thence 
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tesuking  are  $»  4/f  and  5>  or  6»  8,  and  10.  These  expressions  are  es* 
sentiaHy  the  same,  and  easily  derived  from  Prop.  23.  Book  II :  For 
(n»+i)»-(n»-i)»  =  ((n+i) +  («-!))  (C»+i)-(n^i)) 


Kote  IX.-* Page  56. 

The  figure  representing  the  other  case  of  this  elegant  propbsL 
tion,  where  the  vertical  angle  is  acute>  was  inadvertently  omitted 
in  the  text,  iand  has  since  been  accidentally  inislaid.  It  is  ho^ed 
that  the  reader  will  find  no  difficulty,  however,  in  supplying  thit 
omission. 


Kote  X.— Page  56  to  66* 

Since  rectangles  correspond  to  numerical  ph)duct8,  the  proper- 
ties of  the  sections  of  lines  are  easily  derived  from  symbolical 
arithmetic : 

1.  In  Prop.  20.  let  AC  be  denoted  by  A,  and  the  segments  of 
AB  by  b,  c  and  d;  then  a{b+c+d)  =  ad-fac-f-acf. 

2.  In  Prop.  21.  let  the  two  lines  be  denoted  by  a  and  J ;  then 
(a+J)*  =  a»+5»+2a5. 

3.  In  Prop.  22.  let  the  two  lines  be  denoted  by  a  and  b  j  then 
{a^by=:a*+b*  —  2ab. 

4.  In  Prop,  23.  let  the  two  lines  be  denoted  by  a  and  b  ;  then 
(a+i)(a— 6)  =  a»— ^*. 

5.  In  Prop.  24.  let  the  segments  of  the  compound  line  be  de- 
noted by  tf,  6  and  c  5  then  (a+J+c)*  =  a'+6*+c»+2fli+2ttp 
+2bc.  / 
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€•  In  Prop.  S&  let  tlie  two  lines  be  denoted  by  «  and  i ;  dies 

7.  In  Prop.  96*  let  the  whole  line  be  denominated  hjOf  and  its 
greater  segment  by  x ;  then  «*  s=  0(0..^),  and  «■  +  ax  =r  «•, 

whence  «  =  =±r   /— —  -  ss  =fc: a(^^— j.).    Hence,  if  unit 

represent  the  whole  line,  the  greater  segment  is  •619(^398^260 
&c.  and  the  smaller  segment  .38196601572,  &c« 

From  Cor.  1.  an  extremely  neat  approximation  is  likewne  ob- 
tained. Assuming  the  segments  of  the  divided  line  as  at  firvt 
equal  and  denoted  each  by  i,  these  successive  numbers  wiQ  re- 
snlt  from  their  continued  summation  : 

1,  2,  S,  5,  8, 13, 21,  34,  55,  89, 144,  &c 

If  the  original  line,  therefore,  contained  i^^e^nal  psuts,  itsgreskt^ 
tr  segment  would  indude  89,  aid  its  smalkt  segmenl  55  o£  \]b.^se 
parts  very  neaily^ 


*        '  Note  Xt— Page  68. 

This  proposition  will  furnish  another  convenient  method  of 
discovering  tne  numbers  which  represent  the  sides  of  a  triangle : 
For  8inceDE*=2 AD  X  CE,  it  is  evident  that  fDE'ri AD  x  CE ; 
and  consequently,  expressing  DE  by  a  whole  number,  and  resolving 
^DE*  into  the  factors  AD  and  CE,  AD+DE  and  CE+DE 
will  represent  the  two  sides,  and  AD-f-CE-l-DE  the  hypotenuse, 
of  a  right-angled  triangle.  Thus,  if  2  be  taken,  the  iactors  of 
half  its  square  are  1  and  2,  which  produce  the  numbers  3,  4,  and 
5.  Again,  if  4  be  assumed,  the  factors  are  2  and  4,  or  1  and  8 ; 
whence  result  these  numbers,  6,  8  and  10,  or  5,  12  and  13.  In 
this  way,  a  very  great  variety  of  numbers  can  be  found,  to  express 
the  sides  of  a  right-angled  triangle. 
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Note  XII — Page  97# 

The  demonstration  of  tbia  beautiful  proposition  may  be  some- 
srbat  simplified.  Because  the  arcs  BC  and  CD  are  equal  to  EF 
and  FGf  the  chords  B£»  CF,  and  D6  are  parallel ;  and  because 
||;he  arcs  $C  and  CD  are  equal  to  AE  and  £F,  the  chords  BA, 
CE  and  DF  are  likewise  paraUel.  Wherefoi^.HBEI  and  ICFX> 
are  r]^omboids.  ; 


Note  XIII.— Page  98. 

This  theorem  is  the  result  of  one  of  the  analyses  which  the  an- 
cient geometers  have  given  of  the  celebrated  problem  of  the  tri« 
section  of  an  angle.  If  a  straight  line  cotdd  be  drawn  through 
the  point  £f  having  its  exterior  portion  AD  equal  to  the  radius 
of  the  circle,  the  arc  AB  would  be  the  third  part  of  FE«  But 
to  effect  this  constructiony  requires  the  higher  geometry,  and 
it  gave  occasion  to  the  discovery  of  the  conchoid^  a  curve  first 
proposed  by  Nicomedes.  Some  very  limited  cases,  bemg  capable 
of  an  elementary  solutiony  suggested  to  ApoUonius  the  problem 
Qi  Jndimfiom* 


Ngte  XIV.-^Page  143. 

Sucb  are  the  only  regular  polygons  known  to  the  Greeks. 
The  inscriptioa  of  all  the  rest  has  for  ages  been  supposed  abso* 
lutely  to  transcend  the  powers  of  elementary  geometry.  But  a 
cunous  mid  miQSt  unexpected  discovery  was  lately  made  by  Mr 
Gauss,  wl^o  has  demonstrated,  in  a  work  entitled  Dis^pdritione& 
^rtihmetiM  and  ftublisbed  at  Brs&siiric  in  IfiOl,  that  certain  verv* 
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compks  polfgoM  out  yet  be  described  merely  by  help  of  caefct. 
Thus,  a  rcgnkr  polygon  conUining  17,  257,  65537,  &c.  sides,  h 
capable  of  being  inscribed,  by  the  applkation  of  elementary  geome- 
try ;  and  in  general,  when  the  number  of  sides  may  be  denoted  by 
Si  4-  I,  and  is  8t  the  same  time  a  prime  number.  The  inrcstfga- 
tioB  of  this  principle  is  rather  intricate,  being  founded  on  the 
arithmetic  of  sines  and  the  theory  of  equations  ;  and  the  consmuN 
lions  to  which  it  would  lead  are  hence,  m  every  case^  BoanridaUy 
and  most  excessively  complicated^ 


Note  XV— Page  144^ 

Pythagotas  was  the  first  who  rematleed  the  simple  property 
that  only  three  regubr  figures— the  square,  the  eqahtaml  crfan- 
gle,  and  the  hexagon,— can  be  constituted  about  a  point.  Here 
the  mystic  phflosopher  might  again  admiir  tiie  union  of  the  m<mad 
widi  the  iriai. 


Note  XVI^^Page  145. 

The  words,  >Ay^  in  Greek  and  ratio  in  Latin,  sigtiifyittg  recaom 
or  manner  of  thought^  indicate  vaguely  a  philosophical  conception. 
The  compound  term  avdtXoyia  comes  nearer  to  this  idea ;  but  its 
correlative,  proportion  marks  very  distinctly  a  radical  simihrity  of 
composition. 

The  doctrine  of  proportion  has  been  a  source  of  much  contm- 
versy.  In  then-  mode  of  treating  that  important  subject,  authon 
differ  widely ;  some  rejecting  the  procedure  of  EucHd  as  drcm- 
tous  and  embarrassed,  while  others  Appear  dtspoaed  tn  exttA  it  aa 
one  of  the  happiest  and  most  elaborate  monuments  of  buman  in* 

genuity.    But,  to  view  the  matter  ia  its  trae  light,  we  shonU  en^ 
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deavour  previously  to  dispel  that  mist  which  h^s  so  long  ohscured 
pur  vision.  The  fifth  book  of  Euclid,  in  its  prjgipal  form,  is  no|: 
found  to  answer  the  purpose  of  actual  instruction ;  and  this  fact 
alone  might  justify  a  suspicion  of  its  intrinsic  excellence.  The 
great  object  which  the  framer  of  the  Elements  had  prc^osed  to 
himself  by  adopting  such  an  artificiaT  definition  of  proportion,  was 
to  obviate  the  difficulties  arising  from  the  consideration  of  incom- 
mensurable quantijties.  Under  the  shelter  pf  a  certain  ind^fini^u^e 
of  principle,  he  has  contrived  rather  to  evade  those  difficulties 
than  fairly  to  meet  them.  Euclid  seems  not  indeed  to  grasp  the 
subject  with  a  steady  and  comprehensive  hold.  In  his  seventh 
book,  which  treats  of  the  properties  of  number,  he  abandons  hia 
former  definition  of  proportion,  for  another  that  is  more  natural 
though  imperfectly  developed.  Through  the  whole  contexture 
of  the  Element^,  we  may  discern  the  influence  of  that  mysticism 
which  prevailed  in  the  Platonic  school.  The  language  sometimes 
u^ed  in  the  fifth  book  would  imply,  that  ratios  are  not  mere  con« 
ceptions  of  the  mind,  but  have  a  real  and  substantial  essence.     . 

The  obscurity  that  confessedly  pervades  the  fifth  book  of  Eu- 
clid  being  thus  occasioned  solely  by  the  attempt  to  extend  the 
definition  of  proportion  to  the  case  of  inconunensurables,  the  the- 
ory of  which  is  contained  in  his  tenth  book— -the  pertinacity  of 
modem  editors  of  the  Elements  in  retaining  such  an  intricate  de- 
finition, appears  the  more  singular,  since,  omitting  all  the  books 
relative  to.  the  projperties  pf  n^mbers,  they  have  npt  given  the' 
slightest  intimation  f^spi^ctii^g^ven  the  existence  of  incommensu- 
rable'quantities. 

The  notion  of  proportionality  involves  in  it  necessarily  the 
ideas  of  number.  The  doctrine  of  proportion  hence  constitutes  a 
l^ranch  of  universal  arithmetic ;  and  had  I  not  on  this  occasion 
yielded  to  the  prevalence  of  custom,  I  should  have  deferred  the 
consideration  of  the  subject  till  I  came  to  treat  of  Algebra,  where 
it  is  sometimes  given,  but  in  a  very  contracted  form.    The  pro* 
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pcrtic*  tkcnwelvef  mre  extremely  simple,  and  oiBy  be  nguded  v 
only  the  expontion  of  the  same  principle  under  di&xent  dspects. 
The  variotti  transformations  of  which  analogies  are  anscepdUe* 
exactly  resemble  the  changes  usually  effected  m  the  xeductioii  of 
equations. 

According  to  Euclid, «  The  first  of  four  magnitudes  is  and  to 
have  the  same  ratio  to  the  second  which  the  third  has  to  the 
fourth,  when  any  equimultiples  whatsoever  of  the  £nt  and  tbird 
being  taken,  and  any  equimultiples  whatsoever  of  the  Kcotkd  and 
fourth  ;  if  the  multiple  of  the  first  be  less  than  that  of  the  se- 
cond, the  multiple  of  the  third  is  also  less  than  that  of  the  fourth  $ 
or,  if  the  multiple  of  the  first  be  equal  to  that  of  the  second,  the 
multiple  of  the  third  is  also  equal  to  that  of  the  fourth  ;  or,  if  the 
multiple  of  the  first  be  greater  than  that  of  the  second,  the  mul- 
tiple of  the  third  is  also  greater  than  that  of  the  fourth. '^    This 
definition,  however  perplexed  and  verbose,  is  yeC  easily  derived 
from  that  which  appears  to  fumifli  the  simplest  Mnd  moat  natural 
criterion  of  proportionality.    F<a,  let  A. ;  'ft  ;i  C  :  I>  ;  it  was  sta- 
ted as  a  fundamental  principle,  that,  if  the  aith  part  of  A  be  con- 
tained n  times  in  B,  the  mth  part  of  C  will  likewise  be  contained 
n  times  in  D.    Whence  n^zzmB,  and  nC=mD ;  which  ia  the 
basis  of  Euclid's  definition.    But  when  the  terms  are  incommensu- 
rable, such  equality  cannot  absolutely  subsist.    In  this  case,  no 
•ingle  trial  would  be  sufficient  for  ascertaining  proportionality.   It 
is  required  that,^fr^  multiple  whatever,  mA,  being  greater  or  less 
than  nB,  the  corresponding  muldplc,  #/fC,  ahall  UKewise  be  con- 
stantly greater  or  less  than  nD.    Actually  to  apply  the  definition 
is  therefore  impossible ;  nor  does  it  even  assist  us  at  all  in  dovct<> 
/ing  our  search.     In  the  natural  mode  of  proceeding,  by  assuming 
successively  a  smaller  divisor,  we  are,  at  each  time,  bronglit  nearer 
to  the  incommensurable  limit.    But  Euclid's  famous  definition 
leaves  us  to  grope  at  random  after  its  object^  and  to  seek  onr 
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eScapCy  by  having  recourse  to  some  auxiliary  train  of  reasoning  or 
induction. 

The  author  of  the  Elements  has  likewise  given  what  Dr  Bar- 
row calls  a  metaphysical  definition  of  ratio  :  <<  Ratio  is  a  mutual 
relation  of  two  magnitudes  of  the  same  kind  to  one  another,  in 
respect  of  quantity*^*  This  sentence,  as  it  now  stands,  appears 
either  tautological,  or  altogether  devoid  of  meaning  ;  and  Dr  Sim- 
son,  anxious  for  the  credit  of  Euclid,  considers  it,  in  his  usual 
manner,  as  the  interpolation  of  some  unskilful  editor.  I  am  in- 
clined to  think,  however,  that  the  passage  will  admit  of  a  version 
which  is  not  only  intelligible,  but  conveys  a  most  correct  idea 
of  the  nature  of  ratio.  The  original  runs  thus  :  Aoyoc  i(Ti  Ivo 
jULtyiiSy  o/uLoytyav  n  kolIx  lltiKiKo%^x  Trooq  clkkhkol  ttoioL  ap^ec/c. 
Now  the  term  tthxikoCj  on  which  the  whole  evidently  hinges,  though 
commonly  rendered  quantus^  may  be  translated  quotus,  as  expres- 
sing  either  magnittide  or  mtdtitude.  In  its  primitive  sense,  it  pro- 
bably denoted  number^  and  came  afterwards  to  signify  quantity, 
as  this  word  itself  has^^  in  the  French  language,  undergone  the  re- 
verse process.  In  confirmation  of  this  opinion,  it  may  be  stated, 
that  the  relative  term  wx/x/a  properly  denotes  age,  and  thence  sta^ 
iure  or  size.  According  to  this  interpretation,  therefore,  "  Ra- 
tio is  a  certain  mutual  habitude  of  tWo  homogeneous  magnitudes 
with  respect  to  quotitt/f  or  numerical  composition.'* 

Note  XVII.— Page  182- 

It  will  be  proper  here  to  notice  the  several  methods  adopted  in 
practice,  for  the  minute  subdivision  of  lines.  The  earhest  of 
these — ^the  diagonal  5Cfl/e— depending  immediately  on  the  propo- 
sition in  the  text,  is  of  the  most  extensive  use,  and  constituted 
the  first  improvement  on  astronomical  instruments. 

Nunez,  or  Nonius,  proposed  one  more  complicated.  He  placed 
a  number  of  parallel  scales,  differently  divided,  and  forming  a  re-^ 

2g 
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gular  descending  gradation.    An  index  laid  any  where  across  the^e 
scales  would,  therefore,  cut  at  least  one  of  them  at  some  dtWaioc^ 
and  hence  the  intercepted  space  would  be  expressed  by  acoxrv- 
sponding  fraction. 

But  the  method  of  subdivision  afterwards  introduced  by  Vernier^ 
is  much  simpler  and  far  more  ingenious.  It  is  founded  on  the 
difference  of  two  approximating  scales,  one  of  which  is  moveable. 
Thus,  if  a  space  equal  to  M  —  i  parts  on  the  limb  of  the  iostro- 
Dient  be  divided  into  n  parts,  these  evidently  will  each  of  them  be 
smaller  than  the  former,  by  the  nth  part  of  a  diviuon.  "WVicrefore^ 
on  shifting  forward  this  parasite  scale,  the  quantity  of  aberration 
will  diminish  at  each  successive  division,  till  a  new  coincidence  ob- 
tains, and  then  the  number  of  those  divisions  on  that  scale  will 
mark  the  fractional  value  of  the  displacement. 

Note  XVIIL— Pages  214-216. 

This  scholium  was  added  chief7y,  for  the  purpose  of  explaining 
the  construction  of  that  very  uscfuV  instrument,  the  Pardagraph. 

Note  XIX Pages  221-223. 

The  curious  properties  of  the  crescents^  or  Utnuktf  were  disco- 
vered by  Hippocrates  of  Chios,  in  his  attempts  to  square  the 
circle.  The  second  corollary  which  I  have  annexed,  contains 
a  beautiful  extension  of  the  same  principle,  first  suggested  by 
Mr  Lawson,  and  explained  in  Dr  Hutton's  Mathematical  Tracts, 


Note  XX — Page  224. 

This  elegant  theorem  admits  of  an  algebraical  investigation. 
Put  ACzTA,  AJB=:i,  BC=c,  and  let  s  denote  the  semiperimeter, 
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and  A  the  area  of  the  triangle ;  then,  by  Prop.  31.  Book  II.> 
2 AC  .  CD  =  a*  +  c*  —  h*y   consequently 

CD  =  iil±£l— ,  and  BD»=BC»— CD»=: 
2a 


Prop.  7.  Book  11.  A-  =  ^J^  ^4«V_£«' t£!=±): 

But  this  expression,  consisting  of  the  difference  of  two  squares, 
may  be  decomposed,  by  Prop.  23.  Book  II. ;  whence   A*  =: 

4  •  4  -"  4        •    •  4  ' 

and,  decomposing  these  factors  again, 

^  +  ^+^        ^ — ^+c     «+^ — c     — j+i+c 

A    iz:   — — ^— —  •    — --^— —  ^    ■'■  •  — ^-^— — — — 

2  2  2  2  • 

^_       04.(41  c  fl — h+c  -       a4-ft — c 

Now — = — - — =  ^*     =—=5 0,      — = =  «— c, 

2  2  '2 

and  ■         —  =:  ^-^a  5  wherefore  we  obtain,  by  substitution, 

A  =s  v'C  5(5— a)  (5  —  5)  (5— c)  ). 

This  most  useful  proposition  was  known  to  the  Arabians,  but 
seems  to  have  been  re-invented  in  Europe, about  the  latter  part  of 
die  fifteenth  century. 


Note  XXL—Pages  226-228. 

This  ingenious  and  concise  approximation  to  the  quadrature  of 
the  circle  was  first  published,  at  Padua,  in  the  year  1668,  by  my 
illustrious  predecessor  James  Gregory.  It  is  the  more  deserving 
of  attention,  as  it  seems  to  have  led  that  original  aiuthor  to  the 
invention  of  the  method  of  series. 
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Note  XXII.~Pagc8  230-256. 

The  Appendix  to  the  books  of  Geometry  cannot  fiu!,  hj  it 
novelty  and  tingidar  beauty,  to  prove  highly  interestii^.  The 
first  part  is  taken  firom  a  scarce  tract  of  Schooten,  who  was  Pro- 
fessor of  Mathematics  at  Leyden,  eaily  in  the  seventeenth  century. 
But  the  second  and  most  important  part  is  chiefly  selected  from  a 
most  ingenious  work  of  Mascheroni,  a  celebrated  Italian  mathenui- 
tician,  which  in  1798  was  translated  into  French,  under  the  udt  fA 
Geometrie  du  Campa$»  It  will  be  perceived,  however,  that  I  have 
adapted  the  arrangement  to  my  own  views,  and  have  demoostrated 
the  proportions  more  strictly  in  the  spirit  of  the  ancient  geome* 
try, 

« 

Note  XXIII ^Pages  259-59S. 

These  three  books  arc  designed  to  exhibit  a  distinct  ud  com- 
prehensive  view  of  the  mode  by  which  the  Greek  geometers  con« 
ducted  their  Analysis.  For  that  purpose,  I  have  chosen  a  series 
of  propositions,  at  first  extremely  simple,  but  gradually  rising  in 
difficulty  as  the  train  of  investigation  proceeds.  The  first  book^ 
being  rather  of  a  miscellaneous  nature,  is  drawn  from  a  variety  of 
sources.  The  2l8t  and  22d  Propositions  contain  the  analyses  of 
the  two  problems  so  famous  in  the  Platonic  school— M«  trisecHon 
of  an  aiig^fe— and  the  duplication  of  the  ncAe^— which  led  immediate* 
ly  to  the  cultivation  of  the  higher  geometry.  The  concluding 
theorem  is  the  only  one  supplied  by  the  Data  of  Euclid. 

In  the  second  and  third  books,  I  have  endeavoured  to  comprise 
all  that  relates  to  the  ancient  analysis  in  its  most  improved  state^ 
as  extended  by  the  labours  of  Apollonius  and  his  illnstrious  con- 
temporaries. Without  omitting  any  materiid  propontion,  1  have 
yet  avoided  the  prolixity  of  pursuing  in  detail  their  numerous 
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subdivisions.  Our  system  of  modern  education,  embracing  such 
a  wide  range,  would  scarcely  indeed  afford  leisure  for  indulging 
in  those  easy  tasks. 

The  method  of  analysis,  so  deservedly  valued  in  the  ancient 
schools,  was  regularly  studied  after  the  Elements  of  Geometry. 
According  to  Pappus,  it  consisted  of  eight  distinct  treatises : 

1.  The  Dfl^a— TIC/  rav  Itlofiiyoiv — ^in  a  single  book  of  con- 
siderable length,  but  containing  propositions  only  of  the  very  sim- 
plest kind. 

2.  The  Section  of  Ratia — '^r^O  ^^T*  i'^'oVl^yii — ^in  two  books, 
which  Dr  Halley,  with  much  sagacity  and  incredible  labour,  re- 
stored, from  a  MS.  in  the  Bodleian  library.  The  object  of  the 
tract  was  the  solution  of  this  problem^  branched  out  into  a  mul- 
titude of  cases,  and  marked  virith  various  limitations  :  <*  Through 
a  given  point  to  draw  a  straight  line  intercepting  segments  on  two 
straight  lines  which  are  given  in  position,  &om  given  points  and  in 
a  given  ratio."  It  forms  the  first  four  propositions  of  the  second 
book. 

3.  The  Section  of  Space ^^'Tni^  X!^iii^  ot^olojunc^^ui  two 
books.  Of  these  no  vestige  remained ;  but  Dr  Halley,  guided 
by  a  few  hints  from  Pappus,  very  successfully  exerted  his  inge- 
nuity in  divining  the  original  structure.lt  was  proposed— <<  Thro' 
a  given  point,  to  draw  a  straight  line  cutting  off  segments  from 
given  points  on  two  straight  lines  given  in  position,  and  which 
shall  contain  a  rectangle  equal  to  a  given  space.'*  This  occupies 
the  propositions  from  the  5th  to  the  10th  inclusively  of  the  second 
book. 

4.  The  Determinate  Section^^Tn^i  %iafi7fim^  7«/*wc— in  two 
books.  These  also  were  lost  $  but  Dr  Simson,  assisted  by  the 
attempts  of  Schooten,  has  restored  them  in  the  most  luminous 
manner.    They  form  Prop.  10 — 19.  Book  II. 

5*  Indinatiom'^mii  rlvs'ior— in  two  books.  It  was  proposed 
w^^^  To  insert  a  straight  line,  of  a  given  magnitude,  and  tending 
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to  a  given  point,  between  two  lines  which  are  given  in  position,? 
This  problem  was  restored  by  Marinus  Ghetaldus,  9  patricfaii  of 
Ragusa ;  and  other  investigations  were  given  by  Hugo  de  Qme- 
riquey  in  his  ingenious  treatise  on  Geometrical  Analysis,  pnnted 
at  Cadiz  in  1698.  Two  solutions  of  the  case  of  the  rhombus, 
remarkable  for  their  elegance,  appeared  in  the  posthumous  works 
of  Huygens,  who  was  imbued  with  the  finest  taste  for  the  ancient 
geometry,  I  have  condensed  the  whole  in  Prop.  20 — 26.  Book.  II. 

6.  Tangencics — '^i(i  iTfaf «r— -in  two  books.  0£  t\i»  tract 
only  some  lemmas  were  preserved,  which  enabled  the  celebrated 
Victa  in  a  great  measure  to  restore  it.  Some  of  the  cases  which 
had  escaped  him  were  solved  by  Marinus  Ghetaldus  ;  and  farther 
improvements  were  made  in  1612,  by  Alexander  Anderson  of 
Aberdeen,  an  ancestor  of  the  Gregorys.  The  general  probleai 
occupies  the  remainder  of  the  second  book. 

7.  Plane  Loci^^Trt^t  ^iottcjv  IT/Tfjwr— in  two  books.  The  ob- 
ject was—**  To  find  the  conditions  under  which  a  pointy  varying  im 
its  position,  is  yet  confined  to  trtct  -a  t^raQ^tVme'  or  a  circVe  gi- 
ven in  position."  This  beautiful  train  of  investigation  wa»  partly 
restored  by  Schooten  in  1650,  though  after  a  sort  of  algebraical 
form.  The  ingenious  Fermat  succeeded  in  bestowing  greater  simpli- 
city on  the  subject.  But  all  these  attempts  have  been  eclipsed  by 
Dr  Simson,  whose  treatise  De  Locis  Planisy  published  at  Glasgow 
in  1749,  is  a  model  of  geometrical  strictness  and  elegance.  The 
first  17  propositions  of  the  third  Book  include  all  the  principal 
theorems,  which  I  have  selected  with  additions. 

The  six  preceding  branches  of  analysis  were  all  the  creation 
of  Apollonius  of  Perge,  the  most  assiduous  and  inventive  oi  the 
Greek  geometers. 

8.  Porisms — ^ift  rSr  sro^/o'/^a'Jwr— .in  three  books,  composed 
by  Euclid.  No  trace  of  these  now  remains,  except  sotne  obscure 
Jiints  of  Pappus,  rendered  still  more  perplexed  by  the  corrupt  and 
mutilated  state  of  his  text,    ^The  subject  had  long  proved  an 
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scBiraia  wKich  it  baffled  the  efforts  of  the  ablest  and  most  learn- 
ed mathematicians  to  unravel.  Fermat  advanced  some  steps ; 
but  the  honour  of  completing  the  discovery  was  reserved  for 
cur  countryman  Dr  Simson,  whose  restoration  of  the  Porisms 
was  given  to  the  scientific  world  in  1776,  in  a  posthumous  volume, 
printed  at  the  expence  of  the  late  Earl  Stanhope.  •  From  that  work 
I  have  extracted  what  seemed  the  best  suited  to  my  purpose ;  and 
I  have  likewise  availed  myself  of  the  judicious  remarks  and  illus- 
trations of  my  distinguished  colleague,  Professor  Playfair.  These 
porisms,  with  some  additions,  are  contained  in  Prop.  18—25. 
Book  III. 

The  rejnaining  propositions  of  the  third  book  relate  to  the  sub- 
ject of  Isaperimeters  ;  which  I  have  treated  with  the  conciseness 
of  the  moderns,  without  departing,  I  hope,  from  the  spirit  of  the 
ancient  geometry. 

Note  XXIV.— Page  276. 

An  extension  of  this  proposition,  omitted  inadvertently  in  the 
text,  is  here  supplied. 

From  two  given  points^  to  inflect  straight  lines  to  the  drcurnfe* 
r,ence  of  a  circle^  such  that  the  chori  of  their  intercepted  arc  shall 
teTtd  to  a  given  point  in  the  direction  qf  the  former* 

Let  it  be  required,  from  the  points  A  and  B,  to  inflect  AFand 
BF,  so  that  the  chord  DG  produced  shall  meet  the  extension  of 
AB  in  the  point  C. 

Draw  DE  parallel  to  AC,  join 
£G,  and  produce  it  to  meet  AB 
^nH. 

The  angle  BHG  is  equal  to  the 
alternate  angle  G£D,  which  is 
equal  (III.  20.  EL)  to  GFD, 
and  consequently  the  angles  BHG 
and  BFA  are  equal,  aud  the  tri- 
angles BGH  ?md  BAF  are  simite;. 
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Wherefore  GB  :  HB  ::  BA  :  BF  and  GB  •  BF  =  HB .  BA  ;. 
but  the  rectangle  GB>  BF  is  i^ven,  since  it  is  equal  to  the  sqnaitr 
of  a  tangent  drawn  from  By  and  hence  HB  •  BA  is  given,  and  the 
point  H.  The  problem  is  thus  reduced  to  Prop*  l4k  Book  II* 
and  only  requires,  from  the  points  C  and  H,  to  inflect  CD  and 
HE,  such  that  DE,  the  chord  of  their  intercepted  aic^  may  be 
parallel  to  HC. 


Note  XXV.— Page  S45. 

The  first  of  these  three  cases  admits  of  a  solution  immediatdf 
derived  from  other  principles.  Thus,  Let  U  be  required  to  describe 
n  circle  through  the  point  C,  and  touching  tno  gioen  circles  fshau 
centres  are  A  and  £• 

ANALYSIS. 

Join  AB,  and  produce  it  to  meet,  in  D,  the  extenaon  of  the 
straight  line  which  connects  E,  F,  the  ^oanU  o£  coiA2itt*,  'joiii 
OA  and  OB,  AG  and  BH,  draw  CEI,  and  produce  IG  and  DC 
to  meet  in  K* 

The  isosceles  triangles  EOF,  EAG»  and  FBH,  are  evidently 
similar,  and  consequently  AG  is  pa-  X 

rallel  to  BF  and  AE  to  BH. 
Whence t VI.  2.  EL)  AE :  BH :: 
AD  :  BD )  and,  this  ratio  being 
therefore  given,  the  point  D  is  gi- 
ven. Again,  AG  :BF::DG:DF, 
and  DG :  DF  ::  DK  :  DC,  for 
(III.  SS  El.)  IG  isparaUelto  FC; 
consequently,  DC  being  given,  DKt 

and  the  point  K,  are  given.  Where-    -^  ^  D 

fore,  by  the  preceding  notCi  the  straight  line  G£|  indudedby  the 
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reflected  lines  KI  and  CI,  and  directed  to  tbe  given  point  I,  is  given  % 
hence  A£0  is  given  in  position.  Join  OC,  and  the  angle  £C0« 
being  equal  (I.  8,  £1.)  to  €£0,  is  given;  and  consequently 
CO,  and  the  centre  O,  are  given. 

COMPOSITION. 

Make  (VI.  3.  £1.)  A£  :  BH  : :  AD  :  BD,  join  DC,  make 
BH ;  A£  ::  DC  :  DK  ;  and,  from  the  points  K  and  C,  inflect 
KI  and  CI,  by  Note  XXIV.  such  that  GE  shall  tend  to  D,  pro- 
duce AE  and  CO,  making  the  angle  ECO  equal  to  CEO  ;  the 
intersection  O  is  centre  of  the  required  circle. 

For  join  AG,  CF,  OB,  and  BH.  Because  AE,  or  AG :  BH, 
or  BF  z:  AD  :  BD,  and  the  triangles  ADG  and  BDF  have  a 
common  angle  at  D,  they  are  (VI.  15.  El.^  similar ;  consequent- 
ly AD  ;  BD  ::  DG  :  DF  ::  DK  :  DC,  and  IG  is  parallel  to 
FC;  and  therefore  the  circles  touch  at  E.  But  the  triangle, 
BFH,  having  its  sides  BF  and  BH  parallel  to  AG  and  AE,  the 
•ides  of  the  isosceles  triangle  GAE,  must  likewise  be  isosceles  ; 
wherefore  the  circles  meet  at  F :  And,  since  BH  is  parallel  to  EO, 
they  must  touch  at  that  point.  Again,  the  angle  ECO  being 
equal  to  CEO,  the  side  OE  is  equal  to  OC ;  and  consequently  die 
circle  described  from  O,  and  which  touches  at  £  and  T,  must  ali» 
pass  through  C. 

Note  XXVI.— Page  4(Mf. 

The  French  philosophers  have,  at  the  instance  of  Borda,  lately 
proposed  and  adopted  the  centesimal  division  of  the  quadrant,  at 
easier,  more  consistent,  and  better  adapted  to  our  scale  of  arithme- 
tic. On  that  basis,  they  have  also  constructed  their  ingenious  sys- 
tem of  measures.  The  distance  of  the  Pole  from  the  Equator  was 
determined  with  the  most  scrupulous  accuracy^  by  a  chain  of  trian- 
gles extending  from  Calais  tQ  Sarceloaa;  and  since  prolonged  to  the 
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Balearic  Isles.  Of  this  quadrantal  arc,  the  ten  milljondi  pArt, 
or  the  tenth  part  of  a  secondf  constitutes  the  metrer  or  unit  of 
linear  extensioo.  From  the  metre  again,  are  derived  the  seTeral 
measures  of  surface  and  of  capacity  ;  and  water^  at  its  greatest 
contraction,  furnishes  the  standard  of  weights. 

It  would  be  most  desirable^  if  this  elegant  and,  universal  sp- 
tem  were  adopted,  at  least  in  books  of  science.  Whether,  with 
all  its  advantages,  it  be  ever  d^tiaed  to  obtain  a  general  carreocy 
in  the  ordinary  affairs  of  life,  seems  extremely  questionable.  J^t 
all  events,  its  reception  must  necessarily  be  very  slow  and  gradual  ; 
and,  in  the  meantime,  this  innovation  is  productive  of  much  in- 
eonvenience,  since  it  not  only  deranges  our  habits»  but  tends  to 
displace  our  delicate  instruments  and  elaborate  tables.  The  iate 
of  the  centesimal  division  may  finally  depend  on  the  continuc(|. 
inerit  of  the  works  framed  after  that  modeLy 

Note  XXVII.— ft^e  406. 

■ 

The  21>th  Proposition  of  the  Sd  Book  of  the  Elements  aSbrdi 
a  very  simple  expression  for  the  sum  of  the  unes  of  progresuve 
arcs.  Suppose  the  diameter  AO  were  drawn  ;  then  B£-f-CF 
+DG  =  HG  =  HO+DO»  or  2S,AB+2S,AC+2S,AD  = 
HO  +  S,AD,  and  C,AB  +  S,AC+S^AD  =  4HO+i^AD= 
iAO.T,BAO+iS,AD.     Wherefore,  in  general,  S,a+S,2o+ 

S,3a S,na  =  iVS,na.Cot,^a  •{-  ^Siiui.    Hence  the  sum 

of  the  sines  in  the  whole  semicircle  is  =:  Cot,^a.  Thus,  if  the 
sines  for  each  degree  up  to  180^,  the  radius  being  unit,  were  added 
together,  the  amount  would  be  114,58866» 

Note  XXVIII^Pages  407,  408. 

I  lis  hence  easy  to  determine  the  relative  variation  of  an  arc  t* 
itf  line  and  cosine.   ;  Let  a  express  the  small  increment  which  the 
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arc  A  receives ;  then,  the  radius  being  assumed  equal  to  unit^ 
S,A  +  «  =  S,A.Cos,«  +  Cos,A.S,«,  and  Cos,A+^  =r 
CosjA  .  Cos,«  —  S,A  .  S,*.  But  the  sine  of  «  may  be  consider- 
ed as  equal  to  that  arc  itself,  and  its  cosine  differs  not  sensibly 
from  the  radius.  Wherefore,  S,A+«  =  S,A4-«.Cos,A,  and 
Cos, A — *  z=  Cos, A  —  ».S,A  ;  consequently,  1st,  the  increment 
of  the  sine  of  A,  or  S,A+«  —  S,A,  =:  «.  Cos,  A  ;  and,  24, 
the  decrement  of  the  cosine  of  A,  or  Cos>A  — CosyA-f-ff,  i= 
^•S>A* 

Note  XXIX. Pages  407-412. 

The  general  properties  of  the  sines  of  compound  arqs  may  bo 
derived  with  great  facility  from  Prop.  24.  of  Book  VI.  of  the 
Elements.  For,  since  AB.CD  +  BC.AD  =  AC.BD,  it  is  evi- 
4ent  that  iAB.iCD  +  iBC.4AD=4AC.iBD  5  but  (cor.  1.  de£ 
Trig.)  the  semichord  of  an  arc  is  the  same  as  the  sine  of  half  the 
arc^  and  consequently,  by  substitution,  S,|AB  X  S,|CD  + 
S,|BC  X  S,iABGD  =  S,iABC  X  S,4BCD.  Let  ^AB  =  U 
}BC=M,  and  \CD  =  N ;  wherefore  JABCD  =  L  +  M  +  N, 
5ABG  =  L+M,  and5BCD=M+N,  and  hence  the  general  re- 
sult:  S,L  X  S,N+S,Mx  S,T+M+N=S  LhTMx  S,N^^ 
in  which  L,  M,  and  N  are  any  arcs  whatever.  This  expressioi^ 
variously  transformed,  will  exhibit  all  the  theorems  respectini^ 
'  $ine8« 

1.  Put  A=:M,  B=rN,  and  let  L  be  the  complement  of  A. 
Then,  Cos,  A  X  S,B + S,  A  X  S,A+B+90°— A=  S,90**-A+A 
X  S,A-|-B  ;  that  is,  since  the  sine  of  an  arc  increased  by  a  qua* 
drant  is  the  same  as  its  cosine,  S,A  X  Cos,B  -}-  Cos,A  X  S,B 

=RXS,A+B. 

2.  Let  the  arc  B  be  taken  on.the  opposite  eide,  or  substitutfr 
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— B  for  It  ia  the  last  expresKion,  and  S,A  X  Co8,B— Co6|A  X  S^B 


2.  In  art.  I.9  for  A  substitute  its  complement ;  then  SyA4-E 
-  S,yo°— A+B  s=  8,90^  +  A— B=  Cm,A— B,  and  hesce 
CohA  X  Co8,B + S»A  X  S,B=  R  x  Co8,A— B. 

4.  In  art.  2.  likewise^  substitute  for  A  its  complemefit^  and 
the  result  will  become  Cos^A  X  CoSyB  —  S,A  X  ^B  = 
R  X  Cos,A+B. 


5.  In  art.  1.,  let  A=B|  and  2S,AxCos,A=RxS,2A. 


6.  In  art.  4.  let  A=:B>  and  Co8*,A--S*^A=RxCos,2A. 


?•  Suppose  L=:  A— By  and  M=N=B  ;  then  tlie  general  ex- 
pression becomes  S,A  — B  X  S,B,+  S,B  X  SyA—B  +  2B=z 
S,  A  —  B  +  B  X  S,2B,  or  &,B  ^S  A  +  ^  +  S,A— B)  = 
S,A  X  S,2B. 

8.  Since,  from  art.  5.»  R  X  S,2B  =  S,B  X  2  Cos^B,  therefore, 
by  combining  this  with  the  last  result,  R(S,A-|-B-)-S,A— B)=: 
S>A  X  2Cos,B. 

9.  In  the  preceding  article,  for  A  substitute  its  complement, 
and  R(S,90«— A  +  B+S,90^— A— B)  =  Co8,A  X  2Co8,B, 
or  R(Co8,A+B  =  Co8,A— B)  =  Co8,A  x2Co8,B. 

10.  In  art.  8.  change  A  and  B  for  their  complements,  and 
R(S,180^— A— B  +  S,  — A  +  B)  =  Cos,  A  X  2S,B,  or 
R(S,A+B— S,AIIB)=:Co8,Ax2S,B. 

11.  Ia  art.  9.  likewise,  change  A  and  B  for  their  complements ; 
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tlienR(Co8,180°— A  — B  +  Cos,  — A  +  B=S,A+2S,Bi  or 
.  R(Cos,SIlB— Co8,A + B)  =  S,A  X  2  S,B. 

12.  In  art.  10.  transform  A  and  B  into  A  +  ^  ^^^  A^—  Bf 
and  consequently,  for  A  -f-  B  and  A  —  B,  substitute  2 A  and 
2B  ;  then  R  (S,2A  —  S,2B)  z=  Cos,  A  +  B  +  S,A— B,  or 
iR(S,2A— S,2B)=Cos,A  ^  B  X  S,A^I^ 

>• 

13.  Make  the  same  transformation  in  article  11.,  and 

R(Cos,2B— Co8,2A)  =  S,A  +  Bx 2S,A— B,  or 
iR(Co6,2B— Cos,2A)=:S,A  +  BxS,AlIF    . 

14.  Lastly,  suppose  L=N=:B,  and  Mr:  A— B  ;  then  the  ge- 
neral expression  becomes,  S*,B  +  S,A  —  B  X  S^A  +  B  =  S*, A, 
or  S,A  +  B  X  S,A— B  =  S»,A— S%B.  But,  by  the  preced- 
ing article,  jR{Cos,2B  — Co8,2A)  =  S,A  +  B  X  S,A  — B; 
whence  ^R(Co8,2B—Cos,2A)=S%A—S%B. 

Note  XXXI Page  414. 

The  general  expresuon  for  the  sine  of  the  multiple  arc  was  ob- 
tained by  mere  induction ;  but  this  mode  of  inference,  in  most 
cases  so  convenient,  is  perhaps  not  quite  satisfactory,  A  com- 
plete investigation  may  be  derived  from  the  Theory  of  Func- 
tions. 

On  inspecting  the  successive  formation  of  the  sines  of  the  mul- 
tiple arcs,  it  appears,  1.  That  the  odd  powers  only  of  s  occur; 

2.  That  the  coefficient  of  the  first  term  is  always  «,  and  the 
other  coefficients  are  its  functions  of  third,  fifth,  &c.  orders ;  and 

3.  That  since,  in  the  case  when  w=:i,  the  rest  of  the  coefficients 
evidently  vanish,  those  coefficients  in  general,  as  a£Fected  by  op- 
posite  signs,  must  in  each  term  produce  a  mutual  balance. 
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tn  iini 

Let,  therefore,  Synazzn*$  +  nt}  +  n«^,  &c. ;  where  s  deootea 

the  sine  of  the  arc  a,  and  n,  n,  »,  &c.  the  succesnye  odd  orders  of 
the  functions  of  «.     It  was  shown  (Prop.  3.  Trig.)  that 

S,n  4-  1,0  -f  S,n  —  i.a  =  2Co8,a  X  S,na ; 
whence,  hy  substitution. 


///      ttj  ^  ^ uut  ///// 


(II+I+  n— i)<+(«+i  +n— 1)«5  +  (ji+i  4-  ii-i)«*+&c. 

=  2-v/(i— ^*)S,w«=(2— >!»— J**,  &c.)  {n%  +  n«J  +  if^^,  &c.) 

ut       I  .  mil     III 

=2n'5  +  (2ii— !»)«'  +   (2n  — n— in')<*,  &c.     Now, equating 


corresponding  terms,  and  rejecting  the  powers  of  f,  we  obtain 
these  general  results : 
1.     2n'  =  2n'; 


.///  Ill        III 


2*     n-fi  -f  it-|-i  =z  2n  — II  ; 


.iiMi  ma      ma       hi 


3.     n-|- 1   4-  n — I  =:  2m  —  ;i  —  ^. 

It  remains  to  discover  hence  the  several  ordett  q€  the  &liic- 
tions  of  n. 

L  The  eqnation  2n'c=  2n'  contains  a  mere  identical  proposi- 
tion ;  but  other  considerations  indicate  that  n  must  always  denote 
the  first  term,  or  that  the  first  function  of  n  is  n  itself. 


.Ill        III  m 


2.  The  equation  it-f-i  J^  n — i  =  2n  — n  fixes  the  condi- 
tions of  the  third  function  of  w,  which,  from  the  nature  of  the 
relation,  is  obviously  imperfect,  and  wants  the  second  term. 
Put,  therefore,  «'"=  ««'  +  Pn»  and,  by  substitution,  2»n}  + 
6ain+2^a  =z  2an^  +  20n — n.  Equating  now  the  correspond- 
ing terms,  and  6a  =:  — i,  or  «  =  —  f  j  but  a  +  i?  =  o,  and 

Ml                                        n*—— I 
therefore  /S  =  + 1.     Whence  w  =  —  |n5  +  |n  =  —  n. . . 

ua  mil         ntn       ul 


3.Again,in  the  third  equation,  n  +  i  +  n— i  =:  2«  —  »— ^«, 

mn 

substitute  n  :=:  an^  +  gn}  +  ^w,  and  this  compound  expression 
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will  anse  for  the  conditions  of  the  fifth  order  of  the  function  of  n : 
2xn^  +  {loct  +  2jS)  ns  +  (io«+6i3+2y)n  =2«nS  +  (2^+|)»5 
•4-  (2y — ^  —  J)n.      Equate  the   corresponding   terms,   and 

20«  +  2^  =  2)3  +  |,  or  a  =  — -=  r-r-rr-     ^^  ^i^e  manner, 

I20         ^•j't'S 

t 

ia»  +  6i3  +  2y  =  iy-^—i,  and  |3  =  — ,V-»V- i'i=-'A= 
^5^;  but«+^+y=o,   whence  7=23;^ 

^„  .  ,  ,  -  «''»  w^ — ioh^4^gn  n* — i  w* — a 
Collectively,  therefore,  «  ^ =-^-  =  «. • i 

Whence,  resuming  all  the  terms,  S,na  =  W5  — n. s^  + 

«• "  . -*'— &c.  in  which  the  law  of  continuation  is  suffi- 

2.3     4.5 

ciently  apparent. 

From  the  expression  for  the  sine  of  a  multiple  arc,  may  be  de- 
duced the  series  for  the  sine  of  any  arc,  in  teirms  of  the  arc  itself, 

and  conversely.     Let  mr=:  A,  and  therefore  a:=z  --  j  if  n  be  sup- 

posed  indefinitely  great,  then  a  must  be  indefinitely  small,  and 
consequently  in  a  ratio  of  equality  to  s.    Whence,  substituting 

A  for  n«,  and  —  for  5  in  the  general  expression,  tjhere  results, 
S,A=A— --r-J • 2—-. —Sec, 


n^—i 


But  n  being  indefinitely  great,  the  composite  fractions  — ^ 

n 

j^« o'  .  .  .      *  . 

— ^,  &c.  are  each  in  effect  equal  to  unit,  which  forms  their  ex- 
treme hmit.     Consequently,  assuming  that  modification, 
A3  A* 

Again,  putting  a=A  and  5=8,  suppose  n  to  be  indefinitely 
small,  and  S,w«=?r«=:«A  ;  whence,  by  substitution, 
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3.3  2.3  4.5 

a-3  ^-3         4-5 

fiuty  if  n  Tanisli  from  all  the  terms,  the  series  will  pass  into  a 
•impler  form, 

^  2.3       ^  2.3,4.5       ^  2.3.4.5.6.7       ^' 

By  a  similar  investigation,  the  series  for  the  cosioe  of  an  arc  i# 
Iikc\vise  found. 

COSyA  =  I  — —  +  — +,  &c. 

1.2      2.3.4       2.3.4.5.6  ^ 

These  series*  are  very  commodious  for  the  calculation  of  sinesr^ 
since  they  converge  with  sufficient  rapidity  when  the  arc  ia  not  a 
large  portion  of  the  quadrant*  Though  the  method  explained  in 
the  text  is  on  the  whole  much  Ampler,  yet  as  the  errors  of  com* 
putation  are  thereby  unavoidably  accumulated,  it  would  be  pro- 
per at  intervals  to  calculate  certain  of  the  sines  by  an  independent 
process* 

The  series'  now  given  furnish  also  various  modes  for  the  rectifi- 
cation of  the  circle.     Thus,  assuming  an  arc  equal  to  the  radiusi^ 

its  sine  is,  i  *—  -L.  J ! &c.  =  .841471}  and  its  co- 

2-3        2-3-4-5 

tine  is,  I  *.£  ^  — &c.  =:  .440302*    But  that  arc  evident- 

2       2.3.4 

ly  approaches  to  60°,  of  which  the  sine  is  y^^rr. 866025,  and  the 

cosine  .500000.    Wherefore  (  Pr.  2.  T. )  the  sine  of  the  difference 

of  these  two  arcs  is  .866025  X  .540302 841471 X  .500000 

=  .04718,  and  consequently,  by  the  series,  that  interval  itself 

is  .0472.     Hence  the  length  of  the  arc  of  60**  is  1.0472,  and 

llie  circumference  of  a  circle  which  has  unit  for  its  radius  h 

3x  1.0472=3.1416  ;  an  approximation  extremely  commodiotfs. 
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Ndte  XXXII.— Page  419« 

The  leries  for  the  tangent  in  terms  of  the  arc^  is  easily  derived^ 
by  the  thedry  of  functionBt  from  the  expression  of  the  tangent  of 

the  double  arc.     Since  %^  =  -?£-  =z  2i  +  2t^  +  2^*  +  &c. 

Put  f  s=  a  -I-  Aa^  -f-  Ba^  4-  &c.  and,  by  substitutiony  T,2a  s 
Sa  +  SAa^  +  32Ba^  +  kc  sz  2a  +  (2A  +  2)  a^  4. 
^^  4"  ^^  -f'  ^)a^  +>  &<^*  Equa^ngy  therefore,  the  corre- 
sponding terms,  we  obtain,  8A  =  2A  4-  2,^  or  A  =  |,  and 
32B  =  2B  4»  6A  4.  2,  or  SOB  s  4,  and  B  =  ^.  Whence,  in 
general,  T,a  c  a  ^  |«)  -|-  -^^^  ^c^  Again,  revert  this  series 
and  a  3S  *— 1*3  4.  I^y  —  ^»  4- ice. 

The  last  series  nffords  the  most  expeditious  mode  for  the  recti- 
fication of  the  circle-     Assume  an  arc  «,  whose  tangent  i  is  one* 

_    4^—4/5    ^ 


fifth  partof  th^  radius,  and  (  Scii.rrop.0.T.)'r,<to:s£ 


I— 6^»4-f^ 


i^  ;  consequently  (Prop.  5.  Trig.)  T,4a— 45*»  ;^  — -  zs 
119  239 

•€04fl84,100,418.  Wherefore,  computing  the  terms  of  the  series, 
a  ss  .197»S95,559,850,  and  4ct  =s  .789,582,2S9|400.  In  like  man* 
ner,  we  find  4a  —  45®  s  .004>184,076»000,  and  hence  the  diffe- 
rence  between  these  values,  or  .785,898,1634  exhibits  the  length 
of  the  octant ;  which  number,  multiplied  by  4,  gives  3,141592653^ 
for  the  drcumference  of  a  circle  whose  diameter  is  1. 


2  n 


•»•  J" 
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Note  XXXIII.-^Page  421. 

Tbif  propodtsoo  would  also  furnish  a  simple  quadratuK  of  the 
ciide.  The  sine  of  ^  semiarc  being  equal  to  half  the  chord,  k 
follows  that  the  ratio  of  an  arc  to  its  chord  is  impounded  of  the 
successive  ratios  of  the  radius  to  the  cosines  of  the  continued  bi- 
sections of  half  that  arc.  Assuming  therefore  the  arc  of  60% 
whose  chord  is  equal  to  the  i^dius,  the  logarithm  of  the  ratio  of 
the  circumference  of  a  circle  to  its  diameter  will  be  thus  compi^ 
ted : 

Arith.  comp.  log.  Cos,  15^  =  .0150562219 

Cos,  7^  SO'  =  .0037314339 
Co6,3''  45'  ±:  .0009308547 
Cos,  l"*  52^  30"  =  .0002325891 
Cos,0*  6&  15"  =  .0000581395 
Cos,  0  28'  n"  =s  .000014S344» 
One  third  qf  the  lot  itrm..  z=.  XfXKK>'^6¥^ 

Logarithm  of  3.  =  .4771212547 


.4971498730,  which 
exceeds  only  by  S  in  the  last  place  the  logarithm  of  3,141592654. 
As  the  successive  terms  come  to  form  very  nearly  a  progression 
that  descends  by  quotients  of  4,  the  third  of  the  last  one  is,  for 
the  reason  stated  in  page  422,  considered  as  equal  to  the  result  of 
the  continued  addition. 


Note  XXXIV— Page  425. 

An  elegant  mode  of  forming  the  approximate  rines  correspond^ 
iog  to  any  division  of  the  quadranti  may  be  derived  from  the  same 


«!.'  » 


NOTES  AND  ILLUSTRATIONS.  4$3 

principles  :  For  the  successive  dilFerences  of  the  sines  of  the  arcs 
A^B,  A,  and  A+B,  are  S,A— S,A^,  and  S,A+B— S,A  ; 
and  consequently  the  difference  between  these  again,  or  the  second 
difference  of  the  sines,  is  S, A+B  +  S, A— B— 2S,A=  (Prop.  3. 
cor,  2.  T. )  — •  2  VS,B  X  S^A.  The  second  differences  of  the  pro- 
gressive sines  ire  hence  subtractivei  and  always  proportional  to  the 
sines  themselves.  Wherefore  the  sines  maybe  deduced  from  their  se- 
•cofld  differences,  by  reversing  the  usual  process,  and  recompound- 
ing  their  separate  elements.  Thus,  the  sines  of  A — B  and  A  be- 
ing already  known,  their  second  and  descending  difference,  as  it 
is  thus  derived  from  the  sine  of  A,  will  combine  to  form  the  sue- 
ceeding  sine  of  A + B,  which  is  -2  VS,B  X  S,A  -H  (  S,A~  S,  A^B  ) 
4-S,A.  It  only  remains  then,  to  determine,  in  any  trigonome- 
trical system,  the  constant  multiplier  of  the  sine,  or  twice  the 
versed  sine  of  the  component  arc.  Suppose  the  quadrant  to  be 
divided  into  24?  equal  parts,  each  containing  3°  45',  or  225'. 

The  length  of  this  arc  is  nearly  "  X  -^=  -go*  ai^d  Consequently 

twice  its  versed  sine  =  f -^)    =="~V'   *"  approximate  terms.     If 

the  successive  sines^  corresponding  to  the  division  of  the  quadrant 
into  24  equal  parts,  be  therefore  continually  multiplied  by  the 

fraction  — ^,  or  divided  by  the  nUitiber  233;  the  quotients  thence 

arising  will  re|)reseht  their  second  differences.  But,  since  233  i» 
nearly  equal  to  225,  or  the  length  in  minutes  of  the  primary  or 
component  arc,  and  which  differs  hot  sensibly  from  its  8ine,-^this 
last  mky  be  assumed  as  the  divisor,  the  small  aberration  so  pro- 
duced being  corrected  ty  deferring  the  integral  quotients.  In 
this  way,  the  following  Table  is  constructed : 


a* 
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Parts  of  tbe 
quadrant 

1 

2 
S 
4 
5 
6 
7 

8 

9 
10 
11 
12 
Id 
14 
15 
16 
17 
18 
19 
SO 
SI 
28 
S8 
M 
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The  niUBber  225i  which  expressei  the  length  of  the  compo- 
sent  arc,  sod  coaKqaently  reprcfeats  very  nearly  its  sine,  ii  here 
nni^oyed  SB  the  constant  divisor.  Thus,  225)  divided  by  3^ 
gives  a  quotient  1,  and  this,  subtracted  from  225,  leaves  22i, 
which,  being  joined  to  225,  forms  449,  the  sine  of  the  second 
arc  Again,  449  divided  by  325,  gives  2  for  its  inte^al  quoti- 
etit,  which  taken  from  224,  leaves  222 ;  and  this,  added  to  449, 
makes  671,  the  sine  of  the  third  arc.  In  this  way,  the  unes  are 
succcfnvely  formed,  till  the  quadrant  is  completed.  The  inte- 
gral quotients,  however,  are  deferred ;  that  is,  the  nearest  whole 
number  in  advance  is  not  always  taken.  Thus  the  quotient  of 
1S15  by  225,  is  St?  which  approaches  nearer  to  6,  and  yet  5 
i«  still  retuned.  These  efforts  to  redress  the  errors  of  capiputa- 
tioa  are  marked  with  asterisks. 

It  should  be  observed,  that  each  of  the  'three  composite  co- 
lumns really  fonns  a  recurring  series.  In  the  second  quadrant, 
the  first  differences  t>ecome  subtnctiv.,  and  t?)e  same  numbers  for 
the  unes  are  repeated  in  an  inverted  order.  By  continuing  the 
process,  these  sines  are  reproduced  in  the  third  and  fourth  qua- 
drants, fflily  on  the  opposite  side. 

Such  is  the  detailed  explication  of  that  very  ingenious  nytde 
which,  in  certain  cases,  the  Hindu  astronomers  employ,  for  con> 
stnicting  the  table  of  approximate  sines.  But,  ignorant  totally  of 
the  principles  of  the  operation,  those  humble  calculators  are  content 
ta  follow  bUndly  a  slarish  routine.  The  Brahmins  must,  therefore, 
have  derived  such  information  from  people  farther  advanced  than 
themselves  in  science,  and  of  a  bolder  and  more  inventive  geniua. 
Whatever  may  be  the  pretensions  of  that  passive  race,  their  know-' 
ledge  of  trigonometrical  computation  has  no  solid  claim  to  any 
high  antiquity.  It  was  probably,  before  the  revival  of  letters  in 
purope,  canifd  to  the  East,  by  the  tiije  of  victory.    The  tatf 
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tjvet  of  HindasUn  might  receive  instruction  from  the 
Mtronomcri,  who  were  themselves  Uught  by  the  Greeks  ^jC  Con- 
•Untinopie,  mnd  stimuhited  to  those  scientific  pursuits  by  the  ^HbSI 
and  L'berality  of  their  Arabian  conquerors. 

The  same  principles  lead  to  an  elegant  construction  of  the  ap- 
proximate sinesy  entirely  adapted  to  the  decimal  scale  of  numera^ 
tion,  and  the  nautical  division  of  the  circle.    Suppose  a  quadrant 
,  to  contain  16  equal  parts,  or  halfpoinU  ;  the  length  o{  each  arc 

is  nearlv  —  y — ':=z — -*  and  consequently  twice  its  versed  sine  19 
'  7  ^1%     lit 

f -LLVt  or,  in  round  numbers, *     It  will  be  suflEiciently  accu* 

rate»  therefore,  to  employ  100  for  the  constant  divisor.  The 
sine  of  the  first  arc  being  likewise  expressed  by  100^  let  the  nearer 
integral  quotients  be  always  retained,  and  the  sine  of  the  whole 
quadrant,  or  the  radius  itself,  will  come  out  exactly  1000.  The 
first  term  being  dividMl  by  lOO  gWes  1  lor  the  second  difference^ 
which,  subtracted  from  100,  leaves  99  for  the  first  difference,  and 
this  joined  to  100,  forms  the  second  term.  Again,  dividbg  199 
by  100,  the  quotient  2  is  the  second  difference,  which,  taken 
from  99,  leaves  97  for  the  first  difference,  and  this,  added  to  ]99j  ^ 
gives  the  third  term.  In  like  manner,  the  rest  of  the  terms  are 
fbuod. 
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Half 
Points. 

Arcs. 

Sines« 

1st  Diff 

2d  Di£ 

Excess. 

Correct 
Sines. 

1 

5^ 

S7'i 

100 

99 

1 

3 

97 

2 

IP 

15' 

199 

• 

97 

2 

4 

195 

3 

16^ 

'52'5 

296 

94 

3 

5 

991 

4 

22« 

30' 

390 

90 

■ 

4 

6 

384 

5 

1 

28« 

.  n 

480 

85 

5 

7 

473 

6 

33^ 

45' 

565 

79 

6 

a 

557 

7 

39« 

22'{ 

644 

73 

6 

9 

635 

8 

45*^ 

00' 

717 

66 

7 

10 

707 

9 

50^ 

37'i 

783 

58 

8 

9  • 

774 

10 

55'' 

!«' 

O^l 

£0 

.     8 

8 

833 

11 

61^ 

52'i 

891 

41 

9 

7 

884 

12 

67« 

30' 

932 

32 

9^ 

6 

92$     . 

IS 

73° 

n 

964 

22 

10 

5 

959 

14 

78° 

45' 

986 

12 

10 

4t 

982 

15 

84° 

22'4 

998 

2 

- 

3 

995 

16 

90° 

00' 

1000 

The  errors  occasioned  by  neglecting  the  fractions  accumulate 
at  first,  but  afterwards  gradually  diminishi  from  the  effect  of 
compensation.  The  greatest  deviation  takes  place^  as  might  be 
expected^  at  the  middle  arc>  whose  sine  is  707  instead  of  41  ?• 

11 
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Reckoning  the  error  in  excesB  as  limited  by  IO9  and  decfiaiv 
uniformly  on  each  side,  the  correct  sines  are  finally  deduced 
The  numbers  thus  obtained  seldom  differ*  by  the  thonaandnfa. 
party  iiom  the  truth,  and  are  hence  hr  mpre  accurate  than  the 
practice  of  navigation  ever  re^fuiresw  This  nmple  and  expe- 
ditious Qiode  of  forming  the  sines  is  not  merely  an  object  of  cmi- 
68ity»  but  may  be  deemed  of  very  considerabk  importance,  as  it 
will  enable  the  mariner,  altogether  independent  of  the  aid  of 
books,  to  the  loss  of  which  he  is  often  exposed  by  the  hazarda 
of  the  sea,  to  construct  a  table  of  tUparture  and  difference  tflom 
tkttdef  sufficiently  accurate  for  every  real  purpose. 


Note  XXXV— Page  444>,  near  the  bottom. 

This  useful  problem  is  commonly  solved  by  the  help  of  spherir 
cal  trigonometry.  It  admits,  however,  of  a  simple  and  elegant 
genecal  solution,  derived  foom  »h*  «nABivtx\c  %}\  jfmea.  X,et  a  and 
b  denote  the  two  vertical  angles,  or  the  acclivities  of  the  divergbg 
lines,  A  the  oblique  angle  which  these  contain,  and  A'  the  reduced 
or  horizontal  angle.  Since  the  magnitude  of  an  angle  depends 
not  on  the  length  of  its  sides,  as^me  each  of  them  equal  to  the 
radius  or  unit,  and  it  is  evident  that  the  base  of  the  isosceles  tri- 
angle thus  limited  will  be  the  chord  of  the  oblique  angle  A,  the 
perpendiculars  from  its  extremities  to  the  horizontal  plane,  the 
sines, — and  the  horizontal  traces  or  projections,  the  cosines,  of  the 
vertical  lines  a  and  6.  The  base  of  the  isoceles  triangle  forms 
the  hypotenuse  of  a  right-angled  vertical  triangle,  of  which  the 
perpendicular  is  the  difference  between  the  vertical  lines.  Conse- 
quently the  square  of  the  reduced  base  is  equal  to  the  excess  of 
the  square  of  the  chord  of  A  above  the  square  of  the  difference 
of  the  sines  of  a  and  b*  or 

(6  def.  T. )  2 — 2C0S,  A — (S,a  -.  S,«)»  = 


twtm  jam  sumntAtioinik  «i 

(H.  M.  EK)  2->-«Co«,  A— S»/t— S»^  +  2S,Br.Si»  s 

Wherefore  (Prop.  li.  Trig.)  in  the  triangle  now  traced  on  tho 
boriiontal  plane,  2Co8,a  .CoSfft .  Cos^A.'  =:  SCos^A  —  2S,«  •  S|i| 
and  mnltiplTing  by  ^Secia.  See^f  there  results  (4  def.  T.), 

1.  Co8|A'=s  Sec,a.SecACo89A— ^Tstf^Tyfi. 

I 

This  expression  apgeafS  copci^  9fkd  commodiouii  but  it  may  hp 
still  variously  transformed. 

For  VS^A'=Sr«p£os^A's:;1 4.T,a.T,^Sec^.Sec^Cos»A. 
=  Sec^ .  SeCfft  (Cosya .  Co8,A  +  S^a  •  S,i— Cos^A)  t:z 
(Prop.  2.  Trig.)  Sfec/i*Seefi{Co9fa^^'r^CoBfA,)i  whence 

2.  VS,A'  =  Sec,« .  Sec,«  (VS,A— VS,^^). 

AgatHi,  txeca^ae  (2  cor.  1.  & 8 oor.&T.)  VS^  ss  9&*,i^»  and 

tainy  by  substitution, 

S.    SMAa  S€C|«>Sec,6(s,^t(<^-*),S,^-^(^^tJ>\ 

which  QxpressioB  is  the  best  ad^ted,  pn  tl^e  wholei  for  calcubV 
iog  with  logarilhms* 

Of  these  ,/mnu&r9  the  firsts  I  presume^  is  new,  and  appears 
distinguished  by  its  simplicity  and  elegance.  Tt^e  ]^8t  one  how- 
ever isy  on  the  whole,  the  b^t  ad^l^d  fpr  loga^lbmic  cakub- 
tion. 

When  the  vertical  angles  are  small,  the  problem  will  admit  of  a 

yery  convenient  approximation*    For,  assuming  the  arcs  a,  6  ar 

14 
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ranal  to  their  taagentft  it  foQowt,  by  subttittttioot  that  Coi,A'= 
Coi^ -/(I +«*)-/(«+**)— «*=Co«»A((i +4«»Ki +4i^)-a« 
sCos^(  !+■}«•+•»*' )— «*»  n««iiy«  Whence  the  decmneat  of 
the  coiioe  of  that  oblique  angk  is 

oi— Co^A(ia*+i^)  i  but 

(IL  23.  EL)  flts  {^y-(^y»  ""d 

(II.  25.  £L)  4«-+i4«  a  (^ +(^  4 
wherefore  the  decrement  of  fiohA'  s 

(«±*y  (i+CosA)  _  {t=i)*  {,-Co.Ul). 

ConiequentlT  the  iaotaieiit  pf.th^  obliijue  angle  itsdf  it,  by  Note 

XXVII,  «      .... 

Such  IB  the  theonrn  that  the  celebrated  I^gen^  has  ff^n, 
for  reducmg  an  obHqae  angle  to  its  projection  on  the  horizontal 
plane.  It  is  very  neat,  and  extremely  useful  in  practice.  But  ta 
connect  it  with  our  division  of  the  quadrant,  requires  spme  adap- 
Ution.     Let  a  and  S  express  the  vertical  angles  in  minutes ;  thee 

win  -J^((i±*y T4A  -  (^)*  Coti  a)  denote,  likewise 

b  minutesi  the  quantity  of  reduction  to  be  added  to  the  oUique 
angle. 


\ 
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Note  XXXVI.— Page  444,  last  paragraph. 

» 

In  computing  very  extensive  surveys,  it  becomes  necessary  to 
adlow  for  the  minute  derangements  occasioned  by  the  convexity  of 
the  surface.  The  sides  of  the  triangles  which  connect  the  succes- 
sive stations,  though  reduced  to  jthe  same  horizontal  plane,  may  be 
considered  as  formed  by  arcs  of  great  circles,  and  their  solution 
hence  belongs  to  Spherical  Trigonometry.  But,  avoiding  such  la- 
borious calculations,  for  which  indeed  our  Tables  are  not  fitted,  it 
seems  far  better  to  estimate  merely  the  deviation  of  those  incurved 
triangles  from  triangles  with  rectilineal  sides.  For  effecting  that 
correction,  two  ingenious  methods  have  lately  been  proposed  on 
the  Continent.  The  first  is  that  employed  by  Delambre,  who 
substitutes  the  chords  for  their  arcs,  and  thus  converts  the  small 
spheiical,  into  a  plane,  triangle.  TUId  cosiversion  requires  two  dis- 
tinct steps.  1.  Each  spherical  angle,  or  that  formed  by  tangents 
at  the  surface  of  the  globe,  is  changed '  into  its  corresponding 
plane  angle  contained  by  the  chords.  Let  «  and  P  express  ifye 
sides  or  arcs  in  miles ;  and  the  angles  of  elevation,  or  those  madf. 
by  the  tangents  and  the  respective  chords,  will  be  (III.  29.  El) 

31600  ,  21600     -^.       .     ^  1350'  ^ 

denoted  by    '  ^  >■■  •  •}«  and  — 5-5.  •  iff  m  minutes,  or  -^3-  .  • 
^   24856  24856    ^  3187 

and  -?^   ff»     Insert  these  values,  therefore,  in  place  of  a  and  6 

3107  •  ^  •  ^    K         * 

in  ihejbrmula  of  the  preceding  note,  and  the  quantity  of  reduc* 
tion  p{  the  angle  ^,  contained  by  the  small  arcs  «  and  ft  will  be 

j-^((«+i3)*.Ty{^A— (a— jS)».Cot,iA],  in  seconds.    2.  Each 

arc  is  converted  into  its  chord  :    But,  by  the  Scholium  to  Pro- 
position yi.  of  the  Trigpnometry,  an  arc  «  is  tp  its  chord. 
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1 

as  I  to  I  —  -sr; ;  wherefore  the  dimination  of  that  are  in  pat* 


6D 
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log  into  iu  chord,  amounts  to  the  ^^jK^r^Qr^  part  of  the  whok. 

These  reductions  bestow  great  accuracy,  and  are  suSdently 
comnodioos  ia  practice*  But  the  second  method  of  correcting 
the  effects  of  the  earth's  convexity,  and  which  was  given  by 
Legtndre,  is  distinguished  by  its  conciseness  and  peculiar  elegance. 
Thtt  profound  geometer  viewed  the  spherical  triangle  as  having 
its  curved  ddes  stretched  out  oo  a  plane,  and  sought  to  determine 
the  variation  which  its  angles  vrould  thence  undergo.  The  ana^ 
lysia  led  hia^  through  a  complicated  process,  to  the  discovery  of 
a  theorem  of  singrular  beauty.  But  the  foUovring  iavestigatiDnt 
grounded  on  other  principles,  appears  to  be  much  rimpkr. 

Let  A  and  B  denote  any  two  angles  in  the  small  spherical  tri« 
angle,  and  a  and  0  express  in  miks  the  oppodtc  ades,  or  those  o£ 
iu  ^»t-»wtMt»  upoB  tt  plane.  Since  (Prop.IX.T.)«  :  9::  S,A :  S,B, 
there  must  exist  some  minute  arc  ^,  such  that  S,« :  S^ ::  S,Aofs^ 
:  S,BHfT    But  (Note  XXVIL)  S,X+>=  S,A+hCos,A, and 

;Sch.  Prop. VI.  Trig.)  S,a=r«—-^  ;  whence  «t— —  :/?—^  :: 

&,A  -f  );Co8,A :  S,B + ^.Cos,B.  Now  /?:«::  S,B ;  S, A,  and  there- 

fi>i«,  by  composition,  J->^ :  i*-—-  ::  S>A .  S,B  -f-  ^. Cos,A.S,B : 

S,A.SyB+^*S,A.Co6,B.  But  the  first  and  second  terms  being 
very  nearly  equal,  and  likewise  the  third  and  fourth,  it  is  obvious 
that  the  analog^y  will  not  be  disturbed,  if  each  of  those  pairs  be 

increased  equally.  Hence  i  :  iH — g— ::  S,A.S,B :  S,A.SB+ 
^(S,A.Cos,B— Co8,A.S,B) ;  and  since  (Prop.  l.T.)  S,A.CoSpB 
— Cos,A.S,B  =  S,A — B,  therefore,  by  division,  1 :  — g- 
S,A.S,B  :  *  (S,A— B).    Consequently,  since  «  and  /3  are  pro^ 
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portional  to  S,A  and  S,B,  ^  (8,5^5)=  S,A  •  S,B/  T^   =s 
^(SSA—SSBJ  =  (proposition  III.  cor.  5.  Trigonometry  A 

^  (  SiAT+B.SjJuIbV  or  *ss ^. S,A+B.     But  the  sine  of 

the  sum  of  A  and  B  is  the  same  as  that  of  their  supplement  C,  or 
of  the  angle  contained  by  the  sides  »  and  B  $  and  consequently  ^is 

the  third  part  of  — .SyC^  the  area  of  the  triangle^  or  the  third  pait 

of  the  excess  of  the  an^es  of  the  spheric^,  above  those  of  the  plane^ 
triangle.  Wherefore  the  sines  of  the  sides^  whichy  in  the  sphericd 
triangle^  are  as  the  sines  of  their  opposite  angles,  are  Ukewise  pro* 
portioned,  in  the  plane  trsmgle,  to  the  dnes  of  those  angles,  increas- 
ed each  by  the  common  excess.  It  is  hence  evident,  that  the  angles 
of  the  plane  triangle  are  obtained  from  those  of  the  sphericalf 
by  deducting  from  each  the  third  part  of  the  excess  above  two 
right  angles,  as  indicated  by  the  area  of  the  triangle. 

Ths?  whole  oiMfauc  vT  tW  0loli^  being  proportioned  to  Y^CT, 

that  of  a  square  mile  will  correspond  to  — —^ ,  or  the 

^  '^  24856x79126 

-i--  part  of  a  second.    Hence  each  angle  of  the  small  spherical 

triangle  requires  to  be  ditnini^hed  by  ^^ — ^.ol^.SiC  in  seconds 

455.20 
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ERRATA. 

St,  line  9  tern  the  bottMri,  fi¥  CED  read  EltC. 

43,  line  4,  J&r  BH  r»od  BE. 

47,  line  4,  Ar  £,.««<  EC. 

53,  line  3,  urom  the  bottom,  Ar  C0  tei4  AD. 

55,  Jinet  IS,  13,  &  14, /w  DF  and  CD  Ttad  CD  and  DF. 

57^  Jioe  7  from  the  bottom,^  ^  rectangles  are*'  read  ^  rectangle  iC 

gSp  line  6,ybr  CAD  read  ACF. 

««,luM3,/»'EDreadDB.  ^ 

_  line  17, /l>r  EI,  CL,  AC  and  BC,  muf  FD,  HM,  GP  and  NB. 

65,  line  3,/9r  DH  reeui  BB. 

66,  line  2Ujor  AC  roMi  FB. 
69,  line  '!^  fir  BE  read  BC. 

«.  lines  18  and  l^fyr  a£  ami  C£  f«ad  AC  and  DE. 

73,  line  4  from  the  bottom,  read  **  twice  the  square  of  SF  attd  oC" 

79,linell,JbrD£r«BdDB.  \ 

64,  line  18,  read  «•  two  equal  straight  lines.** 

108,  line  34,^  AC  and  CB  read  aB  and  AD. 

109,  line  9  from  the  boCtom^ /or  AFD  read  ADF. 

199,  line  9  from  the  bottom,  fir  **  isosceles*'  read  *  equHatenL*^ 

139,  line  8  from  the  bottom, /or  D£  read  DA. 

133,  line  23,  ybr  BD  read  DE. 

141,  line  17,  fir  FAD  read  FAE. 

168,  line  4  from  the  bottom,  fir  D  read  C. 

168,  line  9,  read  *^  m:p::f :«.'' 

170,  lines  10, 11,  and  19,  read  **•  B  contain  C  and  «<  C  contain  D.** 

178,  line  3  from  the  bottom, /m*  '^  convenioB"  f«ad  *•  comspositioou 

198,  last  line,  read  A :  C ::  C :  B. 

203,  line  10, /w  DG  read  DA. 

845,  line  17,  >r  BED  read  BEF. 

: liitti  18  andliU^  X>BC««iATB^     * 

— :.1Ine90,/or  ABDandBDA,  md  BAF  and  AFB. 

line  81,  fir  ABD  read  ABF. 

line  23, /w  BD  read  BF. 

848,  line  18, /or  H  read  K. 

849,  at  the  top,  fir  MH  read  MK. 
line  19, /or  HB  read  HG. 

851,  line  18,  >r  MOLH  read  MOKH. 

858,  lines  12  and  13, /or  CG  and  GB,  read  BG  and  CG. 

297,  line  3  from  the  bottom,  fir  CB  and  CD  read  CD  and  CB. 

SCO,  line  9,  ybr  G  retd  O, 

904,  line  6,  jor  PGE  read  GfE. 

810,  lines  4  and  6  from  the  bottom./w  CH  and  CD  read  CD  and  CB. 

381,  line  6  from  the  bottom,  fir  D  read  F. 

S28,  line  4,  fir  EC  mid  ED. 

line  6,  }br  C  rsad  J?. 

S28,  line  16, /or  AC:  AB,  f«ad  Al^:  AC. 

335,  line  23,  fir  ^  and  AG,"  read  **  X  AD." 

d49,  line  9,  fir  CB  read  AB. 

359,  lines  9  and  10^  fir  IM  and  IH,  read  IH  and  IN. 

360^  lines  8^  3, 5,  and  8,^  CD  and  GH,  read  BD  and  FtUr 

369.  linc^  6  from  the  bottomi /or  G  read  D. 


